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Preface

This book is based on material presented at the international summer school on
Applied Semantics that took place in Caminha, Portugal, in September 2000.
We aim to present some recent developments in programming language research,
both in semantic theory and in implementation, in a series of graduate-level
lectures.

The school was sponsored by the ESPRIT Working Group 26142 on Applied
Semantics (APPSEM), which operated between April 1998 and March 2002. The
purpose of this working group was to bring together leading reseachers, both in
semantic theory and in implementation, with the specific aim of improving the
communication between theoreticians and practitioners.

The activities of APPSEM were structured into nine interdisciplinary themes:

A: Semantics for object-oriented programming
B: Program structuring
C: Integration of functional languages and proof assistants
D: Verification methods
E: Automatic program transformation
F: Games, sequentiality, and abstract machines
G: Types and type inference in programming
H: Semantics-based optimization
I: Domain theory and real number computation

These themes were identified as promising for profitable interaction between
semantic theory and practice, and were chosen to contribute to the following
general topics:

– description of existing programming language features;
– design of new programming language features;
– implementation and analysis of programming languages;
– transformation and generation of programs;
– verification of programs.

The chapters in this volume give examples of recent developments covering a
broad range of topics of interest to APPSEM.

We wish to thank the European Union for the funding which made the
school possible. Generous additional support was also provided by Adega Co-
operativa de Monção, Câmara Municipal de Caminha, Centre International de
Mathématiques Pures et Appliquées (CIMPA), Fundação para a Ciência e Tec-
nologia, Instituto de Inovação Educacional, Project FACS- PraxisXXI/EEI/
14172/1998, Microsoft Research, Região de Turismo do Alto Minho, and So-
ciedade Interbancária de Serviços (SIBS).

We are also very grateful to the members of the organizing committee for their
excellent organization of the school and their choice of a beautiful venue; to the
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scientific committee for planning the scientific programme; to the second readers
for their helpful reviews of the chapters of this volume; and to the lecturers and
participants who made the summer school such a stimulating event.

May 2002 Gilles Barthe
Peter Dybjer

Lúıs Pinto
João Saraiva
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An Introduction to Dependent Type Theory

Gilles Barthe1 and Thierry Coquand2

1 INRIA Sophia-Antipolis, France
Gilles.Barthe@inria.fr

2 Institutionen för Datavetenskap, Chalmers Tekniska Högskola, Göteborg, Sweden
coquand@cs.chalmers.se

Abstract. Functional programming languages often feature mecha-
nisms that involve complex computations at the level of types. These
mechanisms can be analyzed uniformly in the framework of dependent
types, in which types may depend on values. The purpose of this chapter
is to give some background for such an analysis.
We present here precise theorems, that should hopefully help the reader
to understand to which extent statements like “introducing dependent
types in a programming language implies that type checking is undecid-
able”, are justified.
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1 Introduction

Type systems were originally introduced in programming languages to predict
run-time errors at compile-time, that is before actually running the program. A
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well-known result of R. Milner [98] formalizes this idea by showing that “well-
typed programs cannot go wrong”. Hence it is sufficient to check that a program
is well-typed to ensure that it will not produce some forms of run-time errors.
Well-typedness itself is ensured by a type inference algorithm which computes
the possible types of a program. It should be quite intuitive, and we shall actually
formulate precisely this intuition in this chapter, that the possibility of deciding
if a program is well-typed or not relies on the possibility of deciding the equality
of types.

A dependent type is a type that may depend on a value, typically like an
array type, which depends on its length [18, 85, 92, 109, 120, 133]. Hence deciding
equality of dependent types, and hence deciding the well-typedness of a de-
pendently typed program, requires to perform computations. If arbitrary values
are allowed in types, then deciding type equality may involve deciding whether
two arbitrary programs produce the same result; hence type equality and type
checking become undecidable. We come in this way to the fundamental tension
between the original use of type systems in programming languages, and the
introduction of dependent types.

Yet widely used functional languages like Haskell [29, 138], SML [99, 100, 114]
or Objective Caml [49, 126] rely on increasingly advanced type systems. On the
one hand, computations at the level of types are becoming increasingly complex,
as illustrated for example by the introduction of functional dependencies in the
Haskell class system [78, 95, 107]. On the other hand, type systems are integrating
increasingly complex extensions that lack apparent structure. One can argue that
it would be clearer to recognize the source of these complexities in the unifying
idea that types can be computational objects, i.e. depend on values, and to
present systematically these different extensions in the framework of dependent
types. This is a strong motivation for working with dependent types, which
appears for instance in [81, 34].

In this chapter, we present precise theorems, that should hopefully help the
reader to understand to which extent statements like “introducing dependent
types in a programming language implies that type checking is undecidable”,
are justified. Our theorems are expressed in the framework of Pure Type Sys-
tems (PTSs) [16, 17, 58], which provide a uniform way to represent type systems,
and thus account for predicative type theories such as Martin-Löf’s type theory
[91], impredicative type theories such as the Calculus of Constructions [45], as
well as less standard type systems that could be used as the basis of a func-
tional programming language [116, 127]. Most of these systems feature complex
computations at the level of types, but retain decidable type checking. However,
adding unbounded recursion leads to undecidable type checking.

Contents. The first part of this chapter is concerned with presenting Pure Type
Systems and their properties that are relevant in programming. We particularly
focus on two prerequisites for the decidability of type checking: convertibility
checking, for which we provide an algorithm inspired from [40, 42], and normal-
ization, for which we provide a method based on a realizability interpretation
inspired from [91, 38] and which follows the operational interpretation of types.



An Introduction to Dependent Type Theory 3

Pure Type Systems are too minimalist for practical programming and do
not support mechanisms to represent basic constructions such as structures and
datatypes. The second part of this chapter thus sketches an extension of Pure
Type Systems with structures and datatypes. We conclude with a brief presen-
tation of Cayenne and DML, two dependently typed programming languages.

Acknowledgments. Thanks to Venanzio Capretta, Pierre Courtieu, Peter Dybjer
and Tarmo Uustalu for commenting on an earlier version of the paper.

2 Pure Type Systems

Pure Type Systems (PTSs) [17, 58] provide a framework to specify typed λ-
calculi. PTSs were originally introduced (albeit in a slightly different form) by S.
Berardi and J. Terlouw as a generalization of Barendregt’s λ-cube [16, 17], which
itself provides a fine-grained analysis of the Calculus of Constructions [45].

2.1 Syntax

Unlike traditional type theories which distinguish between objects, constructors
and kinds, PTSs have a single category of expressions, which are called pseudo-
terms. The definition of pseudo-terms is parameterized by a set V of variables
and a set S of sorts. The latter are constants that denote the universes of the
type system.

Definition 1 (Pseudo-terms). The set T of pseudo-terms is defined by the
abstract syntax

T = V | S | T T | λV :T . T |ΠV :T . T

Pseudo-terms inherit much of the standard definitions and notations of pure
λ-calculus. E.g.

1. The set of free variables of a pseudo-term M ∈ T is defined as usual and
written FV(M). Further, we write A → B instead of Πx : A. B whenever
x �∈FV(B).

2. The substitution of N for all occurrences of x in M is defined as usual and
written M{x := N}. We may write M(N) for M{x := N} if x is clear from
the context.

3. The notion of β-reduction is defined by the contraction rule

(λx:A.M)N →β M{x := N}

The reflexive-transitive and reflexive-symmetric-transitive closures of →β are
denoted by �β and =β respectively. We also write P ↓β Q iff there exists
R ∈ T such that P �β R and Q �β R.
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We also adopt the usual association and binding conventions thus application
associates to the left, abstraction associates to the right and application binds
more tightly than abstraction. Further, we write λx : A. M for λx1 :A1. λx2 :
A2. . . . λxn:An.M and M P for M P1 . . . Pn. Finally, we adopt some naming
conventions: we use x, y, z, etc. to denote elements of V ; and s, s′, etc. to denote
elements of S.

This first definition reveals three salient features of PTSs.

1. Pure Type Systems describe λ-calculi à la Church in which λ-abstractions
carry the domain of the bound variables. As a result, many PTSs of interest
enjoy decidable type checking, see Subsection 3.3. This is in contrast with
type theories whose λ-abstractions are not explicitly typed, see Subsection
2.2.

2. Pure Type Systems are minimal. The minimality of PTSs is useful for their
conceptual clarity but imposes strict limitations on their applicability, see
Section 4 for a description of some constructs that escape the realm of PTSs.

3. Pure Type Systems model dependent types. Indeed, the type constructor Π
captures in type theory the set-theoretic notion of generalized or dependent
function space. Recall that in set theory, one can define for every set A and
A-indexed family of sets (Bx)x∈A a new set

∏
x∈A Bx, called generalized or

dependent function space, whose elements are functions with domain A and
such that f (a) ∈ Ba for every a ∈ A. We say that

∏
x∈A Bx is a dependent

function space because the set Ba in which f(a) lives depends on a. The
Π-construction of PTSs works in the same way: informally, let A be a type
and let B(x) be a type containing a variable x of type A. Then the type
Πx:A. B(x) is the type of terms f such that, for every a : A, f a : B(a).

The typing system of Pure Type Systems is parameterized in such a way that
different type theories may be captured by a suitable choice of three parameters:
the set S of sorts, which are the universes of the type system, the set of axioms,
which introduce a typing relation between universes, and the set of rules, which
determine which dependent function types may be formed and where they live.

Definition 2 (Specifications). A PTS-specification is a triple S = (S,A,R)
where

1. S is a set of sorts;
2. A ⊆ S × S is a set of axioms;
3. R ⊆ S × S × S is a set of rules.

Following standard practice, we use (s1, s2) to denote rules of the form (s1, s2, s2).

Every specification S induces a Pure Type System λS as described below, see
Subsection 2.3 for examples of specifications.



An Introduction to Dependent Type Theory 5

(axiom) 〈〉 � s1 : s2 if (s1, s2) ∈ A

(start) Γ � A : s

Γ, x:A � x : A
if x �∈dom(Γ )

(weakening) Γ � A : B Γ � C : s

Γ, x:C � A : B
if x �∈dom(Γ )

(product)
Γ � A : s1 Γ, x:A � B : s2

Γ � (Πx:A. B) : s3
if (s1, s2, s3) ∈ R

(application)
Γ � F : (Πx:A. B) Γ � a : A

Γ � F a : B{x := a}

(abstraction)
Γ, x:A � b : B Γ � (Πx:A. B) : s

Γ � λx:A. b : Πx:A. B

(conversion) Γ � A : B Γ � B′ : s

Γ � A : B′ if B =β B′

Fig. 1. Rules for Pure Type Systems

Definition 3 (Typing rules).

1. The set G of contexts is given by the abstract syntax

G = 〈〉 | G, V : T

Substitution (and any other map) is extended from expressions to contexts
in the usual way. Also, we let ⊆ denote context inclusion, and define the
domain of a context by the clause dom(x1 :A1, . . . , xn :An) = {x1, . . . , xn}.
Finally we let Γ,∆ . . . denote elements of G.

2. A judgment is a triple of the form Γ � A : B where Γ ∈ G and A,B ∈ T .
Γ , A and B are the context, the subject and the predicate of the judgment.

3. The derivability relation � is defined on judgments by the rules of Figure 1.
If Γ � A : B then Γ , A, and B are legal. If moreover B ∈ S, then A is a
type.

There are some important differences between judgments, say in simply typed
λ-calculus, and judgments in PTSs. First, contexts may introduce type variables,
typically with assertions of the form A : s with s ∈ S. Second, contexts are
ordered lists so as to handle possible dependencies. For example, the context
A : s, a : A (read A is a type of sort s and a is of type A) introduces a “type
variable” and an “object variable” and is meaningful, whereas a : A, A : s (a is
of type A and A is a type of sort s) is not.

The typing system for PTSs is concise and consists of seven rules: (axiom)
embeds the relation A into the type system. (start) and (weakening) allow the
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introduction of variables in a context. (product) allows for dependent function
types to be formed, provided they match a rule in R. (abstraction) allows to
build λ-abstractions; note that the rule has a side condition requiring that the
dependent function type is well-formed. (application) allows to form applications;
note that, in order to accommodate type dependencies, the type of an application
is obtained by substituting the second argument into the codomain of the type
of the first argument of the application. The last rule (conversion) ensures that
convertible types, i.e. types that are β-equal, have the same inhabitants. The
(conversion) rule is crucial for higher-order type theories, because types are λ-
terms and can be reduced, and for dependent type theories, because terms may
occur in types.

2.2 Variations on Pure Type Systems

Pure Type Systems feature typed λ-abstractions of the form λx :A. M and
therefore only cover typed λ-calculi à la Church. However, there have been a
number of proposals to adapt PTSs to typed λ-calculi à la Curry, that feature
untyped, or domain-free, λ-abstractions of the form λx .M :

– Type Assignment Systems: in [15], S. van Bakel, L. Liquori, S. Ronchi della
Rocca and P. Urzyczyn introduce a cube of Type Assignment Systems which
feature (1) a stratification of expressions into objects, constructors (of which
types are a special case) and kinds; (2) an implicit type abstraction and
implicit type application à la ML for objects. Hence objects are untyped
λ-terms and do not carry any type information.

– Domain-Free Type Systems: [23] introduces a variant of Pure Type Systems,
coined Domain-Free Pure Type Systems, which only differs from PTSs by the
use of untyped λ-abstractions. Domain-Free Pure Type Systems are tightly
related to PTSs via an erasure function |.| which removes domains from λ-
abstractions, and can be used to represent standard logics exactly as PTSs.
However, Domain-Free Pure Type Systems and Pure Type Systems exhibit
slightly different behaviors, in particular w.r.t. type checking and w.r.t. the
equational theory of inconsistent type theories, see [21] and Exercise 11.

– Implicit Type Systems: in [101], A. Miquel introduces an Implicit Calculus
of Constructions, which extends the Domain-Free Calculus of Constructions
with the implicit operations of Type Assignment Systems. Unlike [15] which
features implicit type abstraction/application for objects and explicit type
abstraction/application for kinds, the Implicit Calculus of Constructions fea-
tures explicit and implicit type abstraction/application, both for objects and
constructors. Formally, this is achieved by the introduction of two type for-
mers: the ∀-type former for implicit dependent function type and the Π-type
former for the usual, explicit, dependent function type.

The use of untyped λ-abstractions leads to undecidable type checking even for
non-dependent type systems. In fact, even the domain-free variant of λ2 has un-
decidable type checking. However, a limited form of decidability is still possible,
see Exercise 14.
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λω �� λC

λ2

������������
�� λP2

������������

λω ��

��

λPω

��

λ→

��

��

������������
λP

������������

��

Fig. 2. The λ-cube

2.3 Instances

In this subsection, we recast some existing type theories in the framework of
Pure Type Systems.

Non-dependent Type Systems. In [16, 17], H. Barendregt proposes a fine-
grained analysis of the Calculus of Constructions based on the so-called λ-cube.
The cube, depicted in Figure 2, consists of eight Pure Type Systems, most of
which correspond to type systems that occur in the literature; arrows repre-
sent inclusion between systems. Systems on the left-hand side of the cube are
non-dependent, because an expression M : A with A : ∗ (such an expression
corresponds to a program) cannot appear as a subexpression of B : ∗ (such an
expression corresponds to a type); in logical terms, non-dependent systems of the
λ-cube correspond to propositional logics. Among these systems one finds the
simply typed λ-calculus λ →, the polymorphic λ-calculus λ2, that corresponds
to Girard’s system F , and the higher-order λ-calculus λω that corresponds to
Girard’s Fω [64].

Definition 4. Let S = {∗,�} and A = {(∗ : �)}.

1. The system λ → is obtained by setting

R = {(∗, ∗)}

2. The system λ2 is obtained by setting

R = {(∗, ∗), (�, ∗)}

3. The system λω is obtained by setting

R = {(∗, ∗), (�, ∗), (�,�)}
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There are further well-known examples of non-dependent Pure Type Systems,
for example λU and λU−, that correspond to Girard’s System U and System
U− respectively [64].

Definition 5. Let S = {∗,�,�} and A = {(∗,�), (�,�)}.

1. The system λU− is obtained by setting

R = {(∗, ∗), (�, ∗), (�,�), (�,�)}

2. The system λU is obtained by setting

R = {(∗, ∗), (�, ∗), (�,�), (�, ∗), (�,�)}

These systems are inconsistent in the sense that one can find a pseudo-term
M such that the judgment A : ∗ � M : A is derivable. An interesting open
question concerns the existence of fixpoint combinators in inconsistent Pure
Type Systems, see Exercise 11.

Our last examples of non-dependent PTSs correspond to systems with pred-
icative polymorphism. Recall that polymorphism in λ2 is impredicative in the
sense that one may form a type, i.e. an element of ∗, by quantifying over ∗. There
are weaker PTSs that allow the quantification to be formed but have it live in a
different universe.

Definition 6.

1. The system λ2ml is obtained by setting

S = {∗,�,�}
A = {(∗ : �)}
R = {(∗, ∗), (�, ∗,�), (�,�)}

2. The system λ2x is obtained by setting

S = {∗,�}
A = {(∗ : �)}
R = {(∗, ∗), (�, ∗,�), (�,�)}

The system λ2ml distinguishes between types, i.e. pseudo-terms of type ∗, and
polytypes, i.e. pseudo-terms of type � which contain a universal quantification
over ∗. If we identify polytypes and kinds, i.e. pseudo-terms of type �, we obtain
the system λ2x, which is higher-order thanks to the rule (�,�). In contrast to λ2,
λ2x admits set-theoretical models, see Exercise 2, and can be given a realizability
interpretation, see Subsection 3.4.
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Dependent Types. PTSs on the right-hand side of the λ-cube feature the rule
(∗,�) which allows dependent types to be formed. Indeed, these systems allow
to type expressions B : ∗ which contain as subexpressions M : A : ∗. In logical
terms, these systems correspond to predicate logics.

Definition 7. Let S = {∗,�} and A = {(∗ : �)}.

1. The system λP is obtained by setting

R = {(∗, ∗), (∗,�)}

2. The system λP2 is obtained by setting

R = {(∗, ∗), (�, ∗), (∗,�)}

3. The system λC is obtained by setting

R = {(∗, ∗), (�, ∗), (∗,�), (�,�)}

The system λP captures the essence of Logical Frameworks [24, 69, 106, 120].
Variants of λP are implemented by Automath [106], Elf [119] and Alf [88]. Ex-
ercise 3 illustrates how formal theories can be encoded in such systems. The
system λP2, which is the PTS counterpart of the type system of [84], is power-
ful enough to encode the usual connectives and quantifiers, with their standard
natural deduction rules, see Exercise 4. Finally, λC, which is the most complex
system of the λ-cube, is the PTS counterpart of the Calculus of Constructions
[45]; its connections with higher-order logic are analyzed in [56].

Next we turn to an extension of the Calculus of Constructions with universes.

Definition 8. The system λCω is obtained by setting

S = {∗,�i (i ∈ N)}
A = {(∗ : �0), (�i : �i+1) (i ∈ N)}
R = {(∗, ∗), (�i, ∗), (∗,�i), (�i,�j ,�max(i,j)) (i, j ∈ N)}

A. Miquel [102] has recently given an elegant translation of intuitionistic Zermelo
set theory with the Anti-Foundation Axiom in λCω—actually, Miquel’s encoding
only uses universes up to �2.

The next PTS combines dependent types and predicative polymorphism. It
is inspired by R. Harper and J. Mitchell’s work on the ML type system [71] and
by the type system of Cayenne [12].

Definition 9. The system λCx is obtained by setting

S = {∗,�}
A = {(∗ : �)}
R = {(∗, ∗), (�, ∗,�), (∗,�), (�,�)}
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It can be shown that λCx has set-theoretical models as λ2x, see e.g. [71]. In
Subsection 3.4, we give a realizability interpretation of λCx.

Our final example of PTS is exactly the original impredicative (and inconsis-
tent) version of Martin-Löf’s type theory [90].

Definition 10. The system λ∗ is obtained by setting

S = {∗}
A = {(∗ : ∗)}
R = {(∗, ∗)}

As for λU and λU−, there exists a pseudo-term M such that A : ∗ � M : A.

3 Properties of Pure Type Systems

Pure Type Systems have an extensive theory which covers different aspects of
type theory, including computational properties, decidability questions or rep-
resentability questions. The purpose of this section is to summarize some of the
most significant results in this theory and to emphasize their relevance in a gen-
eral theory of type systems. Most proofs are omitted, since they can be found
elsewhere, see [17, 56, 58].

3.1 Definitions

Some properties of PTSs rely on the erasure of legal terms being weakly normal-
izing.

Definition 11.

1. The set T of (domain-free) pseudo-terms is defined by the abstract syntax

T = V | S | T T | λV . T | ΠV :T . T

Substitution is defined as usual and denoted by .{. := .}. As for domain-
full pseudo-terms, we may write M(N) for M{x := N} if x is clear from
the context and M(N1, . . . , Nk) for M{x1 := N1} . . . {xk := Nk} whenever
x1, . . . , xk are clear from the context.

2. β-reduction is defined by the contraction rule

(λx .M)N →β M{x := N}

The reflexive-transitive and reflexive-symmetric-transitive closure of →β are
denoted by �β and =β respectively.

3. Weak head reduction →wh is the relation

(λx. P ) Q R →wh P{x := Q} R

(Weak-head reduction differs from β-reduction by applying only at the top-
level.)
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Note that →β is confluent and that there is an obvious erasure function |.| : T →
T which removes tags from λ-abstractions.

Definition 12.

1. A domain-free pseudo-term M is in weak head normal form if there is no
N ∈ T such that M →wh N . We let WHNF denote the set of weak head
normal forms.

2. A domain-free pseudo-term M is weakly head normalizing if there exists
N ∈ WHNF such that M �wh N . We let WHN denote the set of weakly
head normalizing terms.

3. A domain-free pseudo-term M is in β-normal form if there is no N ∈ T
such that M →β N . We let NFβ denote the set of β-normal forms.

4. A domain-free pseudo-term M is β-weakly normalizing if there exists N ∈
NFβ such that M �β N . We let WNβ denote the set of β-weakly normalizing
terms.

5. A domain-free pseudo-term M is β-strongly normalizing iff all reduction
paths starting from M are finite, i.e. there is no infinite reduction sequence

M →β M1 →β M2 →β . . .

We let SNβ denote the set of β-strongly normalizing terms.
6. By abuse of notation, we say that a (domain-full) pseudo-term M belongs to

WHNF (resp. WHN, NFβ, WNβ, SNβ) if |M | does.

Finally, for any set X ⊆ T , we write λS |= X iff M ∈ X for every judgment
Γ � M : A derivable in the system λS.

3.2 Basic Properties

The first lemma collects some closure properties of typing judgments.

Lemma 1.

1. Substitution. If Γ, x:A,∆ � B : C and Γ � a : A, then Γ,∆(a) � B(a) : C(a).
2. Correctness of Types. If Γ � A : B then either B ∈ S or ∃s ∈ S. Γ � B : s.
3. Thinning. If Γ � A : B, ∆ is legal and Γ ⊆ ∆, then ∆ � A : B.
4. Strengthening. If Γ1, x : A,Γ2 � b : B and x �∈FV(Γ2)∪FV(b)∪FV(B) then

Γ1, Γ2 � b : B.

The proof of strengthening is rather involved [25].

Proposition 1.

1. Confluence. Let M,N ∈ T . If M =β N then M,N →→β P for some P ∈ T .
2. Subject Reduction. If Γ � M : A and M →β N then Γ � N : A.

The proof of Subject Reduction relies on confluence being a property of arbi-
trary pseudo-terms, not only of legal terms. Furthermore, Subject Reduction
and Confluence ensure that the type system of PTSs is sound in the sense that
any two convertible legal terms are convertible through legal terms [60] and that
weak head normalization implies logical consistency.
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Proposition 2 (Consistency).

1. For every s ∈ S, there is no M ∈ WHNF such that A : s � M : A.
2. If λS |= WHN then there is no s ∈ S and M ∈ T such that A : s � M : A.

Proof. 2 follows from 1 by Subject Reduction, so we focus on 1. We prove 1 by
contradiction, using confluence of β-reduction. Assume that such an M exists.
We analyze the possible shapes of M :

– if M were a dependent function type, then A would be convertible to a sort,
which is impossible by confluence of β-reduction;

– if M were a λ-abstraction, then A would be convertible to an expression of
the form Πx:B. C, which is impossible by confluence of β-reduction;

– if M were a sort, then A would be convertible to a sort, which is impossible
by confluence of β-reduction.

Hence M must be an application. Since M is legal and M ∈ WHNF, we must
have M ∈ B where B is defined by the syntax

B = V | B T
Furthermore, M should be of the form A P1 . . . Pk since A is the only variable
declared in the context. But then A would be of dependent function type Πx:
B. C, which is impossible by confluence of β-reduction.

We conclude this subsection with properties related to specific classes of PTSs.

Definition 13. Let S = (S,A,R) be a specification.

1. S is functional if for every s1, s2, s′
2, s3, s

′
3 ∈ S,

(s1, s2) ∈ A ∧ (s1, s′
2) ∈ A ⇒ s2 ≡ s′

2
(s1, s2, s3) ∈ R ∧ (s1, s2, s′

3) ∈ R ⇒ s3 ≡ s′
3

2. S is injective if it is functional and for every s1, s′
1, s2, s

′
2, s3 ∈ S,

(s1, s2) ∈ A ∧ (s′
1, s2) ∈ A ⇒ s1 ≡ s′

1
(s1, s2, s3) ∈ R ∧ (s1, s′

2, s3) ∈ R ⇒ s2 ≡ s′
2

Functional PTSs enjoy Uniqueness of Types, and Injective PTSs enjoy a Classi-
fication Lemma. Both properties are useful for type checking [20].

Lemma 2.

1. Uniqueness of Types. If S is functional, then

Γ � M : A ∧ Γ � M : B ⇒ A =β B

2. Classification. If S is injective, then

Γ � M : A ∧ Γ � A : s ⇒ elmt(Γ |M) = s
Γ � M : A ∧ A ∈ S ⇒ sort(Γ |M) = A

where elmt(.|.) : G × T ⇀ S and sort(.|.) : G × T ⇀ S are defined by
simultaneous recursion in Figure 3.

Note that the functions elmt(.|.) and sort(.|.) are non-deterministic when their
first argument is a pseudo-context in which a variable occurs twice. However,
such pseudo-contexts are not legal.
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elmt(Γ0, x : A, Γ1|x) = sort(Γ0|A)
sort(Γ0, x : A, Γ1|x) = elmt(Γ0, x : A, Γ1|x)−

elmt(Γ |s) = (sort(Γ |s))+
sort(Γ |s) = s+

elmt(Γ |M N) = µ(elmt(Γ |N), elmt(Γ |M))
sort(Γ |M N) = (elmt(Γ |M N))−

elmt(Γ |λx:A. M) = ρ(sort(Γ |A), elmt(Γ, x : A|M))
sort(Γ |λx:A. M) = (elmt(Γ |λx:A. M))−

elmt(Γ |Πx:A. B) = (sort(Γ |Πx:A. B))+

sort(Γ |Πx:A. B) = ρ(sort(Γ |A), sort(Γ, x : A|B))

where
s− = s′ if (s′, s) ∈ A
s+ = s′ if (s, s′) ∈ A

ρ(s1, s2) = s3 if (s1, s2, s3) ∈ R
µ(s1, s2) = s3 if (s1, s3, s2) ∈ R

Fig. 3. Classification

3.3 Type Checking and Type Inference

Some applications of PTSs require the decidability of type checking. In practice,
type checking is often reduced to type inference, which aims at inferring the
possible types of a given expression in a fixed context.

Definition 14. Let λS be a Pure Type System.

1. The type checking problem for λS consists in deciding, given Γ , M and A,
whether the judgment Γ � M : A is derivable according to the rules of Pure
Type Systems.

2. The type inference problem for λS consists in deciding, given Γ and M ,
whether there exists A ∈ T such that the judgment Γ � M : A is derivable
according to the rules of Pure Type Systems.

The typing rules of PTSs do not yield a type inference algorithm, in particular
because the typing rules are not syntax-directed. Indeed, one cannot determine
from the shape ofM what the last rule to derive Γ � M : Amust be; this is partly
caused by the rules of (weakening) and (conversion), which can be applied at
any point in a derivation. The standard strategy to recover syntax-directedness
is as follows:

1. first, specify a strategy to check convertibility of legal terms;
2. second, push applications of (weakening) as high as possible in the derivation

tree, by using a restricted weakening rule

Γ � A : B Γ � C : s
Γ, x : C � A : B

if A ∈ S ∪ V \ dom(Γ )

and distribute applications of (conversion) over the remaining rules.
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Convertibility is undecidable in general, see Exercise 13, but for β-weakly nor-
malizing terms one can decide convertibility simply by reducing the expressions
to their normal form and checking whether these normal forms coincide. Below
we present an alternative, inspired from [40], where convertibility is checked by
reducing expressions to weak-head normal form and proceeding recursively on
subexpressions of these weak-head normal forms.

Definition 15.

1. Weak-head reduction →wh is the smallest relation such that

(λx : A. P ) Q R →wh P{x := Q} R

(Weak-head reduction differs from β-reduction by applying only at the top-
level.)

2. The relation M ⇔ N is defined by the rules of Figure 4.

s ⇔ s

M1 ⇔ N1 . . . Ms ⇔ Ns

x M1 . . . Ms ⇔ x N1 . . . Ns

A ⇔ A′ B ⇔ B′

Πx:A. B ⇔ Πx:A′. B′

M ⇔ M ′

λx:A. M ⇔ λx:A′. M ′

M �wh M ′ M ′ ⇔ N ′ N �wh N ′

M ⇔ N
M �=M ′ or N �=N ′

Fig. 4. Checking convertibility

Lemma 3.

1. The relation ⇔ is symmetric and transitive.
2. If M ∈ WNβ and M =β N then M ⇔ N .

The following lemma is an adaptation of [23].

Lemma 4. Assume Γ � M : A, Γ � M ′ : A′ and M ⇔ M ′ and M,M ′ ∈ NFβ.

1. If A =β A
′ then M =β M

′.
2. If A,A′ ∈ S then M =β M

′.

Soundness follows.
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Corollary 1 (Soundness). Suppose λS |= WNβ. Assume Γ � M : A, Γ �
M ′ : A′ and M ⇔ M ′.

1. If A =β A
′ then M =β M

′.
2. If A,A′ ∈ S then M =β M

′.

Proof. By hypothesis, M �β N and M ′ �β N
′ with N,N ′ ∈ NFβ . By Subject

Reduction Γ � N : A and Γ � N ′ : A′. By Lemma 3.2, M ⇔ N and M ′ ⇔ N ′,
and by Lemma 3.1, N ⇔ N ′. Hence by Lemma 4.1, N =β N ′. It follows that
M =β M

′.

Corollary 2 (Completeness). Assume λS |= WNβ. If Γ � M : A and M =β

N then M ⇔ N .

Proof. Immediate from Lemma 3.2.

Decidability of ⇔ follows.

Proposition 3 (Decidability of convertibility). Assume λS |= WNβ. Fur-
thermore, suppose that Γ � M : A and Γ ′ � M ′ : A′ are derivable, and that
A =β A

′ or A,A′ ∈ S. Then M ⇔ M ′ and M =β M
′ are equivalent and decid-

able. More precisely, the algorithm of Figure 4 terminates for the inputs M and
M ′.

Proposition 3 together with [25] yield a general decidability result for decidable
PTSs, where a PTS λS is decidable if S = (S,A,R) and A, R, ∃s′ ∈ S. (s, s′) ∈
A, ∃s3 ∈ S. (s1, s2, s3) ∈ R and equality on S are decidable.

Theorem 1. Let λS be a decidable PTS with S = (S,A,R). Assume that λS |=
WNβ. Then type checking and type inference for λS are decidable.

The question remains to define efficient, sound and complete type inference al-
gorithms for decidable and normalizing PTSs. Unfortunately, defining such al-
gorithms is problematic because of the second premise of the (abstraction) rule
[123]. Hence several authors have proposed type inference algorithms that use
a modified (abstraction) rule, and shown that these algorithms are sound and
complete for interesting classes of PTSs. Typically, these modified (abstraction)
rules replace the second premise by a syntactic condition [20, 122], or check the
second premise using another system [26, 123, 131]. Below we provide an example
of a type inference algorithm that uses such a modified (abstraction) rule and
that is sound and complete for full PTSs.

Recall that λS is full if S = (S,A,R) and for every s1, s2 ∈ S there exists
s3 ∈ S such that (s1, s2, s3) ∈ R. Such systems have “enough” rules and do not
require to check the second premise of the (abstraction) rule; instead it is enough
to check that if b : B then B is not a topsort.

Definition 16.

1. Let →→ρ be a relation on T . We write Γ �sd M :→→ρ A for

∃A′ ∈ T . Γ �sd M : A′ ∧ A →→ρ A
′
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(axiom) 〈〉 �sd s1 : s2 if (s1, s2) ∈ A

(start) Γ �sd A :→→wh s

Γ, x : A �sd x : A
if x ∈ V \ dom(Γ )

(weakening) Γ �sd A : B Γ �sd C :→→wh s

Γ, x : C �sd A : B
if x ∈ V \ dom(Γ )
and A ∈ V ∪ S

(product)
Γ �sd A :→→wh s1 Γ, x : A �sd B :→→wh s2

Γ �sd (Πx:A. B) : s3
if (s1, s2, s3) ∈ R

(application)
Γ �sd F :→→wh (Πx:A′. B) Γ �sd a : A

Γ �sd F a : B{x := a} if A ⇔ A′

(abstraction)
Γ, x : A �sd b : B B ∈ S ⇒ ∃s′ ∈ S. (B, s′) ∈ A

Γ �sd λx:A. b : Πx:A. B

Fig. 5. Syntax-directed rules for Full Pure Type Systems

2. The derivability relation Γ �sd M : A is given by the rules of Figure 5.

The type checking algorithm is sound and complete for full PTSs.

Proposition 4. For full PTSs λS such that λS |= WNβ:

1. Soundness: Γ �sd M : A ⇒ Γ � M : A
2. Completeness: Γ � M : A ⇒ ∃A′ ∈ T . Γ �sd M : A′ ∧ A ⇔ A′

3. Decidability: if λS is decidable, then type inference and type checking for λS
are decidable.

We refer to [19, 20, 123, 131] for type inference algorithms that are sound and
complete for larger classes of PTSs.

3.4 Normalization

In this subsection, we present a (weak) normalization proof for the domain-free
variant of λCx that was introduced in Definition 9. The normalization argument,
which comes from [91, 38], has a simple and intuitive structure, based on a re-
alizability interpretation, and is modular, so that it extends in a uniform way if
we add further constructs (Σ-types, data types. . . ).

Note however that the simple structure of the proof relies strongly on the
language being predicative. Indeed, the proof proceeds by giving an interpretation
of each type in an inductive way, which follows the structure of the type. This is
not possible for impredicative calculi; we return to this point at the end of this
section.
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Realizability Interpretation. The interpretation is defined only using T , with
its reduction and conversion relations. Remarkably, the definition of the inter-
pretation does not need to refer to the typing system. All terms are considered
up to β-conversion.

Definition 17. The set B of neutral terms is defined to be the set of terms of
the form x a1 . . . ak where x is a variable and a1, . . . , ak are normalizing terms.

Small Types and Types. We define when a term A ∈ T is a small type, and in
this case, what is the set φA of terms realizing A.

– if A is neutral then A is a small type and φA = B;
– if A is Πx : B.C and B is a small type and C(u) is a small type whenever
u ∈ φC then A is a small type; furthermore, in this case, φA is the set of all
terms t such that t u ∈ φC(u) whenever u ∈ φC .

Notice that in the first clause, we take all neutral terms to be small types. This
is crucial in order to get a simple realizability model, which does not refer to
any typing system.

Next we define the set of all types and if A is a type we define ψA the set of
terms realizing A. The term ∗ will be a type, but is not a small type:

– if A is neutral then A is a type and ψA = B;
– if A is Πx : B.C and B is a type and C(u) is a type whenever u ∈ ψC then
A is a type; furthermore, in this case, ψA is the set of all terms t such that
t u ∈ ψC(u) whenever u ∈ ψC ;

– if A is ∗ then A is a type and ψA is the set of all small types.

If A is a type we shall write also t � A for t ∈ ψA. Hence, A � ∗ iff A is a small
type. See below for a justification of the inductive definition of ψA and φA.

We now turn to proving properties of the interpretation. Our first lemma
establishes that the interpretations φA and ψA coincide on small types and that
ψA is a set of normalizing terms for every type A.

Proposition 5.

1. If A is a small type then A is a type and φA = ψA.
2. If A is a type and t ∈ ψA then t ∈ WNβ.

Proof. By induction on the proof that A is a small type (resp. a type). One needs
to prove at the same time, also by induction, that if A is a small type (resp. a
type) then φA (resp. ψA) contains all neutral terms, and hence all variables.

Soundness. At this point, we can connect our “semantical” interpretation of
terms with the typing relation of (Domain-Free) Pure Type Systems. In order to
express the soundness of the typing relation w.r.t. our realizability interpretation,
we say that γ = u1, . . . , un fits Γ = x1 : A1, . . . , xn : An iff A1 is a type and
u1 � A1, . . . and An(u1, . . . , un−1) is a type and un � An(u1, . . . , un−1).
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Proposition 6. If Γ � A : ∗ and γ fits Γ then Aγ is a small type. If Γ � A : �

and γ fits Γ then Aγ is a type. If Γ � t : A and γ fits Γ then Aγ is a type and
tγ � Aγ.

Proof. By induction on the derivation of Γ � A : ∗.

It follows that every legal term is normalizing.

Corollary 3 (Weak Normalization). If Γ � M : A then M ∈ WNβ.

Hence the system is consistent and has decidable type checking.

Corollary 4. There is no term M such that A : ∗ � M : A.

The result follows immediately from Proposition 2.

Corollary 5. Type checking is decidable.

Again the result follows immediately from Proposition 4.

Comment on This Proof. What is crucial in this proof is the mutual inductive
and recursive definition of first both the set type of small types and for each
A ∈ type the subset φA ⊆ T and then both the set TYPE of types and for
each A ∈ TYPE the subset ψA ⊆ T . Though these definitions have a definite
inductive flavor (and are used as such without further comments in [91]), it seems
interesting to explain such definitions in set theory. We only justify the definition
of type and φ, because the definition of TYPE and ψ has a similar justification.
Note that this justification of the definition of the set TYPE and the function ψ
is extracted from P. Aczel’s work on Frege structures [5].

We consider the poset of pairs of the form X, f with X ⊆ T and f : X →
P(T ) with X1, f1 ≤ X2, f2 iff X1 ⊆ X2 and the function f2 extends the function
f1. This poset is not complete but it is such that any directed subset has a least
upper bound. It follows that any monotone operator on this poset has a least
fixpoint. We define S, φ as the least fixpoint of the operator Φ(X, f) = Y, g where
Y and g are defined by the clauses:

– if A is neutral then A ∈ Y and g(A) = B;
– if A is Πx : B.C and B ∈ X and C(u) ∈ X whenever u ∈ f(C) then A ∈ Y

and g(A) is the set of all terms t such that t u ∈ f(C(u)) whenever u ∈ f(C).

Realizability and Impredicativity. As emphasized earlier, predicativity is crucial
to our proof. Indeed, if we try to analyze the present argument with ∗ : ∗, we see
there is a problem to define t � ∗: intuitively, one tries to use φ∗ in the definition
of φ∗. In the words of [91], the interpretation of the type ∗ “would so to say
have to have been there already before we introduced it”. This circularity is
broken by using a stratification in two steps: first we proceed with the definition
of small types, and then turn to the definition of types. Now if we switch to
an impredicative calculus such as the Calculus of Constructions, the circularity
reappears since we need the interpretation of a type, namely ∗, for defining the
interpretation of a small type, namely Πx : ∗.x.
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4 Beyond Pure Type Systems

Pure Type Systems are minimal languages and lack type-theoretical constructs
to carry out practical programming. In this section, we introduce two exten-
sions of PTSs. The first one deals with the representation and manipulation of
structures; the second one deals with inductive definitions.

4.1 Structures

Introducing structures allows to program in a modular way, to formalize alge-
braic structures and to represent the notion of subset in type theory. Below we
review two standard approaches to introducing structures in dependent type
theory. First, we present the traditional approach based on Σ-types, a straight-
forward generalization of product types to a dependently typed setting. The
second approach we present is based on dependent record types, which provide
a more palatable representation of structures.

Σ-Types. In simply typed λ-calculus, A×B is the type of pairs whose first and
second components respectively inhabit A and B. In PTSs, types might depend
on terms, so the type B might contain a free variable x of type A. The strong
sum Σx:A. B is the type of pairs 〈M, N〉Σx:A. B such that M inhabits A and
N inhabits B(M). Note that pairs are labeled with their types, so as to ensure
uniqueness of types and decidability of type checking.

Definition 18.

1. The set of expressions is extended as follows

T = . . . |ΣV :T. T | 〈T , T 〉T | fst T | snd T

2. π-reduction is defined by the contraction rules

fst 〈M, N〉Σx:A. B →π M
snd 〈M, N〉Σx:A. B →π N

3. The notion of specification is extended with a set U ⊆ S × S × S of rules for
Σ-types. As usual, we use (s1, s2) as an abbreviation for (s1, s2, s2).

4. The typing system is extended with the rules of Figure 6. Moreover, the
conversion rule is modified so as to include π-conversion.

As an example, let us consider an extension of the Calculus of Constructions
with strong sums. We start with the rule (∗, ∗), which serves two purposes:

– first, the rule allows to form subsets of small types such as the type of
prime numbers N : ∗,prime : N → ∗ � Σn : N. prime n : ∗. Such a
representation of subset types is said to be strong in the sense that one can
deduce prime (fst M) from M : (Σn : N. prime n). Alternative formalisms
for supporting subsets are discussed e.g. in [129, 136];
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Γ � A : s1 Γ, x : A � B : s2

Γ � Σx : A. B : s3
(s1, s2, s3) ∈ U

Γ � M : A Γ � N : B{x := M} Γ � Σx : A. B : s

Γ � 〈M, N〉Σx:A. B : Σx : A. B

Γ � M : Σx : A. B

Γ � fst M : A

Γ � M : Σx : A. B

Γ � snd M : B(fst M)

Fig. 6. Typing rules for Σ-types

– second, the rule captures a strong form of existential quantification that
enforces the axiom of choice. In particular, we can extract from a proof p of
Σn : N. prime n, read as “there exists a prime number n”, both a witness
fst p of type N and a proof snd p that fst p is prime.

Likewise, the rule (�, ∗,�) allows to form “subsets” of kinds. Combined with
the rule (�,�) this rule allows to introduce types of algebraic structures, e.g.
the type Monoid of monoids

Σel : ∗. Σo : el → el → el. Σe : el. mlaws el o e

where mlaws el o e state that o is associative and e is a neutral element for o.
Note that the definition of mlaws involves conjunction, universal quantification
and equality. These are defined in Figure 7.

One may wish to consider further rules but some of them lead to an incon-
sistency. For example, the rule (�, ∗) allows to form a type U : ∗ isomorphic to
∗; this is known to cause an inconsistency, see Exercise 9.

We conclude this paragraph by sketching an extension of our previous real-
izability argument to Σ-types. In fact, it is enough to add the following clauses
to the definitions of the interpretations:

– if A is Σx : B.C and B is a small type and C(u) is a small type whenever
u ∈ φC then A is a small type; furthermore, in this case, φA is the set of all
terms t such that fst t ∈ φB and snd t ∈ φC(fst t);

– if A is Σx : B.C and B is a type and C(u) is a type whenever u ∈ ψC then
A is a type; furthermore, in this case, ψA is the set of all terms t such that
fst t ∈ ψB and snd t ∈ ψC(fst t).

Under these interpretations, the results of Subsection 3.4 including soundness
scale up to Σ-types.

Records and Modules. Dependent record types [12, 27, 28, 47, 124] provide
another framework in which to represent structures. In contrast to Σ-types,
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records feature labels that can be used to extract every piece of a structure via
the dot notation. For example, the type Monoid of monoids of the previous
subsection is cast in terms of records as

sig{el : ∗, o : el → el → el, e : el, p : mlaws el o e}

(in order to enforce decidable type checking, we would need to tag records with
their types as for Σ-types). Using record selection rules, we can extract from
any M : Monoid its unit M.e of type M.el; compare with Σ-types where the
unit of the monoid is fst (snd (snd M)).

Dependent records come in different flavors. For example, dependent records
can be defined as labeled pairs. In the latter case, dependent record types are of
the form sig{L, r : A} and dependent records are of the form struct{l, r = a}.
Furthermore, as emphasized in [124], records can be either:

– left-associating, in which case they pass any label that is not theirs to their
first component. Left-associating records are extensible in the sense that
allow to add a new field to the structure without destroying left-associativity;

– right-associating, in which case they pass any label that is not theirs to
their second component; right-associating records show directly how the rest
of a package depends on a given field and hence provide support for the
specialization of structures. E.g. it is easy to define a type of monoids whose
underlying type is N from a right-associating representation of monoids.

Some formalisms [12, 47] define records as labeled tuples of arbitrary length. For
example, the language Cayenne introduces a notion of record and signature (i.e.
record type) so that we can write for instance

struct{x = a, y = b, z = c} : sig{x : A, y : B(x), z : C(x, y)}

if a : A, b : B(a) and c : C(a, b). Furthermore record selection rules can be used
to infer from m : sig{x : A, y : B(x), z : C(x, y)} that

m.x : A m.y : B(m.x) m.z : C(m.x,m.y)

Through such a formalism, Cayenne provides a simple module system: a module
is essentially simply a record with dependent types. Furthermore, this module
system can be used to represent elegantly the notion of class used in Haskell
[138]. For instance one can express the class of reflexive relations over a type A
as

sig{r : A → A → ∗, p : Πx:A. r x x}

There are some further choices in the design of a system with dependently
typed records. For example, some type systems [27] include record subtyping as
a primitive, whereas other type systems use coercive subtyping [86] to capture
record subtyping. Furthermore, some formalisms [12, 47, 48, 124] provide support
for manifest fields as in

sig{x : N, y = 0, z : N}
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If m is an object of this type, then we should have not only m.x : N, m.z : N

but also m.y = 0, even if m is a variable. Thus, for this extension, the evaluation
of a term may depend on the type of this term. As typing depends on evaluation
through the conversion rule, the theory of such an extension is rather intricate.
For example, it is not possible any more to use the convertibility algorithm of
Subsection 3.3 nor the realizability interpretation of Subsection 3.4. One possible
strategy for factoring out the complexity of type systems with record types and
manifest fields is to cast the latter in terms of singleton types which allow to
form for every a : A a new type {a} whose sole element is a. The theory of
singleton types is studied e.g. in [10, 50, 135] but many issues remain open.

Further Reading. The reader may consult [48, 70, 83, 87, 128] for further in-
formation on modules in functional programming languages and dependent type
theory.

4.2 Inductive Definitions

Inductive definitions provide a mechanism to introduce inductive types, define
recursive functions over these types, and in the case of dependent type the-
ory, to prove properties about elements of such inductive types using induction
principles. It is therefore not surprising that such definitions are ubiquitous in
typed functional programming languages and proof assistants. However the two
families of languages do not support the same class of inductive definitions. For
example:

– proof assistants allow users to introduce complex inductive definitions such
as inductive families. Typical examples of such families are of the form I → ∗
or I → J → ∗, where I, J are inductive types such as the type of natural
numbers or the type of expressions of an object language upon which we want
to program or reason. Inductive families have been used extensively to give
relational specifications of e.g. programming language semantics and cryp-
tographic protocols [31, 115]. In contrast, standard functional programming
languages do not support inductive families;

– functional programming languages allow for non-positive type definitions and
for non-terminating recursive definitions whereas proof-assistants do not, as
the combination of non-termination with dependent types leads to unde-
cidable type checking. To enforce decidable type checking, proof-assistants
either require recursive functions to be encoded in terms of recursors or use
pattern-matching and check that recursive calls are guarded, as explained
below.

In this subsection, we give some examples of inductive definitions in type theory,
and briefly discuss the influence of these definitions on termination and decidable
type checking.

Examples. Basic examples of inductive types include booleans, natural num-
bers and lists. We also present streams, which form a prime example of coinduc-
tive type.
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Booleans. The small type B : ∗ of booleans has two constructors tt : B and ff : B.
Furthermore, the type B comes equipped with a recursor RB that can be used
to define functions and prove properties on booleans. The typing rule for RB is

Γ � a : T (tt) Γ � a′ : T (ff) Γ � b : B

Γ � RB(b, a, a′) : T (b)

and its reduction rules are

RB(tt, a, a′) → a RB(ff, a, a′) → a′

We can extend the realizability model of Subsection 3.4 to booleans by casting
B as a small type and defining t � B as meaning that t is a neutral term or tt
or ff.

Natural Numbers. The small type N : ∗ of natural numbers has two constructors
0 : N and s : N → N. Furthermore, the type N comes equipped with a recursor RN

that can be used to define functions and prove properties on natural numbers.
The typing rule for RN is

Γ � a : T (0) Γ � a′ : Πx:N. T (x) → T (s x) Γ � n : N

Γ � RN(n, a, a′) : T (n)

and its reduction rules are

RN(0, a, a′) → a RN(s n, a, a′) → a′ n RN(n, a, a′)

Observe that the usual rule for recursion can be recovered by setting T to be
non-dependent: in this case, we get that RN(n, a, a′) : T provided n : N, a : T
and a′ : N → T → T . Also note that adding natural numbers is a strict extension
to the language, even if we restrict recursion to the non-dependent case: indeed,
the impredicative encoding of natural numbers does not allow to type RN, see
e.g. [65].

We can extend the realizability model of Subsection 3.4 to natural numbers
by casting N as a small type and defining � N as the smallest set of terms
containing neutral terms, 0 and such that, if t � N then s t � N. Notice that
this definition is inductive.

Streams. The small type S : ∗ of streams of booleans has two destructors hd :
S → B and tl : S → S. Furthermore, the type S comes equipped with a corecursor
RS that can be used to define constructions on streams. The typing rule for RS

is
Γ � a : X → B Γ � a′ : X → X Γ � x : X

Γ � RS(a, a′, x) : S

and its reduction rules are

hd (RS(x, a, a′)) → a x tl (RS(x, a, a′)) → RS(a′ x, a, a′)



24 Gilles Barthe and Thierry Coquand

This definition of streams is closely related to the encoding of abstract datatypes
with existential types of J. Mitchell and G. Plotkin [103].

We can extend the realizability model of Subsection 3.4 to streams of booleans
by casting S as a small type and defining � S as the greatest set of terms such
that if t � S then hd t � B and tl t � S (one can check that if t is neutral then
t � S). Notice that this definition is coinductive.

Intuitionistic Theory of Inductive Definitions. The rules for natural num-
bers given in the previous paragraph were suggested by Martin-Löf, who also
gave the rules for ordinals. The small type O : ∗ of ordinals has three construc-
tors 0 : O, s : O → O and l : (N → O) → O. Furthermore, the type O comes
equipped with a recursor RO that can be used to define functions and prove
properties on ordinals. The typing rule for RO is

Γ � a : T (0) Γ � a′ : Πx:O. T (x) → T (s x)
Γ � a′′ : Πu:N → O. (Πx:N. T (u x)) → T (l u) Γ � o : O

Γ � RO(o, a, a′, a′′′) : T (o)

and its reduction rules are

RO(0, a, a′, a′′) → a
RO(s o, a, a′, a′′) → a′ o RO(o, a, a′, a′′)
RO(l o, a, a′, a′′) → a′′ o λn:N. RO(o n, a, a′, a′′)

This is an example of an iterated inductive definition, since the definition of O

refers to the previous definition of N. Iterated inductive definitions are very useful
in programming, but they also have strong roots in proof theory, see for exam-
ple [33]. The connections with Type Theory originate from D. Scott’s work on
constructive validity [130]. Scott’s work was itself inspired from [137], where W.
Tait studies possible reductions of comprehension principles to the intuitionistic
theory of inductive definitions. Such a possibility had been suggested by Gödel,
and Tait’s work shows that such a reduction is possible for Π1

1 -comprehension.
The W -type schema, introduced by P. Martin-Löf in [93], gives an elegant

representation of the inductive definitions introduced by Tait. This schema was
further generalized by K. Petersson and D. Synek [109], who give the most
general form of Post systems in type theory. Such a formulation may be used
to represent interactive systems, as suggested by P. Hancock and A. Setzer [68],
but also to encode set theory in type theory, as suggested by P. Aczel [4, 6] and
further analyzed by B. Werner [140], see Exercise 17.

Although Martin-Löf’s treatment of inductive definitions did not include a
general schema for inductive definitions, see however [89], it is natural to want
such a schema. Indeed, there have been a number of proposals for such schemata,
see e.g. [46, 52, 53, 55, 85, 112, 113, 121].

Datatypes in Programming Languages. It is folklore that datatypes can be
defined by recursive equations and that recursive functions can be defined using
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case-expressions and fixpoints. For example, the datatype N can be defined by
the recursive equation N = U + N (where U denotes the unit type) if we do
not use labeled sums and by the recursive equation N = 0 + s N if we do; note
that constructors are not named in the first case, and named in the second.
Furthermore if we use labeled sums to define N, as in [108], then the typing rules
for case-expressions and fixpoints are

Γ � a : T (0) Γ � a′ : Πx:N. T (s x) Γ � n : N

Γ � case(n, a, a′) : T (n)

Γ, f : A → B � e : A → B

Γ � fix f. e : A → B

and the reduction rules are:

case(0, a, a′) → a
case(s n, a, a′) → a′ n

fix f. e → e{f := fix f. e}

(Such rules raise the question of termination of recursive functions; this question
is discussed below.)

Based on these observations, [41] suggests to transfer to type theory the
pattern-matching and case notations used in functional programming languages.
In this vision, the analogy between proofs and programs can be pushed even
further:

– constructors correspond to introduction rules;
– case expressions correspond to deduction by cases;
– recursively defined functions correspond to arguments by structural induc-

tion.

Decidability of Type Checking and Type Inference. The introduction of datatypes
in the language yields new difficulties for type inference and type checking. Two
problems arise: the first problem, which arises in a non-dependent setting, is that
one needs to define a decidable equality between datatypes. The second problem,
which occurs in a dependent setting only, is that checking convertibility between
types may require computing with recursive functions. We briefly expose both
problems and their possible solutions.

Let us start with defining equality between datatypes. If we view them as
solutions to recursive equations, datatypes are infinite objects since

N = 0 + s N = 0 + s (0 + s N) = . . .

If we take this view, then it is not immediate to define a decidable notion of
equality between datatypes. Two such definitions appear in the literature, de-
pending on the form of recursive equations used to define datatypes:
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– if datatypes are defined without using labeled sums, then it is natural that
datatypes are compared by structures. This approach has been suggested
by L. Cardelli [36] and further analyzed in a non-dependent setting by a
number of authors, including R. Amadio and L. Cardelli [9], D. Kozen and
J. Palsberg and M. Schwartzback [80], M. Brandt and F. Henglein [32], S.
Jha and J. Palsberg and T. Zhao [77, 110];

– if datatypes are defined with labeled sums, then it is natural that constructor
names are compared when defining equality, so that the datatype C = black+
white is not equal to the datatype B = tt + ff.

Let us now turn to checking equality between types in dependent type theory.
As emphasized in the introduction, checking equality between types may require
checking equality between expressions, which itself may require unfolding re-
cursively defined functions. Hence these functions must be terminating if one is
to achieve decidable type checking. Termination of recursively defined functions
can be enforced in several ways.

– Syntactic checks for termination. [41] introduces a simple guard predicate
to ensure termination of fixpoint expressions: in a nutshell, the criterion re-
quires that the definition of f(e) only makes recursive calls of the form f(e′)
where e′ is structurally smaller than e. This definition of the guard predicate
has been refined e.g. by E. Giménez [62], by A. Abel and T. Altenkirch [1,
3], and by F. Blanqui, J.-P. Jouannaud and M. Okada [30, 79], leading to in-
creasingly complex conditions that allow more expressions to be typed. This
line of research bears some similarities with other works on the termination
of functional programs, see e.g. [61, 82];

– Type-based termination. P.N. Mendler [96, 97] propose systems where the
termination of recursive definitions is enforced by the type system. Later,
E. Giménez and other authors [2, 8, 62, 63, 22] have pursued a type-based
approach to the termination of recursive definitions. In a nutshell, the notion
of type is extended to record the size of an element of an inductive type, and
the termination of recursive functions is ensured by requiring that, if e is
of size n + 1, then the definition of f(e) only makes recursive calls of the
form f(e′) where e′ is of size smaller or equal to n. If we specialize such an
approach to natural numbers, one gets the following rules (where contexts
are omitted for readability):

� 0 : N
ι̂

� n : N
ι

� s n : N
ι̂

� n : N
ι̂ � f0 : A � fs : N

ι → A

� case n of{0 ⇒ f0|s ⇒ fs} : A

f : N
ι → A � e : N

ι̂ → A

� fix f. e : N
∞ → A

where ι ranges over arbitrary sizes, ι̂ denotes the successor of ι, N
ι denotes

the naturals of length smaller or equal to ι and N
∞ denotes the naturals
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of arbitrary length. Again, this approach has some similarities with other
work on functional programming [74, 111]. While type-based termination
criteria overcome some defects of syntactic criteria, their theory remains to
be investigated, especially in the context of dependent types.

Modularity. Several functions are “generic” in the data type upon which they
operate: for example one can produce generic size and equality functions for
each first-order data type. Generic programming [14, 72, 76] is an attempt to
provide programmers with facilities to program such functions once and for all.
T. Altenkirch and C. McBride [7] have recently shown how generic programming
concepts can be programmed in dependent type theory, see also [117, 118].

Further Reading. The reader may consult [43, 54, 55, 62, 94, 113] for further
information on inductive definitions in dependent type theory.

5 Dependent Types in Programming

5.1 Cayenne

Cayenne is an Haskell-like language with dependent types developed by L. Au-
gustsson [12]. Although Cayenne is very close to the Agda proof assistant [37],
there are some key differences:

– the intended use of Cayenne is the same as a functional language in that one
actually wants to run programs using a compiler that produces efficient code
(and not only prove theorems). In Cayenne this is achieved by a stripping
function that removes all typing information from programs;

– Cayenne allows for arbitrary datatypes and recursive definitions, given that
for a programming language there is no formal or moral reason to avoid
non-wellfounded datatypes and unrestricted general recursion.

Hence convertibility and type checking are undecidable in Cayenne, i.e. there is
no algorithm to decide whether a given program is correct w.r.t. the typing rules
of Cayenne. In practice this problem is solved by setting a bound on the number
of unfoldings of recursive definitions that are performed during convertibility
checking.

Cayenne also features some important differences with functional program-
ming languages. In particular, Cayenne does not have a primitive notion of class
or module. As stated in Subsection 4.1, modules are represented in Cayenne us-
ing dependent record types with manifest fields. One interesting aspect of this
representation is to show that dependent types may be of great help in designing
simple module systems.

Cayenne is strictly more expressive than Haskell, in that it types more pro-
grams, for example the function printf, the SASL tautology function, and in-
terpreters for typed languages, see [12, 13] and Exercise 1.
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5.2 DML

DML is a dependently typed extension of ML developed by H. Xi and F. Pfenning
[141, 145]. The original motivation behind DML is to use dependent types to
carry useful information for optimizing legal ML programs [144, 142]. This design
choice leads DML to be a conservative extension of ML in the sense that the
erasure function ||.|| that removes type dependencies maps legal DML judgments
to legal ML judgments. Further, a legal DML expression e evaluates to a DML
value v iff ||e|| evaluates to a ML value v′, in which case ||v|| = v′.

The key feature of DML is to combine full recursion and dependent types
while still enjoying decidability of type checking and a phase distinction [35].
This is achieved by a careful design of the syntax. In a nutshell, DML adopts a
layered syntax that distinguishes between types and programs, and singles out a
set of pure programs, called indices, that are the only programs allowed to occur
in types. Formally, indices are taken to be expressions over a constraint domain
X that comes as a parameter of DML and the convertibility relation is defined
from the equality relation induced by X. It is interesting to note that this notion
of convertibility is sometimes more intuitive and powerful than the usual notion
of convertibility in dependent type theory. For example, if we take X to be the
constraint domain of natural numbers and let L n A be the type of A-lists of
length n, then types such as L (n + m) A and L (m + n) A are convertible
because commutativity of addition holds in the underlying constraint domain;
see Exercise 15.

In order to provide the type system with sufficient flexibility, DML features
restricted subset types, singleton types and existential types that are used to
enforce the connection between run-time values and indices, and to interface
dependently typed programs with standard programs, such as the ones found in
libraries, that are not dependently typed.

Finally, DML shares two important properties of ML that were stated in the
definition: first, well-typed DML cannot go wrong. Second, type equality and
type inference for DML programs are decidable, provided that the underlying
constraint domain is decidable and that the programs are explicitly typed.

5.3 Further Reading

[13, 34, 51, 66, 67, 94, 104, 105, 132, 139, 141, 143] address a number of issues re-
lated with dependent types in programming.

Exercises

Throughout the exercises, we let λx, y, z : A. M denote λx : A. λy : A. λz : A. M .

1. SASL tautology function. Define boolean conjunction ∧ : B → B → B. Next
define a function F : N → ∗ such that F 0 = B and F (s n) = B →
F n. Finally define τsasl : Πn : N. F n → B such that τsasl 0 f = f and
τsasl (s n) f = ∧ (τsasl n (f tt)) (τsasl n (f ff)). Using the realizability model
of Section 3.4, prove directly that Πn : N. F n → B is a small type and that
τsasl � Πn : N. F n → B.



An Introduction to Dependent Type Theory 29

2. Set-theoretical models of λ2x. Recall that one can build a set-theoretical
model of simply typed λ-calculus as follows: starting from sets A1 . . . An,
define [[st]] to be the smallest set such that A1 . . . An ∈ [[∗]] andX → Y ∈ [[∗]]
for every X,Y ∈ [[∗]]. The idea is to interpret every type variable as an
element of [[∗]] and to extend the interpretation to an arbitrary type by setting
[[A → B]] = [[A]] → [[B]]. Extend the interpretation to terms by defining [[t]]ρ
for every valuation ρ : V →

⋃
A∈[[∗]]A and show that the interpretation is

sound in the sense that Γ � M : A implies [[t]]ρ ∈ [[A]] where ρ is a valuation
satisfying Γ . Then extend this model to λ2x.

3. Encoding arithmetic in λP . The context for arithmetic introduces two base
types ι and o, which respectively correspond to individuals, here expressions
that denote numbers, and formulae. In addition, there are the usual opera-
tions on natural numbers and the usual logical connectives and quantifiers.

ι : ∗,
0 : ι,
s : ι → ι,
+ : ι → ι → ι,
× : ι → ι → ι,

o : ∗,
= : ι → ι → o,
< : ι → ι → o,
∀ : (ι → o) → o,
∃ : (ι → o) → o,

∧ : o → o → o,
∨ : o → o → o,
⊃ : o → o → o,
¬ : o → o

The context provides enough structure for terms and formulae of first-order
arithmetic to be encoded into the system. To build/manipulate proofs, we
encode the basic judgment form ‘φ is a logical truth’ by adding a declaration

true : o → ∗

Following [69, Section 4.1], one can then introduce relevant assumptions to
encode proofs, see Exercise 4. Prove that the encoding is adequate in the
sense of [69, 120].

4. Impredicative encoding of logic in λC. Define λ-terms that correspond to
the standard natural deduction rules for the connectives and quantifiers of
Figure 7. Also, try to define a first and second projection for existential
quantification. [Hint: the second projection is not definable.]

5. Pure Type Systems for Higher-Order Logic. λHOL is an extension of λω
that allows variables of type � to be introduced in the context of judgments.
Formally λHOL is obtained by setting

S = {∗,�,�}
A = {(∗,�), (�,�)}
R = {(∗, ∗), (�, ∗), (�,�)}

Show that λHOL captures exactly Church’s higher-order logic in the PTS-
framework, see e.g. [56].
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Operator Definition
∀ : ΠT:∗. (T → ∗) → ∗ ≡ λT:∗. λP :T → ∗. (Πx : T.Px)
∃ : ΠT:∗. (T → ∗) → ∗ ≡ λT:∗. λP :T → ∗. (Πp : ∗.Πx : T.((P x) → p) → p)

� : ∗ ≡ Πx : ∗.x → x
⊥ : ∗ ≡ Πx : ∗.x

∧ : ∗ → ∗ → ∗ ≡ λA, B : ∗:(Πx : ∗.A → B → x).
∨ : ∗ → ∗ → ∗ ≡ λA, B:∗. (Πx : ∗.(A → x) → (B → x) → x)

¬ : ∗ → ∗ ≡ λA:∗. (A → ⊥)
↔: ∗ → ∗ → ∗ ≡ λA, B : ∗:∧ (A → B) (B → A).

.=: ΠT:∗. T → T → ∗ ≡ λT:∗λx, y:∗. ΠP : T → ∗. (Px) → (Py).

Fig. 7. Second-order encoding of logic

6. The Berardi-Paulin embedding. The following function [.]. can be used as a
foundation for extracting programs from proofs:

[x]Γ = x x ∈ V ∪ {∗,�}

[Πx:A. B]Γ =
{

[B]Γ
Πx: [A]Γ . [B]Γ,x:A

if Γ � A : ∗ and Γ � B : �

otherwise

[λx:A.M ]Γ =
{

[M ]Γ,x:A
λx:[A]Γ . [M ]Γ

if Γ � A : ∗ and Γ � M : B : �

otherwise

[M N ]Γ =
{

[M ]Γ
[M ]Γ [N ]Γ

if Γ � M : A : � and Γ � N : B : ∗
otherwise

[〈〉] = 〈〉

[Γ, x : A] = [Γ ], x : [A]Γ

Show that if Γ � M : A is derivable in λC then [Γ ] � [M ]Γ : [A]Γ is
derivable in λω. Conclude that λC is conservative over λω in the following
sense:

Γ � A : s derivable in λω
Γ � M : A derivable in λC

}
⇒ ∃M ′ ∈ T . Γ � M ′ : A derivable in λC

7. The principle of proof-irrelevance. The principle, due to N. G. de Bruijn,
states that all proofs of a proposition A are equal. There are several possible
ways to implement the principle in a type theory. The simplest one is to
add pi : ΠA : ∗. Πx, y : A. x .= y in the context. Using the Berardi-Paulin
embedding, show that proof-irrelevance is consistent in the Calculus of Con-
structions. Then show that the principle is not derivable in the Calculus of
Constructions. [Hint: show that there is no pseudo-term M in normal form
such that � M : ΠA:∗. Πx, y:A. x .= y].



An Introduction to Dependent Type Theory 31

8. Consistency of the axiom of infinity. The axiom, see e.g. [39], is given by the
context Γ∞

A : ∗, f : A → A, a : A, R : A → A → ∗, h1 : Πx : A.R x x →⊥,
h2 : Πx, y, z : A.R x y → R y z → R x z, h3 : Πx : A.R x (f x)

Intuitively, the context asserts the existence of a small type A with infinitely
many elements. Using the consistency of proof-irrelevance, show that the
context is not instantiable in λC. Then prove that the context is consistent
by showing that there is no M in normal form such that Γ∞ � M : ⊥. [Hint:
show first by induction on normal forms, that if we have a term in normal
form of type A in this context Γ∞ then this term has the form fn a and if a
term in normal form is of type R u v then we have u = fp a, v = fq a with
p < q.]

9. Inconsistency of some Σ-types. The context Γpip below is inconsistent in λC
because it allows for a direct interpretation of λU , see [39]:

Γpip = B : ∗, E : B → ∗, ε : ∗ → B, H : ΠA:∗. A ↔ (E (ε A))

Conclude that the rule (�, ∗) for Σ-types is inconsistent. In fact it is possible
to provide a direct encoding of λ∗ in λC extended with the rule (�, ∗) for
Σ-types, see [71, 73].

10. Induction principles for booleans. The following context ΓB, which introduces
a type of booleans with its associated induction principle, is not instantiable
in λP2 and λC, see [57]:

ΓB = B : ∗, 0, 1 : B, h : ΠC : B → ∗.C 0 → C 1 → Πx : B.C x

This is surprising since the Berardi-Paulin embedding [ΓB] of ΓB is instan-
tiable in λ2 and hence in λω by taking:

B = ΠX : ∗. X → X → X

0 = λX : ∗. λx, y : X. x
1 = λX : ∗. λx, y : X. y
h = λC : ∗. λx, y : C. λb : B. b C x y

The argument is proved via a model construction that has already been used
to provide models of λC where the axiom of choice holds [134]. This model
is described intuitively as follows. Let us write A,B,C, . . . terms of type ∗
and K,L,M, . . . terms of type �. Let Λ be the set of pure (open) λ-terms.
The sort ∗ is interpreted by {∅, Λ}, so that [[A]] is ∅ or Λ. The terms t : A
are interpreted by stripping away all types/kind information; for instance
λA : ∗.λx : A.x becomes λx.x ∈ Λ. More generally, we define:
– [[λx : A.t]] = λx.[[t]];
– [[λX : K.t]] = [[t]];
– [[Πx : A.B]] to be the set of all terms t such that if u ∈ [[A]] then t u ∈

[[B]]x:=u;
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– [[ΠX : K.B]] to be the set of all terms t such that if α ∈ [[K]] then
t ∈ [[B]]X:=α;

– [[Πx : A.L]] to be the set of all functions α such that if t ∈ [[A]] then
α(t) ∈ [[L]]x:=t;

– application is defined in the obvious way.
Observe that the definition of dependent function space agrees with the in-
terpretation of ∗ because the interpretations of [[Πx : A.B]] and [[ΠX : K.B]]
are either ∅ or Λ.
Now we reason by contradiction to prove that ΓB is not instantiable by
closed expressions B, 0, 1, h. If it were, we would have [[B]] = Λ because [[B]]
is inhabited. Now define α : Λ → ∗ by the clause:

α(v) = {u ∈ Λ | v = [[0]] ∨ v = [[1]]}

For every v ∈ Λ, we have α(v) ∈ [[∗]] since α(v) = ∅ or α(v) = Λ. Furthermore
α([[0]]) = α([[1]]) = Λ. Now by definition of the model, we should have, for all
t, u, v ∈ Λ

[[h]] t u v ∈ α(v)

but α(v) may be empty, a contradiction. Hence the context ΓB is not instan-
tiable in λP2. Make the argument precise by showing that the construction
does provide a model of λP2.

11. Fixpoints in inconsistent Pure Type Systems. In [75], T. Hurkens provides a
strikingly short paradox YH for λU−. Check that YH is a looping combinator
in the sense of [44], and that its domain-free counterpart Y is a fixpoint
combinator in the sense that it verifies

� Y : ΠA:∗. (A → A) → A

and
Y A f =β f (Y A f)

see [21].
12. Paradoxical Universes in Pure Type Systems. The construction of YH relies

on the existence of a paradoxical universe, that is of a type U : � and two
functions τ : (U → ∗) → U and σ : U → U → ∗ such that

(σ(τ X)) y ⇔ ∃x : U . X(x) ∧ y = τ(σx)

Call such a paradoxical universe strong if furthermore τ(σx) �β x. Strong
paradoxical universes are of interest because they yield fixpoint combinators.
However, show that there is no strong paradoxical universe in a PTS with
the axiom ∗ : � and rule (�,�) and for which M is β-strongly normalizing
whenever Γ � M : A and Γ � A : �. [Hint: strong paradoxical universes allow
to formalize Russell’s paradox which yields a non-normalizing expression.]

13. Pure Type Systems with Fixpoint Combinators. Consider an extension of
PTSs with a fixpoint construct µx : A. M , as given by the typing rule

Γ, x : A � M : A Γ � A : s
Γ � µx : A. M : A
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and the reduction relation →Y given by the contraction rule

µx : A. M →Y M{x := µx : A. M}

Similar extensions are considered e.g. in [11] for the Calculus of Construc-
tions and in [59] for PTSs. Show that type checking is undecidable for the
extension of the Calculus of Constructions with a fixpoint construct. One can
use a similar argument to conclude that Cayenne has undecidable type check-
ing. [Hint: recall that N = ΠX:∗. X → (X → X) → X is the second-order
encoding of natural numbers. Show that every partial recursive function f
is representable by a closed term F s.t. � F : N → N , i.e. for every n : N,

fn = m ⇔ F �n� �βY �m�

Deduce that convertibility is undecidable. See [125] for a detailed argument.]
14. Type Checking Domain-Free Pure Type Systems. Type checking for Domain-

Free Pure Type Systems is undecidable in general, even for the Domain-Free
variant of λ2, but becomes decidable if one restricts oneself to judgments in
normal form [23]. Define a type checking algorithm for such judgments.

15. Leibniz equality vs. convertibility. In dependent type theory, one can define
concatenation app and inversion rev with the types

app : Πm,n : N. ΠA : ∗. (L m A) → (L n A) → (L (m+ n) A)
rev : Πm : N. ΠA : ∗. (L m A) → (L m A)

Now consider the context

m : N, l : L m A, n : N, l′ : L n A

and introduce the abbreviations

l1 = rev (m+ n) A (app m n A l l′)
l2 = app n m A (rev n A l′) (rev m A l)

What are the types of l1 and l2? Can we prove l1
.= l2 where .= denotes

Leibniz equality? Why? [Hint: check whether m+n and n+m are convertible
for open expressions m and n.]

16. John Major’s equality. John Major’s equality � [94], which is useful for
defining functions by pattern-matching in dependent type theory, is given
by the typing rules

Γ � a : A Γ � b : B Γ � A,B : s
Γ � a � b : ∗

Γ � a : A Γ � A : s
Γ � refl� a : a � a

Γ � a, a′ : A Γ � Φ : Πb:A. (a � b) → s
Γ � φ : Φ a (refl� a) Γ � ψ : a � a′

Γ � eqelim A a Φ φ a′ ψ : Φ a′ ψ
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and by the rewrite rule

eqelim A a Φ φ a (refl� a) → φ

Can we prove l1 � l2 where l1 and l2 are defined as in the previous exercise?
[Note that John Major’s equality is not derivable in λC.]

17. W -types. Given a type B that depends upon x : A, one can define the type
Wx : A. B whose canonical elements have the form sup a f with a : A and
f : B(a) → Wx : A. B (note that this is an inductive definition). Intuitively,
elements of Wx : A. B are well-founded trees whose possible branchings
are indexed by the type A. For instance, consider the types N0 with zero
element, N1 with one element, and N2 with two elements 0 and 1; further
consider the type family T (x) such that T (0) = N0 and T (1) = N1. Then
a canonical inhabitant of Wx : N2. T (x) is either a tree with one node, or
a tree with one unique subtree in Wx : N2. T (x), hence one can think of
Wx : N2. T (x) as a type “isomorphic” to the type of natural numbers.
Show by induction Wx : A. B → ¬ Πx : A. B, which says intuitively that if
Wx : A. B is inhabited then it cannot be the case that all B(x) are inhabited.
(Classically at least one B(x) is empty.)
Furthermore show by induction that the relation ∼ on Wx : A. B is an
equivalence relation:

sup a1 f1 ∼ sup a2 f2 = ∧ (Πx1 : B(a1). Σx2 : B(a2). f1 x1 ∼ f2 x2)
(Πx2 : B(a2). Σx1 : B(a1). f1 x1 ∼ f2 x2)

This inductive definition of equality is due to P. Aczel, who uses it to define
t ε u meaning that t is an immediate subtree of u by

t ε sup a f = Σx : B(a). t ∼ f x.

These definitions can be used to build a model of constructive set theory [4].
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113. C. Paulin-Mohring. Définitions Inductives en Theorie des Types d’Ordre Su-
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Abstract. A tension in language design has been between simple se-
mantics on the one hand, and rich possibilities for side-effects, exception
handling and so on on the other. The introduction of monads has made
a large step towards reconciling these alternatives. First proposed by
Moggi as a way of structuring semantic descriptions, they were adopted
by Wadler to structure Haskell programs. Monads have been used to
solve long-standing problems such as adding pointers and assignment,
inter-language working, and exception handling to Haskell, without com-
promising its purely functional semantics. The course introduces monads,
effects, and exemplifies their applications in programming (Haskell) and
in compilation (MLj). The course presents typed metalanguages for mon-
ads and related categorical notions, and then describes how they can be
further refined by introducing effects.
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1 Monads and Computational Types

Monads, sometimes called triples, have been considered in Category Theory (CT)
only in the late fifties (see the historical notes in [BW85]). Monads and comon-
ads (the dual of monads) are closely related to adjunctions, probably the most
pervasive notion in CT. The connection between monads and adjunctions was
established independently by Kleisli and Eilenberg-Moore in the sixties. Mon-
ads, like adjunctions, arise in many contexts (e.g. in algebraic theories). There
are several CT books covering monads, for instance [Man76,BW85,Bor94]. It is
not surprising that monads arise also in applications of CT to Computer Science
(CS). We intend to use monads for giving denotational semantics to program-
ming languages, and more specifically as a way of modeling computational types
[Mog91]:

. . . to interpret a programming language in a category C, we distinguish
the object A of values (of type A) from the object TA of computations
(of type A), and take as denotations of programs (of type A) the elements
of TA. In particular, we identify the type A with the object of values (of
type A) and obtain the object of computations (of type A) by applying an
unary type-constructor T to A. We call T a notion of computation, since
it abstracts away from the type of values computations may produce.

Example 1. We give few notions of computation in the category of sets.

– partiality TA = A⊥, i.e. A + {⊥}, where ⊥ is the diverging computation
– nondeterminism TA = Pfin(A), i.e. the set of finite subsets of A

– side-effects TA = (A×S)S , where S is a set of states, e.g. a set UL of stores
or a set of input/output sequences U∗
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– exceptions TA = A + E, where E is the set of exceptions
– continuations TA = R(RA), where R is the set of results
– interactive input TA = (µX.A + XU ), where U is the set of characters.

More explicitly TA is the set of U -branching trees with only finite paths and
A-labelled leaves

– interactive output TA = (µX.A + (U×X)), i.e. U∗×A up to iso.

Further examples (in the category of cpos) could be given based on the denota-
tional semantics for various programming languages

Remark 2. Many of the examples above are instances of the following one: given
a single sorted algebraic theory Th = (Σ, Ax), TA is the carrier of the free
Th-algebra over A, i.e. the set TΣ(A) of Σ-terms over A modulo the equivalence
induced by the equational axioms Ax. For instance, for nondeterminism Th is
the theory of commutative and idempotent monoids, and for exceptions is the
theory with one constant for each exception e ∈ E and no axioms.

More complex examples can be obtained by combination of those above, e.g.

– TA = ((A+E)×S)S and TA = ((A×S)+E)S capture imperative programs
with exceptions

– TA = µX.Pfin(A + (Act×X)) captures parallel programs interacting via a
set Act of actions (in fact TA is the set of finite synchronization trees up to
strong bisimulation)

– TA = µX.Pfin((A + X)×S)S captures parallel imperative programs with
shared memory.

Wadler [Wad92a] advocates a similar idea to mimic impure programs in a pure
functional language. Indeed the Haskell community has gone a long way in ex-
ploiting this approach to reconcile the advantages of pure functional program-
ming with the flexibility of imperative (or other styles of) programming. The
analogies of computational types with effect systems [GL86] have been observed
by [Wad92a], but formal relations between the two have been established only
recently (e.g. see [Wad98]).

In the denotational semantics of programming languages there are other in-
formal notions modeled using monads, for instance collection types in database
languages [BNTW95] or collection classes in object-oriented languages [Man98].
It is important to distinguish the mathematical notion of monad (or its refine-
ments) from informal notions, such as computational and collection types, which
are defined by examples. In fact, these informal notions can be modeled with a
better degree of approximation by considering monads with additional proper-
ties or additional structures. When considering these refinements, it is often the
case that what seems a natural requirement for modeling computational types
is not appropriate for modeling collection types, for instance:

– most programming languages can express divergent computations and sup-
port recursive definitions of programs; hence computational types should
have a constant ⊥ : TA for the divergent computation and a (least) fix-
point combinator Y : (TA → TA) → TA;
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– in database query languages the result of a query is a finite collection of
elements; hence it is natural to have an empty collection ∅ : TA and a way
of merging the result of two queries, using a binary operation + : TA →
TA → TA.

Therefore, programming languages suggest one refinement (of monads), while
query languages suggest a different and incompatible refinement.

There are at least three equivalent definitions of monad/triple called (see
[Man76]): in monoid form (the one usually adopted in CT books), in extension
form (the most intuitive one), and in clone form (which takes composition in
the Kleisli category as basic). Of these we consider only triples in monoid and
extension form.

Notation 1 We assume knowledge of basic notions from category theory, such
as category, functor and natural transformation. In some cases familiarity with
universal constructions (products, sums, exponentials) and adjunction is as-
sumed. We use the following notation:

– given a category C we write:
|C| for the set/class of its objects,
C(A, B) for the hom-set of morphisms from A to B,
g ◦ f and f ; g for the composition A f � B g � C,
idA for the identity on A

– F : C → D means that F is a functor from C to D, and
σ : F

.→ G means that σ is a natural transformation from F to G

– C
� G

�
F

� D means that G is right adjoint to F (F is left adjoint to G).

Definition 3 (Kleisli triple/triple in extension form). A Kleisli triple
over a category C is a triple (T, η, ∗), where T : |C| → |C|, ηA : A → TA for
A ∈ |C|, f∗ : TA → TB for f : A → TB and the following equations hold:

– η∗
A = idTA

– ηA; f∗ = f for f : A → TB
– f∗; g∗ = (f ; g∗)∗ for f : A → TB and g : B → TC.

Kleisli triples have an intuitive justification in terms of computational types

– ηA is the inclusion of values into computations

a : A
ηA�−→[a] : TA

– f∗ is the extension of a function f from values to computations to a function
from computations to computations. The function f∗ applied to a compu-
tation c returns the computation let a⇐c in f(a), which first evaluates c and
then applies f to the resulting value a

a : A
f�−→f(a) : TB

c : TA
f∗

�−→let a⇐c in f(a) : TB
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In order to justify the axioms for a Kleisli triple we have first to introduce a
category CT whose morphisms correspond to programs. We proceed by analogy
with the categorical semantics for terms, where types are interpreted by objects
and terms of type B with a parameter (free variable) of type A are interpreted
by morphisms from A to B. Since the denotation of programs of type B are
supposed to be elements of TB, programs of type B with a parameter of type A
ought to be interpreted by morphisms with codomain TB, but for their domain
there are two alternatives, either A or TA, depending on whether parameters of
type A are identified with values or computations of type A. We choose the first
alternative, because it entails the second. Indeed computations of type A are the
same as values of type TA. So we take CT (A, B) to be C(A, TB). It remains to
define composition and identities in CT (and show that they satisfy the unit and
associativity axioms for categories).

Definition 4 (Kleisli category). Given a Kleisli triple (T, η, ∗) over C, the
Kleisli category CT is defined as follows:

– the objects of CT are those of C
– the set CT (A, B) of morphisms from A to B in CT is C(A, TB)
– the identity on A in CT is ηA : A → TA
– f ∈ CT (A, B) followed by g ∈ CT (B,C) in CT is f ; g∗ : A → TC.

It is natural to take ηA as the identity on A in the category CT , since it maps a
parameter x to [x], i.e. to x viewed as a computation. Similarly composition in
CT has a simple explanation in terms of the intuitive meaning of f∗, in fact

x : A
f�−→f x : TB y : B

g�−→g y : TC

x : A
f ;g∗
�−→let y⇐f(x) in g(y) : TC

i.e. f followed by g in CT with parameter x is the program which first evaluates
the program f x and then feed the resulting value as parameter to g. At this
point we can give also a simple justification for the three axioms of Kleisli triples,
namely they are equivalent to the following unit and associativity axioms, which
say that CT is a category:

– f ; η∗
B = f for f : A → TB

– ηA; f∗ = f for f : A → TB
– (f ; g∗); h∗ = f ; (g; h∗)∗ for f : A → TB, g : B → TC and h : C → TD.

Example 5. We go through the examples of computational types given in Ex-
ample 1 and show that they are indeed part of suitable Kleisli triples.

– partiality TA = A⊥(= A + {⊥})
ηA is the inclusion of A into A⊥
if f : A → TB, then f∗ ⊥ = ⊥ and f∗ a = f a (when a ∈ A)

– nondeterminism TA = Pfin(A)
ηA is the singleton map a �→ {a}
if f : A → TB and c ∈ TA, then f∗ c = ∪{f x|x ∈ c}
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– side-effects TA = (A×S)S

ηA is the map a �→λs : S.(a, s)
if f : A → TB and c ∈ TA, then f∗ c = λs : S.let (a, s′) = c s in f a s′

– exceptions TA = A + E
ηA is the injection map a �→inl a
if f : A → TB, then f∗(inr e) = inr e (where e ∈ E) and f∗(inl a) = f a
(where a ∈ A)

– continuations TA = R(RA)

ηA is the map a �→(λk : RA.k a)
if f : A → TB and c ∈ TA, then f∗ c = (λk : RB .c(λa : A.f a k))

– interactive input TA = (µX.A + XU )
ηA maps a to the tree consisting only of one leaf labelled with a
if f : A → TB and c ∈ TA, then f∗ c is the tree obtained by replacing leaves
of c labelled by a with the tree f a

– interactive output TA = (µX.A + (U×X))
ηA is the map a �→(ε, a)
if f : A → TB, then f∗ (s, a) = (s ∗ s′, b), where f a = (s′, b) and s ∗ s′ is
the concatenation of s followed by s′.

Exercise 6. Define Kleisli triples in the category of cpos similar to those given
in Example 5, but ensure that each computational type TA has a least element
⊥. DIFFICULT: in cpos there are three Kleisli triple for nondeterminism, one
for each powerdomain construction.

Exercise 7. When modeling a programming language the first choice to make is
which category to use. For instance, it is impossible to find a monad over the
category of sets which supports recursive definitions of programs, the category
of cpos (or similar categories) should be used instead. Moreover, there are other
aspects of programming languages that are orthogonal to computational types,
e.g. recursive and polymorphic types, that cannot be modeled in the category of
sets (but could be modeled in the category of cpos or in realizability models). In
this exercise we consider modeling a two-level language, where there is a notion
of static and dynamic, then the following categories are particularly appropriate

– the category s(C), where C is a CCC, is defined as follows
an object is a pair (As, Ad) with As, Ad ∈ |C|, As is the static and Ad is the
dynamic part;
a morphism in s(C)((As, Ad), (Bs, Bd)) is a pair (fs, fd) with fs ∈ C(As, Bs)
and fd ∈ C(As×Ad, Bd), thus the static part of the result depends only on
the static part of the input.

– the category Fam(C), where C is a CCC with small limits, is defined as
follows
an object is a family (Ai|i ∈ I) with I a set and Ai ∈ |C| for every i ∈ I;
a morphism in Fam(C)((Ai|i ∈ I), (Bj |j ∈ J)) is a pair (f, g) with f : I → J
and g is an I-index family of morphisms s.t. gi ∈ C(Ai, Bfi) for every i ∈ I.

Define Kleisli triples in the categories s(C) and Fam(C) similar to those given
in Example 5 (assume that C is the category of sets). Notice that in a two-level
language static and dynamic computations don’t have to be the same.
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1.1 Monads and Related Notions

This section recalls some categorical notions, namely T -algebras and monad
morphisms, and facts that are not essential to the subsequent developments.
First we establish the equivalence of Kleisli triples and monads.

Definition 8 (Monad/triple in monoid form). A monad over C is a triple
(T, η, µ), where T : C → C is a functor, η : idC

.→ T and µ : T 2 .→ T are natural
transformations and the following diagrams commute:

T 3A
µTA� T 2A TA

ηTA� T 2A �TηA
TA

�
�

�
�

�
idTA

� ��
�

�
�

�

idTA

T 2A

TµA

�

µA

� TA

µA

�
TA

µA

�

Proposition 9. There is a bijection between Kleisli triples and monads.

Proof. Given a Kleisli triple (T, η, ∗), the corresponding monad is (T, η, µ),
where T is the extension of the function T to an endofunctor by taking T f =
(f ; ηB)∗ for f : A → B and µA = id∗

TA. Conversely, given a monad (T, η, µ), the
corresponding Kleisli triple is (T, η, ∗), where T is the restriction of the functor
T to objects and f∗ = (T f); µB for f : A → TB.

Monads are closely related to algebraic theories. In particular, T -algebras
correspond to models of an algebraic theory.

Definition 10 (Eilenberg-Moore category). Given a monad (T, η, µ) over
C, the Eilenberg-Moore category CT is defined as follows:

– the objects of CT are T -algebras, i.e. morphisms α : TA → A in C s.t.

T 2A
µA � TA A

ηA � TA

�
�

�
�

�
idA

�
TA

Tα

�

α
� A

α

�
A

α

�

A is called the carrier of the T -algebra α
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– a morphism f ∈ CT (α, β) from α : TA → A to β : TB → B is a morphism
f : A → B in C s.t.

TA
Tf � TB

A

α

�

f
� B

β

�

identity and composition in CT are like in C.

Any adjunction C
� G

�
F

� D induces a monad over C with T = F ; G. The

Kleisli and Eilenberg-Moore categories can be used to prove the converse, i.e. that
any monad over C is induced by an adjunction. Moreover, the Kleisli category
CT can be identified with the full sub-category of CT of the free T -algebras.

Proposition 11. Given a monad (T, η, µ) over C there are two adjunctions

C
� U

�
F

� CT C
� U ′

�
F ′

� CT

which induce T . Moreover, there is a full and faithful functor Φ : CT → CT s.t.

C F � CT

�
�

�
�

�
F ′

�
CT

Φ

�

Proof. The action of functors on objects is as follows: U(α : TA → A) ∆= A,
FA

∆= µA : T 2A → TA, U ′A ∆= TA, F ′A ∆= A, and ΦA
∆= µA : T 2A → TA.

Definition 12 (Monad morphism). Given (T, η, µ) and (T ′, η′, µ′) monads
over C, a monad-morphism from the first to the second is a natural transfor-
mation σ : T

.→ T ′ s.t.
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A
ηA � TA � µA

T 2A

�
�

�
�

�
η′

A
�

T ′A

σA

�
T ′(TA)

σTA

�

	�
�

�
�

�
µ′

A

T ′2A

T ′σA

�

(note that the morphism σTA; T ′σA is equal to TσA; σT ′A, since σ is natural).
An equivalent definition of monad morphism (in terms of Kleisli triples) is a
family of morphisms σA : TA → T ′A for A ∈ |C| s.t.

– ηA; σA = η′
A

– f∗; σB = σA; (f ; σB)∗′
for f : A → TB

We write Mon(C) for the category of monads over C and monad morphisms.

There is also a more general notion of monad morphism, which does not require
that the monads are over the same category.

Monad morphisms allow to view T ′-algebras as T -algebras with the same
underlying carrier, more precisely

Proposition 13. There is a bijective correspondence between monad morphisms

σ : T → T ′ and functors V : CT ′ → CT s.t.

CT ′ V � CT

�
�

�
�

�
U

�
C

U

�

Proof. The action of V on objects is V (α′ : T ′A → A) ∆= σA; α′ : TA → A, and

σA is defined in terms of V as σA
∆= TA

Tη′
A� T (T ′A)

V µ′
A� T ′A.

Remark 14. Filinski [Fil99] uses a layering ζA : T (T ′A) → T ′A of T ′ over T in
place of a monad morphism σA : TA → T ′A. The two notions are equivalent, in
particular ζA is given by V µ′

A, i.e. σT ′A; µ′
A.

2 Metalanguages with Computational Types

It is quite inconvenient to work directly in a specific category or with a specific
monad. Mathematical logic provides a simple solution to abstract away from
specific models: fix a language, define what is an interpretation of the language
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in a model, and find a formal system (on the language) that capture the desired
properties of models. When the formal system is sound, one can forget about
the models and use the formal system instead. Moreover, if the formal system
is also complete, then nothing is lost (as far as one is concerned with properties
expressible in the language, and valid in all models). Several formal systems have
been proved sound and complete w.r.t. certain class of categories:

– many sorted equational logic corresponds to categories with finite products;
– simply typed λ-calculus corresponds to cartesian closed categories (CCC);
– intuitionistic higher-order logic corresponds to elementary toposes.

Remark 15. To ensure soundness w.r.t. the given classes of models, the formal
system should cope with the possibility of empty carriers. In contrast, in mathe-
matical logic it is often assumed that all carriers are inhabited. Categorical Logic
is the branch of CT devoted mainly at establishing links between formal systems
and classes of categorical structures.

Rather than giving a complete formal system, we say how to add computational
types to your favorite formal system (for instance higher-order λ-calculus, or a
λ-calculus with dependent types like a logical framework). The only assumption
we make is that the formal system includes many sorted equational logic (this
rules out systems like the linear λ-calculus). More specifically we assume that
the formal system has the following judgments

Γ � Γ is a well-formed context
Γ � τ type τ is a well-formed type in context Γ
Γ � e : τ e is a well-formed term of type τ in context Γ
Γ � φ prop φ is a well-formed proposition in context Γ
Γ � φ the well-formed proposition φ in context Γ is true

and that the following rules are derivable

– ∅ �
Γ � τ type

Γ, x : τ � x fresh in Γ
Γ �

Γ � x : τ
τ = Γ (x)

–
Γ � e1 : τ Γ � e2 : τ

Γ � (e1 = e2 : τ) prop
this says when an equation is well-formed

– weak
Γ � τ Γ � φ

Γ, x : τ � φ
x fresh in Γ sub

Γ � e : τ Γ, x : τ � φ

Γ � φ[x := e]

–
Γ � e : τ

Γ � e = e : τ

Γ � e1 = e2 : τ

Γ � e2 = e1 : τ

Γ � e1 = e2 : τ Γ � e2 = e3 : τ

Γ � e1 = e3 : τ

cong
Γ, x : τ � φ prop Γ � e1 = e2 : τ Γ � φ[x := e1]

Γ � φ[x := e2]

Remark 16. More complex formal systems may require other forms of judgment,
e.g. equality of types (and contexts), or other sorts besides type (along the line
of Pure Type Systems). The categorical interpretation of typed calculi, including
those with dependent types, is described in [Pit00b,Jac99].
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The rules for adding computational types are

– T
Γ � τ type

Γ � Tτ type
lift

Γ � e : τ

Γ � [e]T : Tτ

let
Γ � e1 : Tτ1 Γ, x : τ1 � e2 : Tτ2

Γ � letT x⇐e1 in e2 : Tτ2
x �∈FV(τ2)

[e]T is the program/computation that simply returns the value e, while
letT x⇐e1 in e2 is the computation which first evaluates e1 and binds the
result to x, then evaluates e2.

– let.ξ
Γ � e : Tτ1 Γ, x : τ1 � e1 = e2 : Tτ2

Γ � letT x⇐e in e1 = letT x⇐e in e2 : Tτ2
x �∈FV(τ2)

this rule expresses congruence for the let-binder.

– assoc

Γ � e1 : Tτ1
Γ, x1 : τ1 � e2 : Tτ2 Γ, x2 : τ2 � e3 : Tτ3

Γ � letT x2⇐(letT x1⇐e1 in e2) in e3 =
letT x1⇐e1 in (letT x2⇐e2 in e3) : Tτ3

x1 �∈FV(τ2)
∧ x2 �∈FV(τ3)

this rule says that only the order of evaluation matters (not the parentheses).

– T.β
Γ � e1 : τ1 Γ, x : τ1 � e2 : Tτ2

Γ � letT x⇐[e1]T in e2 = e2[x := e1] : Tτ2
x �∈FV(τ2)

T.η
Γ � e : Tτ

Γ � letT x⇐e in [x]T = e : Tτ

these rules say how to eliminate trivial computations (i.e. of the form [e]T ).

In calculi without dependent types side-conditions like x �∈FV(τ2) are always
true, hence they can be ignored.

Remark 17. Moggi [Mog91] describes the interpretation of computational types
in a simply typed calculus, and establishes soundness and completeness results.
In [Mog95] Moggi extends such results to logical systems including the evaluation
modalities proposed by Pitts.

For interpreting computational types monads are not enough, parameterized
monads are needed instead. The parameterization is directly related to the form
of type-dependency allowed by the typed calculus under consideration. The need
to consider parametrized forms of categorical notions is by now a well-understood
fact in categorical logic (it is not a peculiarity of computational types).

We sketch the categorical interpretation in a category C with finite products of
a simply typed metalanguage with computational types (see [Mog91] for more
details). The general pattern for interpreting a simply typed calculus according
to Lawvere’s functorial semantics goes as follows

– a context Γ � and a type � τ type are interpreted by objects of C, by abuse
of notation we indicate these objects with Γ and τ respectively;

– a term Γ � e : τ is interpreted by a morphism f : Γ → τ in C;
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RULE SYNTAX SEMANTICS

T
� τ type = τ
� Tτ type = Tτ

lift
Γ � e : τ = f : Γ → τ
Γ � [e]T : Tτ = f ; ητ : Γ → Tτ

let
Γ � e1 : Tτ1 = f1 : Γ → Tτ1

Γ, x : τ1 � e2 : Tτ2 = f2 : Γ×τ1 → Tτ2

Γ � letT x⇐e1 in e2 : Tτ2 = (idΓ , f1); f∗
2 : Γ → Tτ2

Fig. 1. Simple interpretation of computational types

– a (well formed) equational Γ � e1 = e2 : τ is true iff f1 = f2 : Γ → τ as
morphisms in C.

Figure 1 gives the relevant clauses of the interpretation. Notice that the in-
terpretation of let needs a parameterized extension operation ∗, which maps
f : C×A → TB to f∗ : C×TA → TB.

2.1 Syntactic Sugar and Alternative Presentations

It is convenient to introduce some derived notation, for instance:

– an iterated-let (letT x⇐e in e), which is defined by induction on |e| = |x|

letT ∅⇐∅ in e
∆≡ e letT x0, x⇐e0, e in e

∆≡ letT x0⇐e0 in (letT x⇐e in e)

Haskell’s do-notation, inspired by monad comprehension (see [Wad92a]), ex-
tends the iterated-let by allowing pattern matching and local definitions

In higher-order λ-calculus, the type- and term-constructors can be replaced
by constants:

– T becomes a constant of kind • → •, where • is the kind of all types;
– [e]T and letT x⇐e1 in e2 are replaced by polymorphic constants

unitT : ∀X : •.X → TX letT : ∀X, Y : •.(X → TY ) → TX → TY

where unitT
∆= ΛX : •.λx : X.[x]T and

letT
∆= ΛX, Y : •.λf : X → TY.λc : TX.letT x⇐c in f x.
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In this way the rule (let.ξ) follows from the ξ-rule for λ-abstraction, and the other
three equational rules can be replaced with three equational axioms without
premises, e.g. T.β can be replaced by

X, Y : •, x : X, f : X → TY � letT x⇐[x]T in f x = f x : TY

The polymorphic constant unitT corresponds to the natural transformation
η. In higher-order λ-calculus it is possible to define also polymorphic constants

mapT : ∀X, Y : •.(X → Y ) → TX → TY flatT : ∀X : •.T 2X → TX

corresponding to the action of the functor T on morphisms and to the natural
transformation µ

– mapT
∆= ΛX, Y : •.λf : X → Y.λc : TX.letT x⇐c in [f x]T

– flatT
∆= ΛX : •.λc : T 2X.letT x⇐c inx

The axiomatization taking as primitive the polymorphic constants unitT and
letT amounts to the definition of triple in extension form. There is an alterna-
tive axiomatization, corresponding to the definition of triple in monoid form,
which takes as primitive the polymorphic constants mapT , unitT and flatT (see
[Wad92a]).

2.2 Categorical Definitions in the Metalanguage

The main point for introducing a metalanguage is to provide an alternative
to working directly with models/categories. In fact, several categorical notions
related to monads, such as algebra and monad morphisms, can be reformulated
axiomatically in a metalanguage with computational types.

Definition 18 (Eilenberg-Moore algebras). α : TA → A is a T -algebra iff

– x : A � α [x]T = x : A
– c : T 2A � α(letT x⇐c inx) = α(letT x⇐c in [α x]T ) : A

f : A → B is a T -algebra morphism from α : TA → A to β : TB → B iff

– c : TA � f(α c) = β(letT x⇐c in [fx]T ) : B

We can consider metalanguages with many computational types, correspond-
ing to different monads on the same category. In particular, to define monad
morphisms we use a metalanguage with two computational types T and T ′.

Definition 19 (Monad morphism). A constant σ : ∀X : •.TX → T ′X is a
monad morphism from T to T ′ iff

– X : •, x : X � σ X [x]T = [x]T ′ : T ′X
– X, Y : •, c : TX, f : X → TY � σ Y (letT x⇐c in f x) =

letT ′ x⇐σ X c inσ Y (f x) : T ′Y
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3 Metalanguages for Denotational Semantics

Translation of a language into another provides a simple and general way to give
semantics to the first language in terms of a semantics for the second. In deno-
tational semantics it is quite common to define the semantics of a programming
language PL by translating it into a typed metalanguage ML. The idea is as
old as denotational semantics (see [Sco93]), so the main issue is whether it can
be made into a viable technique capable of dealing with complex programming
languages. Before being more specific about what metalanguages to use, let us
discuss the main advantages of semantics via translation:

– to reuse the same ML for translating several programming languages.

PL1

. . .







transl

�
ML

interp� C

PLn

�����

transl




Here we are assuming that defining a translation from PL to ML is often
simpler than directly defining an interpretation of PL in C. In this case it is
worth putting some effort in the study of ML. In fact, once certain properties
of ML have been established (e.g. reasoning principles or computational
adequacy), it is usually easy to transfer them to PL via the translation.

– to choose ML according to certain criteria, usually not met by programming
languages, e.g.

• a metalanguage built around few orthogonal concepts is simpler to study,
while programming languages often bundle orthogonal concepts in one
construct for the benefit of programmers;

• ML may be equipped with a logic so that it can be used for formalizing
reasoning principles or for translating specification languages;

• ML may be chosen as the internal language for a class of categories (e.g.
CCC) or for a specific semantic category (e.g. that of sets or cpos).

– to use ML for hiding details of semantic categories (see [Gor79]). For in-
stance, if ML is the internal language for a class of categories, it has one
intended interpretation in each of them. A translation into ML will induce
a variety of interpretations

C1

PL
transl� ML

�����interp 


. . .





interp � Cn

Even if ML has only one intended interpretation, it may be difficult to work
with the semantic category directly. For instance, if the semantic category
is a functor category, like those proposed for modeling local variables or
dynamic generation of new names (see [Sta96]).
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A standard typed λ-calculus is a good starting point for a metalanguage. How-
ever, it is more controversial whether the metalanguage should be equipped with
some logic (ranging from equational logic to higher-order predicate logic) or have
an operational semantics.

After describing the advantages of giving semantics to a programming lan-
guage PL via translation into a metalanguage ML, we explain how metalan-
guages with computational types can help in structuring the translation from
PL to ML by the introduction of auxiliary notation (see [Mos92,Mog91])

PL
transl� ML(Σ)

transl� ML

and by incrementally defining auxiliary notation (as advocated in [Fil99],
[LHJ95,LH96] and [CM93,Mog97])

PL
transl� ML(Σn)

transl� . . .
transl� ML(Σ0)

transl� ML

Remark 20. The solutions proposed are closely related to general techniques
in algebraic specifications, such as abstract datatype, stepwise refinement and
hierarchical specifications.

3.1 Computational Types and Structuring

Language extension is a typical problem of denotational and operational seman-
tics. For instance, consider extending a pure functional language with side-effects
or exceptions, we have to redefine the whole operational/denotational semantics
every time we consider a new extension. The problem remains even when the
semantics is given via translation in a typed lambda-calculus: one would keep
redefining the translation. Mosses [Mos90] identifies this problem very clearly,
and he stresses how the use of auxiliary notation may help in making semantic
definitions more reusable. An approach, that does not make use of monads, has
been proposed by Cartwright and Felleisen [CF94].

Moggi [Mog91] identifies monads as an important structuring device for de-
notational semantics (but not for operational semantics!). The basic idea is that
there is a unary type constructor T , called a notion of computation, and
terms of type Tτ , should be thought of as programs which compute values of
type τ . The interpretation of T is not fixed, it varies according to the computa-
tional features of the programming language under consideration. Nevertheless,
there are operations (for specifying the order of evaluation) and basic properties
of them, which should be common to all notions of computation. This suggests
to translate a programming language PL into a metalanguage MLT (Σ) with
computational types, where the signature Σ gives additional operations (and
their properties). Hence, the monadic approach to define the denotational
semantics of a programming language PL consists of three steps:

– identify a suitable metalanguage MLT (Σ), this hides the interpretation of
T and Σ like an interface hides the implementation of an abstract datatype,
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– define a translation of PL into MLT (Σ),
– construct a model of MLT (Σ), e.g. via translation into a metalanguage ML

without computational types.

A suitable choice of Σ can yield a simple translation from PL to MLT (Σ), which
does not have to be redefined when PL is extended, and at the same time keep
the translation of MLT (Σ) into ML fairly manageable.

3.2 Examples of Translations

To exemplify the use of computational types, we consider several programming
languages (viewed as λ-calculi with constants), and for each of them we define
translations into a metalanguage MLT (Σ) with computational types, for a suit-
able choice of Σ, and indicate a possible interpretation for computational types
and Σ.

CBN Translation: Haskell. We consider a simple explicitly typed fragment
of Haskell corresponding to the following typed λ-calculus:

τ ∈ TypeHaskell ::= Int type of integers
| τ1 → τ2 functional type
| τ1×τ2 product type

e ∈ ExpHaskell ::= x variable
| n | e0 + e1 numerals and integer addition
| if0 e0 then e1 else e2 conditional
| let x : τ = e1 in e2 local definition
| µx : τ.e recursive definition
| λx : τ.e abstraction
| e1 e2 application
| (e1, e2) pairing
| πi e projection

The type system for Haskell derives judgments of the form Γ � e : τ saying
that a term e has type τ in the typing context Γ . Usually, in denotational
semantics only well-formed terms need to be interpreted (since programs rejected
by a type-checker are not allowed to run), thus we want to define a translation
mapping well-formed terms Γ �PL e : τ of the programming language into well-
formed terms Γ �ML e : τ of the metalanguage (with computational types).
More precisely, we define a translation n by induction on types τ and raw terms
e, called the CBN translation (see Figure 2). The signature Σn for defining
the CBN translation of Haskell consists of

– Y : ∀X : •.(TX → TX) → TX, a (least) fix-point combinator
– a signature for the datatype of integers.

Lemma 21 (Typing). If {xi : τi|i ∈ m} �PL e : τ is a well-formed term of
Haskell, then {xi : Tτn

i |i ∈ m} �ML en : Tτn is a well-formed term of the
metalanguage with computational types.
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τ ∈ TypeHaskell τn ∈ Type(MLT (Σn))
Int Int

τ1 → τ2 Tτn
1 → Tτn

2

τ1×τ2 Tτn
1 ×Tτn

2

e ∈ ExpHaskell en ∈ Exp(MLT (Σn))
x x

n [n]T
e0 + e1 letT x0, x1⇐en

0 , en
1 in [x0 + x1]T

if0 e0 then e1 else e2 letT x⇐en
0 in if x = 0 then en

1 else en
2

let x : τ = e1 in e2 (λx : Tτn.en
2 ) en

1

µx : τ.e Y τn (λx : Tτn.en)
λx : τ.e [λx : Tτn.en]T
e1 e2 letT f⇐en

1 in f en
2

(e1, e2) [(en
1 , en

2 )]T
πi e letT x⇐en in πi x

({xi : τi|i ∈ m} �PL e : τ)n ∆≡ {xi : Tτn
i |i ∈ m} �ML en : Tτn

Fig. 2. CBN translation of Haskell

Remark 22. The key feature of the CBN translation is that variables in the
programming languages are translated into variables ranging over computational
types. Another important feature is the translation of types, which basically
guides (in combination with operational considerations) the translation of terms.

Exercise 23. Extend Haskell with polymorphism, as in 2nd-order λ-calculus, i.e.

τ ∈ TypeHaskell ::= X | . . . | ∀X : •.τ e ∈ ExpHaskell ::= . . . | ΛX : •.e | e τ

where X ranges over type variables. There is a choice in extending the CBN
translation to polymorphic types. Either type abstraction delays evaluation, and
then (∀X : •.τ)n should be ∀X : •.T τn, or it does not, and then (∀X : •.τ)n

should be ∀X : •.τn. In the latter case there is a problem to extend the CBN
translation on terms. A way to overcome the problem is to assume that com-
putational types commute with polymorphic types, i.e. the following map is an
iso

c : T (∀X : •.τ) � ΛX : •.letT x⇐c in [x X]T : ∀X : •.T τ

In realizability models several monads (e.g. lifting) satisfy this property, indeed
the isomorphism is often an identity. In these models, a simpler related property
is commutativity of computational types with intersection types.

Algol Translation. Some CBN languages (including Algol and PCF) allow
computational effects only at base types. Computational types play a limited
role in structuring the denotational semantics of these languages. Nevertheless
it is worth to compare the translation of such languages with that of Haskell.
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τ ∈ TypeAlgol τa ∈ Type(MLT (Σa))
Loc TLoc
Int T Int

Cmd T1
τ1 → τ2 τa

1 → τa
2

τ1×τ2 τa
1 ×τa

2

e ∈ ExpAlgol ea ∈ Exp(MLT (Σa))
x x

n [n]T
e0 + e1 letT x0, x1⇐ea

0 , ea
1 in [x0 + x1]T

if0 e0 then e1 else e2 ∗letT x⇐ea
0 in if x = 0 then ea

1 else ea
2

let x : τ = e1 in e2 (λx : τa.ea
2) ea

1

µx : τ.e ∗Y τa (λx : τa.ea)
λx : τ.e λx : τa.ea

e1 e2 ea
1 ea

2

(e1, e2) (ea
1 , ea

2)
πi e πi ea

l [l]T
!e letT l⇐ea in get l

skip [()]T
e0 := e1 letT l, n⇐ea

0 , ea
1 in set l n

e0; e1 letT ⇐ea
0 in ea

1

for the definition of ∗let and ∗Y see Remark 26

({xi : τi|i ∈ m} �PL e : τ)a ∆≡ {xi : τa
i |i ∈ m} �ML ea : τa

Fig. 3. Algol translation

We consider an idealized-Algol with a fixed set of locations. Syntactically it is
an extension of (simple) Haskell with three base types: Loc for integer locations,
Int for integer expressions, and Cmd for commands.

τ ∈ TypeAlgol ::= Loc | Int | Cmd | τ1 → τ2 | τ1×τ2

e ∈ ExpAlgol ::= x | l location
| n | e0 + e1 | !e contents of a location
| if0 e0 then e1 else e2
| skip | e0 := e1 null and assignment commands
| e0; e1 sequential composition of commands
| let x : τ = e1 in e2 | µx : τ.e | λx : τ.e | e1 e2 | (e1, e2) | πi e

The Algol translation a is defined by induction on types τ and raw terms
e (see Figure 3). The signature Σa for defining the Algol translation consists of

– Y : ∀X : •.(TX → TX) → TX, like for the Haskell translation
– a signature for the datatype of integers, like for the Haskell translation
– a type Loc of locations, with a fixed set of constants l : Loc, and operations

get : Loc → T Int and set : Loc → Int → T1 to get/store an integer from/into
a location.
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Remark 24. In Algol expressions and commands have different computational
effects, namely: expressions can only read the state, while commands can also
modify the state. Hence, a precise model would have to consider two monads,
TsrA = AS

⊥ for state reading computations and TseA = (A×S)S
⊥ for computa-

tions with side-effects, and a monad morphism from Tsr to Tse.

Lemma 25 (Typing). If {xi : τi|i ∈ m} �PL e : τ is a well-formed term of Al-
gol, then {xi : τa

i |i ∈ m} �ML ea : τa is a well-formed term of the metalanguage
with computational types.

Remark 26. The Algol translation seems to violate a key principle, namely that
the translation of a program should have computational type. But a valid Algol
program is a term of base type, and the Algol translation indeed maps base
types to computational types. More generally, the Algol translation maps Algol
types in (carriers of) T -algebras. Indeed T -algebras for a (strong) monad are
closed under (arbitrary) products and exponentials, more precisely: A1×A2 is
the carrier of a T -algebra whenever A1 and A2 are, and BA is the carrier of a T -
algebra whenever B is [EXERCISE: prove these facts in the metalanguage]. The
T -algebra structure ατ : Tτ → τ on the translation τ of a type in TypeAlgol is
used for defining the translation of terms, namely to extend the let and fix-point
combinator from computational types to T -algebras:

– *let
Γ � e1 : Tτ1 Γ, x : τ1 � e2 : τ2

Γ � ∗letT x⇐e1 in e2
∆= ατ2(letT x⇐e1 in [e2]T ) : τ2

– *Y
Γ, x : τ � e : τ

Γ � ∗Y τ (λx : τ.e) ∆= ατ (Y τ (λc : Tτ.[e[x := ατ c]]T ) : τ

Intuitively, applying ατ to a computation pushes its effects inside an element of
type τ . For instance, if τ is of the form τ1 → Tτ2, then ατ maps a computation
c : Tτ of a function to the function λx : τ1.letT f⇐c in f(x).

The Algol translation suggests to put more emphasis on T -algebras. Indeed,
[Lev99] has proposed a metalanguage with two kinds of types: value types inter-
preted by objects in C, and computation types interpreted by objects in CT .

CBV Translation: SML. We consider a simple fragment of SML with integer
locations. Syntactically the language is a minor variation of idealized Algol. It
replaces Cmd by Unit and skip by (), sequential composition of commands has
been removed because definable e1; e2 is definable by (λ : Unit.e2)e1, recursive
definitions are restricted to functional types.

τ ∈ TypeSML ::= Loc | Int | Unit | τ1 → τ2 | τ1×τ2

e ∈ ExpSML ::= x | l | n | e0 + e1 | !e | if0 e0 then e1 else e2 | () | e0 := e1
| let x : τ = e1 in e2 | µf : τ1 → τ2.λx : τ1.e
| λx : τ.e | e1 e2 | (e1, e2) | πi e

The CBV translation v (see Figure 4) is defined by induction on types
τ and raw terms e. When {xi : τi|i ∈ m} �PL e : τ is a well-formed term of
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τ ∈ TypeSML τv ∈ Type(MLT (Σv))
Loc Loc
Int Int
Unit 1

τ1 → τ2 τv
1 → Tτv

2

τ1×τ2 τv
1 ×τv

2

e ∈ ExpSML ev ∈ Exp(MLT (Σv))
x [x]T
n [n]T

e0 + e1 letT x0, x1⇐ev
0 , ev

1 in [x0 + x1]T
if0 e0 then e1 else e2 letT x⇐ev

0 in if x = 0 then ev
1 else ev

2

let x : τ = e1 in e2 letT x⇐ev
1 in ev

1

µf : τ1 → τ2.λx : τ1.e ∗Y (τ1 → τ2)v (λf : (τ1 → τ2)v.λx : τv
1 .ev)

λx : τ.e [λx : τv.ev]T
e1 e2 letT f, x⇐ev

1 , ev
2 in f x

(e1, e2) letT x1, x2⇐ev
1 , ev

2 in [(x1, x2)]T
πi e letT x⇐ev in [πi x]T

l [l]T
!e letT l⇐ev in get l

() [()]T
e0 := e1 letT l, n⇐ev

0 , ev
1 in set l n

({xi : τi|i ∈ m} �PL e : τ)v ∆≡ {xi : τv
i |i ∈ m} �ML ev : Tτv

Fig. 4. CBV translation of SML

SML, one can show that {xi : τv
i |i ∈ m} �ML ev : Tτv is a well-formed term of

the metalanguage with computational types. The signature Σv for defining the
CBV translation is Σa, i.e. that for defining the Algol translation.

Exercise 27. So far we have not said how to interpret the metalanguages used as
target for the various translations. Propose interpretations of the metalanguages
in the category of cpos: first choose a monad for interpreting computational
types, then explain how the other symbols in the signature Σ should be inter-
preted.

Exercise 28. The translations considered so far allow to validate equational laws
for the programming languages, by deriving the translation of the equational
laws in the metalanguage. Determine whether β and η for functional types, i.e.
(λx : τ1.e2) e1 = e2[x := e1] : τ2 and (λx : τ1.e x) = e : τ1 → τ2 with x �∈FV(e),
are valid in Haskell, Algol or SML. If they are not valid suggest weaker equational
laws that can be validated. This exercise indicates that some care is needed in
transferring reasoning principles for the λ-calculus to functional languages.

Exercise 29. Consider Haskell with integer locations, and extend the CBN trans-
lation accordingly. Which signature Σ should be used?
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Exercise 30. SML has a construct, ref e, to create new locations. Consider this
extension of SML, and extend the CBV translation accordingly. Which signature
Σ and monad T in the category of cpos should be used?

Exercise 31. Consider SML with locations of any type, and extend the CBV
translation accordingly. Which signature Σ should be used (you may find con-
venient to assume that the metalanguage includes higher-order λ-calculus)? It
is very difficult to find monads able to interpret such a metalanguage.

3.3 Incremental Approach and Monad Transformers

The monadic approach to denotational semantics has a caveat. If the program-
ming language PL is complex, the signature Σ identified by the monadic ap-
proach can get fairly large, and the translation of MLT (Σ) into ML may become
quite complicated. An incremental approach can alleviate the problem of in
defining the translation of MLT (Σ) into ML. The basic idea is to adapt to this
setting the techniques and modularization facilities advocated for formal soft-
ware development, in particular the desired translation of MLT (Σ) into ML
corresponds to the implementation of an abstract datatype (in some given lan-
guage). In an incremental approach, the desired implementation is obtained by
a sequence of steps, where each step constructs an implementation for a more
complex datatype from an implementation for a simpler datatype.

Haskell constructor classes (and to a less extend SML modules) provide
a very convenient setting for the incremental approach (see [LHJ95]): the
type inference mechanism allows concise and readable definitions, while
type-checking detects most errors. What is missing is only the ability to
express and validate (equational) properties, which would require extra
features typical of Logical Frameworks (see [Mog97]).

This approach requires a collection of modules with the following features:

– they should be parametric in Σ, i.e. for any signature Σ (or at least for a
wide range of signatures) the module should take an implementation of Σ
and construct an implementation of Σ + Σnew, where Σnew is fixed

– the construction of the signature Σnew may depend on some additional pa-
rameters of a fixed signature Σpar.

The first requirement can be easily satisfied, when one can implement Σnew

without changing the implementation of Σ (this is often the case in software
development). However, the constructions we are interested in are not persistent,
since they involve a re-implementation of computational types, and consequently
of Σ. The translations we need to consider are of the form

I : MLT (Σpar + Σ + Σnew) → MLT (Σpar + Σ)

where Σnew are the new symbols defined by I, Σ the old symbols redefined by
I, and Σpar some fixed parameters of the construction (which are unaffected by
I). In general I can be decomposed in
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– a translation Inew : MLT (Σpar + Σnew) → MLT (Σpar) defining the new
symbols (in Σnew) and redefining computational types,

– translations Iop : MLT (Σop) → MLT (Σpar + Σop) redefining an old symbol
op in isolation (consistently with the redefinition of computational types),
for each possible type of symbol one may have in Σ.

Filinski [Fil99] has proposed a more flexible approach, which uses metalan-
guages with several monads Ti (rather than only one), and at each step it intro-
duces a new monad T ′ and new operations (defined in term of the pre-existing
ones), without changing the meaning of the old symbols. Therefore, one is con-
sidering definitional extensions, i.e. translations of the form

I : MLT ′,Ti∈n(Σold + Σ′
new) → MLTi∈n(Σold)

which are the identity on MLTi∈n(Σold). In Filinski’s approach one can use
the translations Inew and Iop, whenever possible, and more ad hoc definitions
otherwise. In fact, when Filinski introduces a new monad T ′, he introduces also
two operations called monadic reflection and reification

reflect : ∀X : •.τ → T ′X reify : ∀X : •.T ′X → τ

that establish a bijection between T ′X and its implementation τ (i.e. a type in
the pre-existing language). Therefore, we can define operations related to T ′ by
moving back and forth between T ′ and its implementation (as done in the case
of operations defined on an abstract datatype).

Semantically a monad transformer is a function F : |Mon(C)| → |Mon(C)|
mapping monads (over a category C) to monads. We are interested in monad
transformers for adding computational effects, therefore we require that for any
monad T there should be a monad morphism inT : T → FT . It is often the case
that F is a functor on Mon(C), and in becomes a natural transformation from
idMon(C) to F . Syntactically a monad transformer is a translation

IF : MLT ′,T (Σpar) → MLT (Σpar)

which is the identity on MLT (Σpar). In other words we express the new monad
T ′ in terms of the old monad T (and the parameters specified in Σpar).

3.4 Examples of Monad Transformers

In the sequel we describe (in a higher-order λ-calculus) several monad transform-
ers corresponding to the addition of a new computational effect, more precisely
we define

– the new monad T ′, and the monad morphism in : T → T ′
– operations on T ′-computations associated to the new computational effect
– an operation op′ : ∀X : •.A → (B → T ′X) → T ′X extending to T ′-

computations a pre-existing operation op : ∀X : •.A → (B → TX) → TX
on T -computations.

Intuitively op X : A → (B → TX) → TX amounts to having an A-indexed
family of algebraic operations of arity B on TX.
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Monad Transformer Ise for Adding Side-Effects

– signature Σpar for parameters
states S : •

– signature Σnew for new operations
lookup lkp′ : T ′S
update upd′ : S → T ′1

– definition of new monad T ′ and monad morphism in : T → T ′

T ′X ∆= S → T (X×S)
[x]T ′

∆= λs : S.[(x, s)]T
letT ′ x⇐c in f x

∆= λs : S.letT (x, s′)⇐c s in f x s′

in X c
∆= λs : S.letT x⇐c in [(x, s)]T

definition of new operations
lkp′ ∆= λs : S.[(s, s)]T

upd′ s
∆= λs′ : S.[(∗, s)]T

extension of old operation
op′ X a f

∆= λs : S.op (X×S) a (λb : B.f b s)

Remark 32. The operations lkp′ and upd′ do not fit the format for op. However,
any ∗op : A → TB induces an op : ∀X : •.A → (B → TX) → TX in the right
format, namely op X a f

∆= letT b⇐ ∗ op a in f b.

Monad Transformer Iex for Adding Exceptions

– signature Σpar for parameters
exceptions E : •

– signature Σnew for new operations
raise raise′ : ∀X : •.E → T ′X
handle handle′ : ∀X : •.(E → T ′X) → T ′X → T ′X

– definition of new monad T ′ and monad morphism in : T → T ′

T ′X ∆= T (X + E)
[x]T ′

∆= [inl x]T
letT ′ x⇐c in f x

∆= letT u⇐c in (case u of x ⇒ f x |n ⇒ [inr n]T )
in X c

∆= letT x⇐c in [inl x]T
definition of new operations

raise′ X n
∆= [inr n]T

handle′ X f c
∆= letT u⇐c in (case u of x ⇒ [inl x]T |n ⇒ f n)

extension of old operation
op′ X a f

∆= op (X + E) a f

Remark 33. In this case the definition of op′ is particularly simple. In fact, the
same definition works for extending any operation of type ∀X : •.τ [Y := TX],
where τ is a type whose only free type variable is Y . The case of an A-indexed
family of algebraic operations of arity B corresponds to τ ≡ A → (B → Y ) → Y .
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Monad Transformer Ico for Adding Complexity

– signature Σpar for parameters
monoid M : •

1 : M
∗ : M → M → M (we use infix notation for ∗)

to prove that T ′ is a monad, we should add axioms saying that (M, 1, ∗) is
a monoid

– signature Σnew for new operations
cost tick′ : M → T ′1

– definition of new monad T ′ and monad morphism in : T → T ′

T ′X ∆= T (X×M)
[x]T ′

∆= [(x, 1)]T
letT ′ x⇐c in f x

∆= letT (x, m)⇐c in (letT (y, n)⇐f x in [(y, m ∗ n)]T )
in X c

∆= letT x⇐c in [(x, 1)]T
definition of new operations

tick′ m
∆= [(∗, m)]T

extension of old operation
op′ X a f

∆= op (X×M) a f

Monad Transformer Icon for Adding Continuations

– signature Σpar for parameters
results R : •

– signature Σnew for new operations
abort abort′ : ∀X : •.R → T ′X
call-cc callcc′ : ∀X, Y : •.((X → T ′Y ) → T ′X) → T ′X

– definition of new monad T ′ and monad morphism in : T → T ′

T ′X ∆= (X → TR) → TR

[x]T ′
∆= λk : X → TR.k x

letT ′ x⇐c in f x
∆= λk : Y → TR.c (λx.f x k)

in X c
∆= λk : X → TR.letT x⇐c in k x

definition of new operations
abort′ X r

∆= λk : X → TR.[r]T
callcc′ X Y f

∆= λk : X → TR.f (λx.λk′ : Y → TR.[k x]T ) k
extension of old operation

op′ X a f
∆= λk : X → TR.op R a (λb : B.f b k)

Remark 34. The operation callcc′ and other control operators do not fit the
algebraic format, and there is no way to massage them into such format. Unlike
the others monad transformers, Icon does not extend to a functor on Mon(C).

Exercise 35. For each of the monad transformer, prove that T ′ is a monad.
Assume that T is a monad, and use the equational axioms for higher-order λ-
calculus with sums and products, including η-axioms.
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Exercise 36. For each of the monad transformer, define a fix-point combinator
for the new computational types Y ′ : ∀X : •.(T ′X → T ′X) → T ′X given a
fix-point combinator for the old computational types Y : ∀X : •.(TX → TX) →
TX. In some cases one needs the derived fix-point combinator ∗Y for carriers of
T -algebras (see Remark 26).

Exercise 37. Define a monad transformer Isr for state-readers, i.e. T ′X ∆= S →
TX. What could be Σnew? Define a monad morphism from Tsr to Tse.

Exercise 38. Check which monad transformers commute (up to isomorphism).
For instance, Ise and Iex do not commute, more precisely one gets

– Tse+exX = S → T ((X + E)×S) when adding first side-effects and then
exceptions

– Tex+seX = S → T ((X×S) + E) when adding first exceptions and then
side-effects

Exercise 39. For each of the monad transformers, identify equational laws for
the new operations specified in Σnew, and show that such laws are validated by
the translation. For instance, Ise validates the following equations:

s : S � letT ′ ∗ ⇐upd′ s in lkp′ = letT ′ ∗ ⇐upd′ s in [s]T ′ : T ′S
s, s′ : S � letT ′ ∗ ⇐upd′ s inupd′ s′ = upd′ s′ : T ′1
s : S � letT ′ s⇐lkp′ inupd′ s = [∗]T ′ : T ′1
X : •, c : T ′X � letT ′ s⇐lkp′ in c = c : T ′X

Exercise 40 (Semantics of Effects). Given a monad T over the category of sets:

– Define predicates for c ∈ T ′X ∆= S → T (X×S) corresponding to the prop-
erties “c does not read from S” and “c does not write in S”.
Such predicates are extensional, therefore a computation that reads the state
and then rewrites it unchanged, is equivalent to a computation that ignores
the state.

– Define a predicate for c ∈ T ′X ∆= T (X + E) corresponding to the property
“c does not raise exceptions in E”.

4 Monads in Haskell

So far we have focussed on applications of monads in denotational semantics,
but since Wadler’s influential papers in the early 90s [Wad92a,Wad92b,Wad95]
they have also become part of the toolkit that Haskell programmers use on a day
to day basis. Indeed, monads have proven to be so useful in practice that the
language now includes extensions specifically to make programming with them
easy. In the next few sections we will see how monads are represented in Haskell,
look at some of their applications, and try to explain why they have had such
an impact.
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4.1 Implementing Monads in Haskell

The representation of monads in Haskell is based on the Kleisli triple formulation:
recall Definition 1.4:

A Kleisli triple over a category C is a triple (T, η, ∗), where T : |C| →
|C|, ηA : A → TA for A ∈ |C|, f∗ : TA → TB for f : A → TB and the
following equations hold: . . .

In Haskell, C is the category with Haskell types as objects and Haskell functions
as arrows, T corresponds to a parameterised type, η is called return, and ∗ is
called >>=. This would suggest the following types:

return :: a -> T a
(>>=) :: (a -> T b) -> (T a -> T b)

where a and b are Haskell type variables, so that these types are polymorphic.
But notice that we can consider >>= to be a curried function of two arguments,
with types (a -> T b) and T a. In practice it is convenient to reverse these
arguments, and instead give >>= the type

(>>=) :: T a -> (a -> T b) -> T b

Now the metalanguage notation let x⇐e1 in e2 can be conveniently expressed as

e1 >>= \x -> e2

(where \x -> e is Haskell’s notation for λx.e). Intuitively this binds x to the
result of e1 in e2; with this in mind we usually pronounce “>>=” as “bind”.

Example 41. The monad of partiality can be represented using the built-in
Haskell type

data Maybe a = Just a | Nothing

This defines a parameterised type Maybe, whose elements are Just x for any
element x of type a (representing a successful computation), or Nothing (repre-
senting failure).

The monad operators can be implemented as

return a = Just a

m >>= f = case m of
Just a -> f a
Nothing -> Nothing

and failure can be represented by

failure = Nothing

As an example of an application, a division function which operates on pos-
sibly failing integers can now be defined as
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divide :: Maybe Int -> Maybe Int -> Maybe Int
divide a b = a >>= \m ->

b >>= \n ->
if n==0 then failure

else return (a ‘div‘ b)

Try unfolding the calls of >>= in this definition to understand the gain in clarity
that using monadic operators brings.

Example 42. As a second example, we show how to implement the monad of
side-effects in Haskell. This time we will need to define a new type, State s a,
to represent computations producing an a, with a side-effect on a state of type
s. Haskell provides three ways to define types:

type State s a = s -> (s,a)
newtype State s a = State (s -> (s,a))
data State s a = State (s -> (s,a))

The first alternative declares a type synonym: State s a would be in every
respect equivalent to the type s -> (s,a). This would cause problems later:
since many monads are represented by functions, it would be difficult to tell just
from the type which monad we were talking about.

The second alternative declares State s a to be a new type, different from
all others, but isomorphic to s -> (s,a). The elements of the new type are
written State f to distinguish them from functions. (There is no need for the
tag used on elements to have the same name as the type, but it is often convenient
to use the same name for both).

The third alternative also declares State s a to be a new type, with elements
of the form State f, but in contrast to newtype the State constructor is lazy:
that is, State ⊥ and ⊥ are different values. This is because data declarations
create lifted sum-of-product types, and even when the sum is trivial it is still
lifted. Thus State s a is not isomorphic to s -> (s,a) — it has an extra
element — and values of this type are more costly to manipulate as a result.

We therefore choose the second alternative. The monad operations are now
easy to define:

return a = State (\s -> (s,a))

State m >>= f = State (\s -> let (s’,a) = m s
State m’ = f a

in m’ s’)

The state can be manipulated using

readState :: State s s
readState = State (\s -> (s,s))

writeState :: s -> State s ()
writeState s = State (\_ -> (s,()))
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For example, a function to increment the state could be expressed using these
functions as

increment :: State Int ()
increment = readState >>= \s ->

writeState (s+1)

4.2 The Monad Class: Overloading Return and Bind

Haskell programmers make use of many different monads; it would be awkward
if return and >>= had to be given different names for each one. To avoid this,
we use overloading so that the same names can be used for every monad.

Overloading in Haskell is supported via the class system: overloaded names
are introduced by defining a class containing them. A class is essentially a signa-
ture, with a different implementation for each type. The monad operations are
a part of a class Monad, whose definition is found in Haskell’s standard prelude:

class Monad m where
return :: a -> m a
(>>=) :: m a -> (a -> m b) -> m b

Here the class parameter m ranges over parameterised types; read the declaration
as “A parameterised type m is a Monad if it supports implementations of return
and >>= with the given types”.

Implementations of these operations are provided by making a corresponding
instance declaration, for example:

instance Monad Maybe where
return a = Just a
m >>= f = case m of

Just a -> f a
Nothing -> Nothing

which corresponds to the definition of the Maybe monad given earlier. For the
monad of side-effects, we write

instance Monad (State s) where
return a = State (\s -> (s,a))
State m >>= f = State (\s -> let (s’,a) = m s

State m’ = f a
in m’ s’)

Notice that although we defined the type State with two parameters, and the
Monad class requires a type with one parameter, Haskell allows us to create the
type we need by partially applying the State type to one parameter: types with
many parameters are ‘curried’. Indeed, we chose the order of the parameters in
the definition of State with this in mind.

Now when the monadic operators are applied, the type at which they are
used determines which implementation is invoked. This is why we were careful
to make State a new type above.
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A great advantage of overloading the monad operators is that it enables us
to write code which works with any monad. For example, we could define a
function which combines two monadic computations producing integers into a
computation of their sum:

addM a b = a >>= \m ->
b >>= \n ->
return (m+n)

Since nothing in this definition is specific to a particular monad, we can use this
function with any: addM (Just 2) (Just 3) is Just 5, but we could also use
addM with the State monad. The type assigned to addM reflects this, it is1

addM :: (Monad m) => m Int -> m Int -> m Int

The “(Monad m) =>” is called a context, and restricts the types which may be
substituted for m to instances of the class Monad.

Although addM is perhaps too specialised to be really useful, we can derive a
very useful higher-order function by generalising over +. Indeed, Haskell’s stan-
dard Monad library provides a number of such functions, such as

liftM :: Monad m => (a -> b) -> m a -> m b
liftM2 :: Monad m => (a -> b -> c) -> m a -> m b -> m c
sequence :: Monad m => [m a] -> m [a]

With these definitions,

addM = liftM2 (+)

Programming with monads is greatly eased by such a library.

Exercise 43. Give a definition of sequence. The intention is that each compu-
tation in the list is executed in turn, and a list made of the results.

Finally, Haskell provides syntactic sugar for >>= to make monadic programs
more readable: the do-notation. For example, the definition of addM above could
equivalently be written as

addM a b = do m <- a
n <- b
return (m+n)

The do-notation is defined by

do e = e

do x <- e = e >>= (\x -> do c)
c

do e = e >>= (\_ -> do c)
c

1 Actually type inference produces an even more general type, since the arithmetic is
also overloaded, but we will gloss over this.
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Applying these rules to the definition of addM above rewrites it into the form
first presented. The do-notation is simply a shorthand for bind, but does make
programs more recognisable, especially for beginners.

Example 44. As an example of monadic programming, consider the problem of
decorating the leaves of a tree with unique numbers. We shall use a parameterised
tree type

data Tree a = Leaf a | Bin (Tree a) (Tree a)

and define a function

unique :: Tree a -> Tree (a,Int)

which numbers the leaves from 1 upwards in left-to-right order. For example,

unique (Bin (Bin (Leaf ’a’) (Leaf ’b’)) (Leaf ’c’))
= Bin (Bin (Leaf (’a’,1)) (Leaf (’b’,2))) (Leaf (’c’,3))

Intuitively we think of an integer state which is incremented every time a leaf is
encountered: we shall therefore make use of the State monad to define a function

unique’ :: Tree a -> State Int (Tree (a,Int))

First we define a function to increment the state,

tick :: State Int Int
tick = do n <- readState

writeState (n+1)
return n

and then the definition of unique’ is straightforward:

unique’ (Leaf a) = do n <- tick
return (Leaf (a,n))

unique’ (Bin t1 t2) = liftM2 Bin (unique’ t1) (unique’ t2)

Notice that we use liftM2 to apply the two-argument function Bin to the results
of labelling the two subtrees; as a result the notational overhead of using a monad
is very small.

Finally we define unique to invoke the monadic function and supply an initial
state:

unique t = runState 1 (unique’ t)

runState s (State f) = snd (f s)

It is instructive to rewrite the unique function directly, without using a
monad — explicit state passing in the recursive definition clutters it significantly,
and creates opportunities for errors that the monadic code completely avoids.



72 Nick Benton, John Hughes, and Eugenio Moggi

5 Applying Monads

So far we have shown how monads are represented in Haskell, and how the
language supports their use. But what are monads used for? Why have they
become so prevalent in Haskell programs? In this section we try to answer these
questions.

5.1 Input/Output: The Killer Application

Historically, input/output has been awkward to handle in purely functional lan-
guages. The same applies to foreign function calls: there is no way to guarantee
that a function written in C, for example, does not have side effects, so calling
it directly from a Haskell program would risk compromising Haskell’s purely
functional semantics.

Yet it is clear enough that input/output can be modelled in a purely func-
tional way: we must just consider a program to be a function from the state of
the universe before it is run, to the state of the universe afterwards. One possibil-
ity is to write the program in this way: every function depending on the external
state would take the universe as a parameter, and every function modifying it
would return a new universe as a part of its result. For example a program to
copy one file to another might be written as

copy :: String -> String -> Universe -> Universe
copy from to universe =
let contents = readFile from universe

universe’ = writeFile to contents universe
in universe’

Such a program has a purely functional semantics, but is not easy to im-
plement. Of course, we cannot really maintain several copies of the universe
at the same time, and so ‘functions’ such as writeFile must be implemented
by actually writing the new contents to the filestore. If the programmer then
accidentally or deliberately returns universe instead of universe’ as the fi-
nal result of his program, then the purely functional semantics is not correctly
implemented. This approach has been followed in Clean though, using a linear
type system to guarantee that the programmer manipulates universes correctly
[BS96].

However, having seen monads we would probably wish to simplify the pro-
gram above by using a State monad to manage the universe. By defining

type IO a = State Universe a

and altering the types of the primitives slightly to

readFile :: String -> IO String
writeFile :: String -> String -> IO ()

then we can rewrite the file copying program as



Monads and Effects 73

copy :: String -> String -> IO ()
copy from to = do contents <- readFile from

writeFile to contents

which looks almost like an imperative program for the same task2.
This program is both purely functional and efficiently implementable: it is

quite safe to write the output file destructively. However, there is still a risk that
the programmer will define inappropriate operations on the IO type, such as

snapshot :: IO Universe
snapshot = State (\univ -> (univ, univ))

The solution is just to make the IO type abstract [JW93]! This does not change the
semantics of programs, which remains purely functional, but it does guarantee
that as long as all the primitive operations on the IO type treat the universe in
a proper single-threaded way (which all operations implemented in imperative
languages do), then so does any Haskell program which uses them.

Since the IO monad was introduced into Haskell, it has been possible to write
Haskell programs which do input/output, call foreign functions directly, and yet
still have a purely functional semantics. Moreover, these programs look very
like ordinary programs in any imperative language. The contortions previously
needed to achieve similar effects are not worthy of description here.

The reader may be wondering what all the excitement is about here: after all,
it has been possible to write ordinary imperative programs in other languages
for a very long time, including functional languages such as ML or Scheme; what
is so special about writing them in Haskell? Two things:

– Input/output can be combined cleanly with the other features of Haskell,
in particular higher-order functions, polymorphism, and lazy evaluation. Al-
though ML, for example, combines input/output with the first two, the abil-
ity to mix lazy evaluation cleanly with I/O is unique to Haskell with monads
— and as the copy example shows, can lead to simpler programs than would
otherwise be possible.

– Input/output is combined with a purely functional semantics. In ML, for
example, any expression may potentially have side-effects, and transforma-
tions which re-order computations are invalid without an effect analysis to
establish that the computations are side-effect free. In Haskell, no expres-
sion has side-effects, but some denote commands with effects; moreover, the
potential to cause side-effects is evident in an expression’s type. Evaluation
order can be changed freely, but monadic computations cannot be reordered
because the monad laws do not permit it.

2 The main difference is that we read and write the entire contents of a file in one
operation, rather than byte-by-byte as an imperative program probably would. This
may seem wasteful of space, but thanks to lazy evaluation the characters of the
input file are only actually read into memory when they are needed for writing to
the output. That is, the space requirements are small and constant, just as for a
byte-by-byte imperative program.
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Peyton-Jones’ excellent tutorial [Pey01] covers this kind of monadic program-
ming in much more detail, and also discusses a useful refinement to the semantics
presented here.

5.2 Imperative Algorithms

Many algorithms can be expressed in a purely functional style with the same
complexity as their imperative forms. But some efficient algorithms depend crit-
ically on destructive updates. Examples include the UNION-FIND algorithm,
many graph algorithms, and the implementation of arrays with constant time
access and modification. Without monads, Haskell cannot express these algo-
rithms with the same complexity as an imperative language.

With monads, however, it is easy to do so. Just as the abstract IO monad en-
ables us to write programs with a purely functional semantics, and give them an
imperative implementation, so an abstract state transformer monad ST allows us
to write purely functional programs which update the state destructively [LJ94]3.
Semantically the type ST a is isomorphic to State -> (State,a), where State
is a function from typed references (locations) to their contents. In the imple-
mentation, only one State ever exists, which is updated destructively in place.

Operations are provided to create, read, and write typed references:

newSTRef :: a -> ST (STRef a)
readSTRef :: STRef a -> ST a
writeSTRef :: STRef a -> a -> ST ()

Here STRef a is the type of a reference containing a value of type a. Other
operations are provided to create and manipulate arrays.

The reason for introducing a different monad ST, rather than just providing
these operations over the IO monad, is that destructive updates to variables in
a program are not externally visible side-effects. We can therefore encapsulate
these imperative effects using a new primitive

runST :: ST a -> a

which semantically creates a new State, runs its argument in it, and discards
the final State before returning an a as its result. (A corresponding function
runIO would not be implementable, because we have no way to ‘discard the final
Universe’). In the implementation of runST, States are represented just by a
collection of references stored on the heap; there is no cost involved in creating
a ‘new’ one therefore. Using runST we can write pure (non-monadic) functions
whose implementation uses imperative features internally.

Example 45. The depth-first search algorithm for graphs uses destructively up-
dated marks to identify previously visited nodes and avoid traversing them again.
3 While the IO monad is a part of Haskell 98, the current standard [JHe+99], the

ST monad is not. However, every implementation provides it in some form; the
description here is based on the Hugs modules ST and LazyST [JRtYHG+99].
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For simplicity, let us represent graph nodes by integers, and graphs using the
type

type Graph = Array Int [Int]

A graph is an array indexed by integers (nodes), whose elements are the list
of successors of the corresponding node. We can record which nodes have been
visited using an updateable array of boolean marks, and program the depth-first
search algorithm as follows:

dfs g ns = runST (do marks <- newSTArray (bounds g) False
dfs’ g ns marks)

dfs’ g [] marks = return []
dfs’ g (n:ns) marks =
do visited <- readSTArray marks n

if visited then dfs’ g ns marks
else do writeSTArray marks n True

ns’ <- dfs’ g ((g!n)++ns) marks
return (n:ns’)

The function dfs returns a list of all nodes reachable from the given list of roots
in depth-first order, for example:

dfs (array (1,4) [(1,[2,3]), (2,[4]), (3,[4]), (4,[1])]) =
[1,2,4,3]

The type of the depth-first search function is

dfs :: Graph -> [Int] -> [Int]

It is a pure, non-monadic function which can be freely mixed with other non-
monadic code.

Imperative features combine interestingly with lazy evaluation. In this ex-
ample, the output list is produced lazily: the traversal runs only far enough to
produce the elements which are demanded. This is possible because, in the code
above, return (n:ns’) can produce a result before ns’ is known. The recursive
call of dfs’ need not be performed until the value of ns’ is actually needed4.
Thus we can efficiently use dfs even for incomplete traversals: to search for the
first node satisfying p, for example, we can use

head (filter p (dfs g roots))

safe in the knowledge that the traversal will stop when the first node is found.
King and Launchbury have shown how the lazy depth-first search function

can be used to express a wide variety of graph algorithms both elegantly and
efficiently [KL95].
4 Hugs actually provides two variations on the ST monad, with and without lazy be-

haviour. The programmer chooses between them by importing either ST or LazyST.
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The ST monad raises some interesting typing issues. Note first of all that
its operations cannot be implemented in Haskell with the types given, even
inefficiently! The problem is that we cannot represent an indexed collection of
values with arbitrary types — if we tried to represent States as functions from
references to contents, for example, then all the contents would have to have the
same type. A purely functional implementation would need at least dependent
types, to allow the type of a reference’s contents to depend on the reference itself
— although even given dependent types, it is far from clear how to construct a
well-typed implementation.

Secondly, we must somehow prevent references created in one State being
used in another — it would be hard to assign a sensible meaning to the result.
This is done by giving the ST type an additional parameter, which we may think
of as a ‘state identifier’, or a region [TT97] within which the computation oper-
ates: ST s a is the type of computations on state s producing an a. Reference
types are also parameterised on the state identifier, so the types of the operations
on them become:

newSTRef :: a -> ST s (STRef s a)
readSTRef :: STRef s a -> ST s a
writeSTRef :: STRef s a -> a -> ST s ()

These types guarantee that ST computations only manipulate references lying
in ‘their’ State.

But what should the type of runST be? It is supposed to create a new State
to run its argument in, but if we give it the type

runST :: ST s a -> a

then it will be applicable to any ST computation, including those which ma-
nipulate references in other States. To prevent this, runST is given a rank-2
polymorphic type:

runST :: (forall s. ST s a) -> a

(“Rank-2 polymorphic” refers to the fact that forall appears to the left of a
function arrow in this type, so runST requires a polymorphic argument. Rank-2
polymorphism was added to both Hugs and GHC, just to make this application
possible [Jon].) This type ensures that the argument of runST can safely be run
in any State, in particular the new one which runST creates.

Example 46. The expression

runST (newSTRef 0)

is not well-typed. Since newSTRef 0 has the type ST s (STRef s Int), then
runST would have to produce a result of type STRef s Int — but the scope of
s does not extend over the type of the result.
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Example 47. The expression

runST (do r<-newSTRef 0
return (runST (readSTRef r)))

is not well-typed either, because the argument of the inner runST is not poly-
morphic — it depends on the state identifier of the outer one.

The inclusion of the ST monad and assignments in Haskell raises an interest-
ing question: just what is a purely functional language? Perhaps the answer is:
one in which assignment has a funny type!

5.3 Domain Specific Embedded Languages

Since the early days of functional programming, combinator libraries have been
used to define succinct notations for programs in particular domains [Bur75].
There are combinator libraries for many different applications, but in this section
we shall focus on one very well-studied area: parsing. A library for writing parsers
typically defines a type Parser a, of parsers for values of type a, and combinators
for constructing and invoking parsers. These might include

satisfy :: (Char -> Bool) -> Parser Char

to construct a parser which accepts a single character satisfying the given pred-
icate,

(|||) :: Parser a -> Parser a -> Parser a

to construct a parser which accepts an input if either of its operands can parse
it, and

runParser :: Parser a -> String -> a

to invoke a parser on a given input.
A parsing library must also include combinators to run parsers in sequence,

and to build parsers which invoke functions to compute their results. Wadler
realised that these could be provided by declaring the Parser type to be a
monad [Wad92a]. Further combinators can then be defined in terms of these
basic ones, such as a combinator accepting a particular character,

literal :: Char -> Parser Char
literal c = satisfy (==c)

and a combinator for repetition,

many :: Parser a -> Parser [a]
many p = liftM2 (:) p (many p) ||| return []

which parses a list of any number of ps.
Given such a library, parsing programs can be written very succinctly. As

an example, we present a function to evaluate arithmetic expressions involving
addition and multiplication:
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eval :: String -> Int
eval = runParser expr

expr = do t <- term
literal ’+’
e <- expr
return (t+e)

||| term

term = do c <- closed
literal ’*’
t <- term
return (c*t)

||| closed

closed = do literal ’(’
e <- expr
literal ’)’
return e

||| numeral

numeral = do ds <- many (satisfy isDigit)
return (read ds)

With a good choice of combinators, the code of a parser closely resembles the
grammar it parses5,6!

In recent years, a different view of such combinator libraries has become
popular: we think of them as defining a domain specific language (DSL), whose
constructions are the combinators of the library [Hud98]. With this view, this
little parsing library defines a programming language with special constructions
to accept a symbol and to express alternatives.

Every time a functional programmer designs a combinator library, then, we
might as well say that he or she designs a domain specific programming lan-
guage, integrated with Haskell. This is a useful perspective, since it encourages
programmers to produce a modular design, with a clean separation between the
semantics of the DSL and the program that uses it, rather than mixing com-
binators and ‘raw’ semantics willy-nilly. And since monads appear so often in
programming language semantics, it is hardly surprising that they appear often
in combinator libraries also!

5 In practice the resemblance would be a little less close: real parsers for arithmetic ex-
pressions are left-recursive, use a lexical analyser, and are written to avoid expensive
backtracking. On the other hand, real parsing libraries provide more combinators
to handle these features and make parsers even more succinct! See Hutton’s article
[HM98] for a good description.

6 Notice how important Haskell’s lazy evaluation is here: without it, these recursive
definitions would not make sense!
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We will return to the implementation of the parsing library in the next sec-
tion, after a discussion of monad transformers.

6 Monad Transformers in Haskell

The Haskell programmer who makes heavy use of combinators will need to im-
plement a large number of monads. Although it is perfectly possible to define
a new type for each one, and implement return and >>= from scratch, it saves
labour to construct monads systematically where possible. The monad trans-
formers of section 3.2 offer an attractive way of doing so, as Liang, Hudak and
Jones point out [LHJ95].

Recall the definition:

A monad transformer is a function F : |Mon(C)| → |Mon(C)|, i.e. a
function mapping monads (over a category C) to monads. We are inter-
ested in monad transformers for adding computational effects, therefore
we require that for any monad T there should be a monad morphism
inT : T → FT .

We represent monad transformers in Haskell by types parameterised on a monad
(itself a parameterised type), and the result type — that is, types of kind
(* -> *) -> * -> *. For example, the partiality monad transformer is rep-
resented by the type

newtype MaybeT m a = MaybeT (m (Maybe a))

According to the definition, MaybeT m should be a monad whenever m is, which
we can demonstrate by implementing return and >>=:

instance Monad m => Monad (MaybeT m) where
return x = MaybeT (return (Just x))
MaybeT m >>= f =
MaybeT (do x <- m

case x of
Nothing -> return Nothing
Just a -> let MaybeT m’ = f a in m’)

Moreover, according to the definition of a monad transformer above, there should
also be a monad morphism from m to MaybeT m — that is, it should be possible
to transform computations of one type into the other. Since we need to de-
fine monad morphisms for many different monad transformers, we use Haskell’s
overloading again and introduce a class of monad transformers

class (Monad m, Monad (t m)) => MonadTransformer t m where
lift :: m a -> t m a
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Here t is the monad transformer, m is the monad it is applied to, and lift is
the monad morphism7. Now we can make MaybeT into an instance of this class:

instance Monad m => MonadTransformer MaybeT m where
lift m = MaybeT (do x <- m

return (Just x))

The purpose of the MaybeT transformer is to enable computations to fail: we
shall introduce operations to cause and handle failures. One might expect their
types to be

failure :: MaybeT m a
handle :: MaybeT m a -> MaybeT m a -> MaybeT m a

However, this is not good enough: since we expect to combine MaybeT with other
monad transformers, the monad we actually want to apply these operations
at may well be of some other form — but as long as it involves the MaybeT
transformer somewhere, we ought to be able to do so.

We will therefore overload these operations also, and define a class of ‘Maybe-
like’ monads8:

class Monad m => MaybeMonad m where
failure :: m a
handle :: m a -> m a -> m a

Of course, monads of the form MaybeT m will be instances of this class, but later
we will also see others. In this case, the instance declaration is

instance Monad m => MaybeMonad (MaybeT m) where
failure = MaybeT (return Nothing)
MaybeT m ‘handle‘ MaybeT m’ =
MaybeT (do x <- m

case x of
Nothing -> m’
Just a -> return (Just a))

Finally, we need a way to ‘run’ elements of this type. We define

runMaybe :: Monad m => MaybeT m a -> m a
runMaybe (MaybeT m) = do x <- m

case x of
Just a -> return a

7 Here we step outside Haskell 98 by using a multiple parameter class – an extension
which is, however, supported by Hugs and many other implementations. We make
m a parameter of the class to permit the definition of monad transformers which
place additional requirements on their argument monad.

8 Usually the standard Haskell class MonadPlus with operations mzero and mplus is
used in this case, but in the present context the names MaybeMonad, failure and
handle are more natural.
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for this purpose. (We leave undefined how we ‘run’ an erroneous computation,
thus converting an explicitly represented error into a real Haskell one).

We have now seen all the elements of a monad transformer in Haskell. To
summarise:

– We define a type to represent the transformer, say TransT, with two param-
eters, the first of which should be a monad.

– We declare TransT m to be a Monad, under the assumption that m already
is.

– We declare TransT to be an instance of class MonadTransformer, thus defin-
ing how computations are lifted from m to TransT m.

– We define a class TransMonad of ‘Trans-like monads’, containing the opera-
tions that TransT provides.

– We declare TransT m to be an instance of TransMonad, thus implementing
these operations..

– We define a function to ‘run’ (TransT m)-computations, which produces
m-computations as a result. In general runTrans may need additional pa-
rameters — for example, for a state transformer we probably want to supply
an initial state.

We can carry out this program to define monad transformers for, among others,

– state transformers, represented by

newtype StateT s m a = StateT (s -> m (s, a))

supporting operations in the class9

class Monad m => StateMonad s m | m -> s where
readState :: m s
writeState :: s -> m ()

– environment readers, represented by

newtype EnvT s m a = EnvT (s -> m a)

supporting operations in the class

class Monad m => EnvMonad env m | m -> env where
inEnv :: env -> m a -> m a
rdEnv :: m env

where rdEnv reads the current value of the environment, and inEnv runs its
argument in the given environment.

9 This class declaration uses Mark Jones’ functional dependencies, supported by Hugs,
to declare that the type of the monad’s state is determined by the type of the monad
itself. In other words, the same monad cannot have two different states of different
types. While not strictly necessary, making the dependency explicit enables the
type-checker to infer the type of the state much more often, and helps to avoid
hard-to-understand error messages about ambiguous typings.
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– continuations, represented by

newtype ContT ans m a = ContT ((a -> m ans) -> m ans)

supporting operations in the class

class Monad m => ContMonad m where
callcc :: ((a -> m b) -> m a) -> m a

where callcc f calls f, passing it a function k, which if it is ever called
terminates the call of callcc immediately, with its argument as the final
result.

Two steps remain before we can use monad transformers in practice. Firstly,
since monad transformers only transform one monad into another, we must define
a monad to start with. Although one could start with any monad, it is natural
to use a ‘vanilla’ monad with no computational features – the identity monad

newtype Id a = Id a

The implementations of return and >>= on this monad just add and remove the
Id tag.

Secondly, so far the only instances in class MaybeMonad are of the form
MaybeT m, the only instances in class StateMonad of the form StateT s m, and
so on. Yet when we combine two or more monads, of course we expect to use the
features of both in the resulting monad. For example, if we construct the monad
StateT s (MaybeT Id), then we expect to be able to use failure and handle
at this type, as well as readState and writeState.

The only way to do so is to give further instance declarations, which define
how to ‘lift’ the operations of one monad over another. For example, we can lift
failure handling to state monads as follows:

instance MaybeMonad m => MaybeMonad (StateT s m) where
failure = lift failure
StateT m ‘handle‘ StateT m’ = StateT (\s -> m s ‘handle‘ m’ s)

Certainly this requires O(n2) instance declarations, one for each pair of monad
transformers, but there is unfortunately no other solution.

The payoff for all this work is that, when we need to define a monad, we can
often construct it quickly by composing monad transformers, and automatically
inherit a collection of useful operations.

Example 48. We can implement the parsing library from section 5.3 by combin-
ing state transformation with failure. We shall let a parser’s state be the input
to be parsed; running a parser will consume a part of it, so running two parsers
in sequence will parse successive parts of the input. Attempting to run a parser
may succeed or fail, and we will often wish to handle failures by trying a different
parser instead. We can therefore define a suitable monad by

type Parser a = StateT String (MaybeT Id) a
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whose computations we can run using

runParser p s = runId (runMaybe (runState s p))

It turns out that the operator we called ||| earlier is just handle, and satisfy
is simply defined by

satisfy :: (s -> Bool) -> Parser s s
satisfy p = do s<-readState

case s of
[] -> failure
x:xs -> if p x then do writeState xs

return x
else failure

There is no more to do.

7 Monads and DSLs: A Discussion

It is clear why monads have been so successful for programming I/O and im-
perative algorithms in Haskell — they offer the only really satisfactory solution.
But they have also been widely adopted by the designers of combinator libraries.
Why? We have made the analogy between a combinator library and a domain
specific language, and since monads can be used to structure denotational se-
mantics, it is not so surprising that they can also be used in combinator libraries.
But that something can be used, does not mean that it will be used. The de-
signer of a combinator library has a choice: he need not slavishly follow the One
Monadic Path — why, then, have so many chosen to do so? What are the over-
whelming practical benefits that flow from using monads in combinator library
design in particular?

Monads offer significant advantages in three key areas. Firstly, they offer a
design principle to follow. A designer who wants to capture a particular func-
tionality in a library, but is unsure exactly what interface to provide to it, can be
reasonably confident that a monadic interface will be a good choice. The monad
interface has been tried and tested: we know it allows the library user great
flexibility. In contrast, early parsing libraries, for example, used non-monadic
interfaces which made some parsers awkward to write.

Secondly, monads can guide the implementation of a library. A library de-
signer must choose an appropriate type for his combinators to work over, and
his task is eased if the type is a monad. Many monad types can be constructed
systematically, as we have seen in the previous section, and so can some parts
of the library which operate on them. Given a collection of monad transformers,
substantial parts of the library come ‘for free’, just as when we found there was
little left to implement after composing the representation of Parsers from two
monad transformers.

Thirdly, there are benefits when many libraries share a part of their inter-
faces. Users can learn to use each new library more quickly, because the monadic
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part of its interface is already familiar. Because of the common interface, it is
reasonable to define generic monadic functions, such as liftM2, which work with
any monadic library. This both helps users, who need only learn to use liftM2
once, and greatly eases the task of implementors, who find much of the func-
tionality they want to provide comes for free. And of course, it is thanks to the
widespread use of monads that Haskell has been extended with syntactic sugar
to support them — if each library had its own completely separate interface,
then it would be impractical to support them all with special syntax.

Taken together, these are compelling reasons for a library designer to choose
monads whenever possible.

8 Exercises on Monads

This section contains practical exercises, intended to be solved using Hugs on
a computer. Since some readers will already be familiar with Haskell and will
have used monads already, while others will be seeing them for the first time,
the exercises are divided into different levels of difficulty. Choose those which
are right for you.

The Hugs interpreter is started with the command

hugs -98

The flag informs hugs that extensions to Haskell 98 should be allowed — and
they are needed for some of these exercises. When Hugs is started it prompts for
a command or an expression to evaluate; the command “:?” lists the commands
available. Hugs is used by placing definitions in a file, loading the file into the
interpreter (with the “:l” or “:r” command), and typing expressions to evaluate.
You can obtain information on any defined name with the command “:i”, and
discover which names are in scope using “:n” followed by a regular expression
matching the names you are interested in. Do not try to type definitions in
response to the interpreter’s prompt: they will not be understood.

8.1 Easy Exercises

Choose these exercises if you were previously unfamiliar with monads or Haskell.

Exercise 49. Write a function

dir :: IO [String]

which returns a list of the file names in the current directory. You can obtain
them by running ls and placing the output in a file, which you then read. You
will need to import module System, which defines a function system to execute
shell commands — place “import System” on the first line of your file. A string
can be split into its constituent words using the standard function words, and
you can print values (for testing) using the standard function print.
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Exercise 50. Write a function

nodups :: [String] -> [String]

which removes duplicate elements from a list of strings — the intention is to
return a list of strings in the argument, in order of first occurrence. It is easy
to write an inefficient version of nodups, which keeps a list of the strings seen
so far, but you should use a hash table internally so that each string in the
input is compared against only a few others. (The choice of hash function is not
particularly important for this exercise, though). Moreover, you should produce
the result list lazily. Test this by running

interact (unlines . nodups . lines)

which should echo each line you then type on its first occurrence.
You will need to use Haskell lists, which are written by enclosing their ele-

ments in square brackets separated by commas, and the cons operator, which
is “:”. Import module LazyST, and use newSTArray to create your hash table,
readSTArray to read it, and writeSTArray to write it. Beware of Haskell’s lay-
out rule, which insists that every expression in a do begin in the same column
— and interprets everything appearing in that column as the start of a new
expression.

Exercise 51. The implementation of the MaybeT transformer is given above, but
the implementations of the StateT, EnvT and ContT transformers were only
sketched. Complete them. (ContT is quite difficult, and you might want to leave
it for later).

Exercise 52. We define the MaybeT type by

newtype MaybeT m a = MaybeT (m (Maybe a))

What if we had defined it by

newtype MaybeT m a = MaybeT (Maybe (m a))

instead? Could we still have defined a monad transformer based on it?

Exercise 53. We defined the type of Parsers above by

type Parser a = StateT String (MaybeT Id) a

What if we had combined state transformation and failure the other way round?

type Parser a = MaybeT (StateT String Id) a

Define an instance of StateMonad for MaybeT, and investigate the behaviour of
several examples combining failure handling and side-effects using each of these
two monads. Is there a difference in their behaviour?
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8.2 Moderate Exercises

Choose these exercises if you are comfortable with Haskell, and have seen monads
before.

Exercise 54. Implement a monad MaybeST based on the built-in ST monad,
which provides updateable typed references, but also supports failure and failure
handling. If m fails in m ‘handle‘ h, then all references should contain the same
values on entering the handler h that they had when m was entered.

Can you add an operator

commit :: MaybeST ()

with the property that updates before a commit survive a subsequent failure?

Exercise 55. A different way to handle failures is using the type

newtype CPSMaybe ans a =
CPSMaybe ((a -> ans -> ans) -> ans -> ans)

This is similar to the monad of continuations, but both computations and con-
tinuations take an extra argument — the value to return in case of failure. When
a failure occurs, this argument is returned directly and the normal continuation
is not invoked.

Make CPSMaybe an instance of class Monad and MaybeMonad, and define
runCPSMaybe.

Failure handling programs often use a great deal of space, because failure
handlers retain data that is no longer needed in the successful execution. Yet
once one branch has progressed sufficiently far, we often know that its failure
handler is no longer relevant. For example, in parsers we usually combine parsers
for quite different constructions, and if the first parser succeeds in parsing more
than a few tokens, then we know that the second cannot possibly succeed. Can
you define an operator

cut :: CPSMaybe ans ()

which discards the failure handler, so that the memory it occupies can be re-
claimed? How would you use cut in a parsing library?

8.3 Difficult Exercises

These should give you something to get your teeth into!

Exercise 56. Implement a domain specific language for concurrent programming,
using a monad Process s a and typed channels Chan s a, with the operations

chan :: Process s (Chan s a)
send :: Chan s a -> a -> Process s ()
recv :: Chan s a -> Process s a

to create channels and send and receive messages (synchronously),
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fork :: Process s a -> Process s ()

to start a new concurrent task, and

runProcess :: (forall s. Process s a) -> a

to run a process. By analogy with the ST monad, s is a state-thread identi-
fier which is used to guarantee that channels are not created in one call of
runProcess and used in another. You will need to write the type of runProcess
explicitly — Hugs cannot infer rank 2 types.

Exercise 57. Prolog provides so-called logical variables, whose values can be re-
ferred to before they are set. Define a type LVar and a monad Logic in terms
of ST, supporting operations

newLVar :: Logic s (LVar s a)
readLVar :: LVar s a -> a
writeLVar :: LVar s a -> a -> Logic s ()

where s is again a state-thread identifier. The intention is that an LVar should be
written exactly once, but its value may be read beforehand, between its creation
and the write — lazy evaluation is at work here. Note that readLVar does not
have a monadic type, and so can be used anywhere. Of course, this can only
work if the value written to the LVar does not depend on itself. Hint: You will
need to use

fixST :: (a -> ST s a) -> ST s a

to solve this exercise — fixST (\x -> m) binds x to the result produced by m
during its own computation.

Exercise 58. In some applications it is useful to dump the state of a program
to a file, or send it over a network, so that the program can be restarted in the
same state later or on another machine. Define a monad Interruptable, with
an operation

dump :: Interruptable ()

which stops execution and converts a representation of the state of the program
to a form that can be saved in a file. The result of running an Interruptable
computation should indicate whether or not dumping occurred, and if so, provide
the dumped state. If s is a state dumped by a computation m, then resume m s
should restart m in the state that s represents. Note that m might dump several
times during its execution, and you should be able restart it at each point.

You will need to choose a representation for states that can include every
type of value used in a computation. To avoid typing problems, convert values
to strings for storage using show.

You will not be able to make Interruptable an instance of class Monad,
because your implementations of return and >>= will not be sufficiently poly-
morphic — they will only work over values that can be converted to strings.
This is unfortunate, but you can just choose other names for the purposes of
this exercise. One solution to the problem is described by Hughes [Hug99].
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9 Intermediate Languages for Compilation

We have seen how monads may be used to structure the denotational semantics
of languages with computational effects and how they may be used to express
effectful computation in languages like Haskell. We now turn to the use of monads
in the practical compilation of languages with implicit side effects. Much of
this material refers to the MLj compiler for Standard ML [BKR98], and its
intermediate language MIL (Monadic Intermediate Language) [BK99].

9.1 Compilation by Transformation

It should not be a surprise that ideas which are useful in structuring semantics
also turn out to be useful in structuring the internals of compilers since there
is a sense in which compilers actually do semantics. Compilers for functional
languages typically translate source programs into an intermediate form and
then perform a sequence of rewrites on that intermediate representation before
translating that into lower-level code in the backend. These rewrites should be
observational equivalences, since they are intended to preserve the observable be-
haviour of the user’s program whilst improving its efficiency according to some
metric. If the transformations are applied locally (i.e. to subterms of the whole
program) then they should be instances of an observational congruence relation.
Of course, deciding whether applying a particular semantic equation is likely to
be part of a sequence which eventually yields an improvement is still a very dif-
ficult problem. There has been some work on identifying transformations which
never lead to (asymptotically) worse behaviour, such as the work of Gustavsson
and Sands on space usage of lazy programs [GS99], but most compilers simply
implement a collection of rewrites which seem to be “usually” worthwhile.

9.2 Intermediate Languages

The reasons for having an intermediate language at all, rather than just doing
rewriting on the abstract syntax tree of the source program, include:
1. Complexity. Source languages tend to have many syntactic forms (e.g. nested

patterns or list comprehensions) which are convenient for the programmer
but which can be translated into a simpler core language, leaving fewer cases
for the optimizer and code generator to deal with.

2. Level. Many optimizing transformations involve choices which cannot be
expressed in the source language because they are at a lower level of ab-
straction. In other words, they involve distinctions between implementation
details which the source language cannot make. For example
– All functions in ML take a single argument – if you want to pass more

than one then you package them up as a single tuple. This is simple
and elegant for the programmer, but we don’t want the compiled code
to pass a pointer to a fresh heap-allocated tuple if it could just pass
a couple of arguments on the stack or in registers. Hence MIL (like
other intermediate languages for ML) includes both tuples and multiple
arguments and transforms some instances of the former into the latter.
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– MIL also includes datastructures with ‘holes’ (i.e. uninitialized values).
These are used to express a transformation which turns some non-tail
calls into tail calls and have linear typing rules which prevent holes being
dereferenced or filled more than once [Min98].

There are often many levels of abstraction between the source and target lan-
guages, so it is common for compilers to use different intermediate languages
in different phases or to have one all-encompassing intermediate datatype,
but then to ensure that the input and output of each phase satisfy particular
additional constraints.

3. Equational theory. Many important transformations do not involve concepts
which are essentially at a lower-level level of abstraction than the source lan-
guage, but can nevertheless be anywhere between bothersome and impossible
to express or implement directly on the source language syntax.

This last point is perhaps slightly subtle: the equational theory of even a sim-
plified core of the source language may be messy and ill-suited to optimization
by rewriting. Rather than have a complex rewriting system with conditional
rewrites depending on various kinds of contextual information, one can often
achieve the same end result by translating into an intermediate language with a
better-behaved equational theory. It is typically the case that a ‘cleaner’ inter-
mediate language makes explicit some aspects of behaviour which are implicit
in the source language. For example:

– Some intermediate languages introduce explicit names for every intermediate
value. Not only are the names useful in building various auxiliary datastruc-
tures, but they make it easy to, for example, share subexpressions. A very
trivial case would be

let val x = ((3,4),5)
in (#1 x, #1 x)
end

which we don’t want to simplify to the equivalent

((3,4),(3,4))

because that allocates two identical pairs. One particularly straighforward
way to get a better result is to only allow introductions and eliminations to
be applied to variables or atomic constants, so the translation of the original
program into the intermediate form is

let val y = (3,4)
in let val x = (y,5)

in (#1 x, #1 x)
end

end

which rewrites to
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let val y = (3,4)
in let val x = (y,5)

in (y, y)
end

end

and then to

let val y = (3,4)
in (y, y)
end

which is probably what we wanted.
– MIL contains an unusual exception-handling construct because SML’s

handle construct is unable to express some commuting conversion-style
rewrites which we wished to perform [BK01].

– Some compilers for higher-order languages use a continuation passing style
(CPS) lambda-calculus as their intermediate language (see, for example,
[App92,KKR+86]). There are translations of call by value (CBV) and call
by name (CBN) source languages into CPS. Once a program is in CPS, it
is sound to apply the full unrestricted β, η rules, rather than, say, the more
restricted βv, ηv rules which are valid for λv (the CBV lambda calculus).
Moreover, Plotkin has shown [Plo75] that β and η on CPS terms prove
strictly more equivalences between translated terms than do βv and ηv on
the corresponding λv terms. Hence, a compiler for a CBV language which
translates into CPS and uses βη can perform more transformations than one
which just uses βv and ηv on the source syntax.
CPS transformed terms make evaluation order explict (which makes them
easier to compile to low-level imperative code in the backend), allow tail-call
elimination be be expressed naturally, and are particularly natural if the
language contains call/cc or other control operators.
However, Flanagan et al. [FSDF93] argue that compiling CBV lambda-
calculus via CPS is an unnecessarily complicated and indirect technique. The
translation introduces many new λ-abstractions and, if performed naively,
new and essentially trivial ‘administrative redexes’ (though there are op-
timized translations which avoid creating these redexes [DF92,SF93]). To
generate good code, and to identify administrative redexes, real CPS compil-
ers treat abstractions introduced by the translation process differently from
those originating in the original program and effectively undo the CPS trans-
lation in the backend, after having performed transformations. Flanagan et
al. show that the same effect can be obtained by using a λ-calculus with
let and peforming A-reductions to reach an A-normal form. A-reductions
were introduced in [SF93] and are defined in terms of evaluation contexts.
Amongst other things, A-normal forms name all intermediate values and only
apply eliminations to variables or values. An example of an A-reduction is
the following:

E [if V then N1 else N2] −→ if V then E [N1] else E [N2]
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where E [·] is an evaluation context. Flanagan et al. observe that most non-
CPS (‘direct style’) compilers perform some A-reductions in a more-or-less
ad hoc manner, and suggest that doing all of them, and so working with
A-normal forms, is both more uniform and leads to faster code.

Typed Intermediate Languages. One big decision when designing an inter-
mediate language is whether or not it should be typed. Even when the source
language has strong static types, many compilers discard all types after they have
been checked, and work with an untyped intermediate language. More recently,
typed intermediate languages have become much more popular in compilers and
in areas such as mobile code security. Examples of typed compiler intermediate
languages include FLINT [Sha97], the GHC intermediate language [Pey96] and
MIL [BKR98,BK99]. The advantages of keeping type information around in an
intermediate language include:

– Types are increasingly the basis for static analyses, optimizing transforma-
tions and representation choices. Type-based optimization can range from
the use of sophisticated type systems for static analyses to exploitation of
the fact that static types in the source language provide valuable information
which it would be foolish to ignore or recompute. For example, the fact that
in many languages pointers to objects of different types can never alias can
be used to allow more transformations. The MLj compiler uses simple type
information to share representations, using a single Java class to implement
several different ML closures.

– Type information can be used in generating backend code, for example in
interfacing to a garbage collector or allocating registers.

– Type-checking the intermediate representation can help catch many compiler
bugs.

– It is particularly natural if the language allows types to be reflected as values.
– It is clearly the right thing to do if the target language is itself typed. This is

the case for MLj (since Java bytecode is typed) and for compilers targetting
typed assembly language [MWCG99].

But there are disadvantages too:

– Keeping type information around and maintaining it during transformations
can be very expensive in both space and time.

– Unless the type system is complex and/or rather non-standard, restricting
the compiler to work with typable terms can prohibit transformations. Even
something like closure-conversion (packaging functions with the values of
their free variables) is not trivial from the point of view of typing [MMH96].

λMLT as a Compiler Intermediate Language. Several researchers have
suggested that Moggi’s computational metalanguage λMLT [Mog89,Mog91]
might be useful as the basis of a typed intermediate language. λMLT certainly
has two of properties we have said are desirable in an intermediate language: a
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good equational theory and explicitness, both at the term level (making order of
evaluation explicit) and at the type level (distinguishing between computations
and values).

One example of situation in which the computational metalanguage seems
applicable is in expressing and reasoning about the optimizations which may be
performed as a result of strictness analysis in compilers for CBN languages such
as Haskell. Some early work on expressing the use of strictness analysis used a
somewhat informal notion of changes in ‘evaluation strategy’ for fixed syntax.
It is much more elegant to reason about changes in translation of the source
language into some other language which itself has a fixed operational semantics.
In the case of a pure CBN source language (such as PCF [Plo77]), however, one
cannot (directly) use a source-to-source translation to express strictness-based
transformations. Adding a strict let construct with typing rule

Γ � M : A Γ, x : A � N : B

Γ � let x = M in N : B

where let x = M in N first evaluates M to Weak Head Normal Form (WHNF)
before substituting for x in N , allows one to express basic strictness optimiza-
tions, such as replacing the application M N with let x = N in (M x) when M
is known to be strict. But this is only half the story – we would also like to be
able to perform optimizations based on the fact that certain expressions (such
as x in our example) are known to be bound to values in WHNF and so need not
be represented by thunks or re-evaluated. To capture this kind of information,
Benton [Ben92] proposed a variant of the computational metalanguage in which
an expression of a value type A is always in WHNF and the computation type
TA is used for potentially unevaluated expressions which, if they terminate, will
yield values of type A. The default translation of a call-by-name expression of
type A → B is then to an intermediate language expression of type of type
T ((A → B)n) = T (TAn → TBn), i.e. a computation producing a function from
computations to computations. An expression denoting a strict function which is
only called in strict contexts, by contrast, can be translated into an intermediate
language term of type T (An → TBn) : a computation producing a function from
values to computations.

The problem of expressing strictness-based transformations has also been ad-
dressed by defining translations from strictness-annotated source terms into con-
tinuation passing style. This approach has been taken by Burn and Le Métayer
[BM92] and by Danvy and Hatcliff [DH93]. Danvy and Hatcliff, for example, de-
rive such a translation by simplifying the result of symbolically composing two
translations: first a translation of strictness-annotated CBN terms into a CBV
language with explicit suspension operations, and secondly a modified variant of
the CBV translation into continuation passing style.

We have already mentioned the work of Flanagan et al. [FSDF93] relating
CPS translations with A-normal forms. The reader may now suspect that the
computational metalanguage is also closely related, and indeed it is. The connec-
tions were expained by Hatcliff and Danvy [HD94], who showed how various CPS
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transforms could be factored through translations into the computational met-
alanguage and how the administrative reductions of CPS, and Flanagan et al.’s
A-reductions, corresponded to applying the β-reduction and commuting conver-
sions (see Section 12) associated with the computation type constructor in the
computational metalanguage. Hatcliff and Danvy also suggested that the compu-
tational metalanguage could make an attractive compiler intermediate language.
The links between A-normal forms, CPS transforms and Moggi’s computational
lambda calculus have been investigated further by Sabry and Wadler [SW97].

Another promising application for intermediate languages based on λMLT is
in common infrastructure for compiling multiple source languages, and perhaps
even supporting their interoperability. Peyton Jones et al. [PLST98a] proposed
the use of an intermediate language based on the computational metalanguage
as a common framework for compiling both call-by-value and call-by-name lan-
guages10.

Barthe et al. [BHT98] add computational types to the pure type systems
(PTS) to obtain monadic versions of a whole family of higher-order typed lambda
calculi (such as Fω and the Calculus of Constructions) and advocate the use of
such calculi as compiler intermediate languages for languages which combine
polymorphic type and/or module systems with side-effects.

Exercise 59. The ‘standard’ denotational semantics of PCF is in the CCC of
pointed ω-cpos and continuous maps, with [[int]] = Z⊥ and function space inter-
preted by [[A → B]] = [[B]][[A]]. This semantics is adequate for a CBN operational
semantics in which the notion of observation is termination of closed terms of
ground type. It seems natural that one could give a semantics to PCF with a
strict let construct just by defining

[[let x = M in N ]]ρ =
{⊥ if [[M ]]ρ = ⊥

[[N ]]ρ[x �→[[M ]]ρ] otherwise

but in fact, the semantics is then no longer adequate. Why? How might one
modify the semantics to fix the problem? How good is the modified semantics
as a semantics of the original language (i.e. without let)?

10 Type and Effect Systems

10.1 Introduction

The work referred to in the previous section concerns using a well-behaved inter-
mediate language (A-normal forms, CPS or λMLT ) to perform sound rewriting
on a programs written in languages with ‘impure’ features. All those interme-
diate languages make some kind of separation (in the type system and/or the
language syntax) between ‘pure’ values and ‘impure’ (potentially side-effecting)
computations. The separation is, however, fairly crude and there are often good
10 The published version of the paper contains an error. A corrigendum can, at the

time of writing, be found on the web [PLST98b].
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reasons for wanting to infer at compile-time a safe approximation to just which
side-effects may happen as a result of evaluating a particular expression. This
kind of effect analysis is really only applicable to CBV languages, since CBN
languages do not usually allow any side-effects other than non-termination.

Historically, the first effect analyses for higher order languages were developed
to avoid a type soundness problem which occurs when polymorphism is combined
naively with updateable references. To see the problem, consider the following
(illegal) SML program:

let val r = ref (fn x=> x)
in (r := (fn n=>n+1);

!r true
)

end

Using the ‘obvious’ extension of the Hindley-Milner type inference rules to cover
reference creation, dereferencing and assignment, the program above would type-
check:

1. (fn x=>x) has type α → α, so
2. ref (fn x=>x) has type (α → α)ref
3. generalization then gives r the type scheme ∀α.(α → α)ref
4. so by specialization r has type (int → int)ref, meaning the assignment

typechecks
5. and by another specialization, r has type (bool → bool)ref, so
6. !r has type bool → bool, so the application type checks.

However, it is clear that the program really has a type error, as it will try to
increment a boolean.

To avoid this problem, Gifford, Lucassen, Jouvelot, Talpin and others [GL86],
[GJLS87], [TJ94] developed type and effect systems. The idea is to have a re-
fined type system which infers both the type and the possible effects which an
expression may have, and to restrict polymorphic generalization to type vari-
ables which do not appear in side-effecting expressions. In the example above,
one would then infer that the expression ref (fn x=>x) creates a new reference
cell of type α → α. This prevents the type of r being generalized in the let rule,
so the assignment causes α to be unified with int and the application of !r to
true then fails to typecheck.

It should be noted in passing that there are a number of different ways
of avoiding the type loophole. For example, Tofte’s imperative type discipline
[Tof87] using ‘imperative type variables’ was used in the old (1990) version of
the Standard ML Definition, whilst Leroy and Weis proposed a different scheme
for tracking ‘dangerous’ type variables (those appearing free in the types of ex-
pressions stored in references) [LW91]. A key motivation for most of that work
was to allow as much polymorphic generalization as possible to happen in the
let rule, whilst still keeping the type system sound. However, expensive and
unpredictable inference systems which have a direct impact on which user pro-
grams actually typecheck are rarely a good idea. In 1995, Wright published a
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study [Wri95] indicating that nearly all existing SML code would still typecheck
and run identically (sometimes modulo a little η-expansion) if polymorphic gen-
eralization were simply restricted to source expressions which were syntactic
values (and thus trivially side-effect free). This simple restriction was adopted
in the revised (1997) SML Definition and research into fancy type systems for
polymorphism in impure languages seems to have now essentially ceased.

However, there are still very good reasons for wanting to do automatic ef-
fect inference. The most obvious is that more detailed effect information allows
compilers to perform more aggressive optimizations. Other applications include
various kinds of verification tool, either to assist the programmer or to check
security policies, for example. In SML, even a seemingly trivial rewrite, such as
the dead-code elimination

let val x = M1 in M2 end −→ M2 (x �∈FV (M2))

is generally only valid if the evaluation of M1 doesn’t diverge, perform I/O,
update the state or throw an exception (though it is still valid if M1 reads from
reference cells or allocates new ones). Code like this is frequently created by
other rewrites and it is important to be able to clean it up.

10.2 The Basic Idea

There are now many different type and effect systems in the literature, but they
all share a common core. (The book [NNH99] contains, amongst other things,
a fair amount on effect systems and many more references than these notes.) A
traditional type system infers judgements of the form

x1 : A1, . . . , xn : An � M : B

where the Ai and B are types. A type and effect system infers judgements of
the form

x1 : A1, . . . , xn : An � M : B, ε

which says that in the given typing context, the expression M has type B and
effect ε. The effect ε is drawn from some set E whose elements denote sets of
actual effects which may occur at runtime (in other words, they are abstractions
of runtime effects, just as types are abstractions of runtime values). Exactly what
is in E depends not only on what runtime effects are possible in the language,
but also on how precise one wishes to make the analysis. The simplest non-trivial
effect system would simply take E to have two elements, one (usually written ∅)
denoting no effect at all (‘pure’), and the other just meaning ‘possibly has some
effect’. Most effect systems are, as we shall see, a little more refined than this.

The first thing to remark about the form of a type and effect judgement is
that an effect appears on the right of the turnstile, but not on the left. This
is because we are only considering CBV languages, and that means that at
runtime free variables will always be bound to values, which have no effect. An
effect system for an impure CBN language, were there any such thing, would
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have pairs of types and effects in the context too11. Because variables are always
bound to values, the associated type and effect rule will be:

Γ, x : A � x : A, ∅
The second point is that E actually needs to be an algebra, rather than

just a set; i.e. it has some operations for combining effects defined on it. Con-
sider the effectful version of the rule for a simple (strict, non-polymorphic, non-
computational) let expression:

Γ � M : A, ε1 Γ, x : A � N : B, ε2

Γ � let x = M in N : B, ?

What should the effect of the compound expression be? Dynamically, M will be
evaluated, possibly performing some side-effect from the set denoted by ε1 and,
assuming the evaluation of M terminated with a value V , then N [V/x] will be
evaluated and possibly perform some side-effect from the set denoted by ε2. How
we combine ε1 and ε2 depends on how much accuracy we are willing to pay for
in our static analysis. If we care about the relative ordering of side-effects then
we might take elements of E to denote sets of sequences (e.g. regular languages)
over some basic set of effects and then use language concatenation ε1 · ε2 to
combine the effects in the let rule (see the Nielsons work on analysing concurrent
processes [NN94,NNA97], for example). Commonly, however, we abstract away
from the relative sequencing and multiplicity of effects and just consider sets of
basic effects. In this case the natural combining operation for the let rule is
some abstract union operation12.

For the conditional expression, the following is a natural rule:

Γ � M : bool, ε′ Γ � N1 : A, ε1 Γ � N2 : A, ε2

Γ � (if M then N1 else N2) : A, ε′ · (ε1 ∪ ε2)

If we were not tracking sequencing or multiplicity, then the effect in the conclu-
sion of the if rule would just be ε′ ∪ ε1 ∪ ε2, of course.

The other main interesting feature of almost all type and effect systems is the
form of the rules for abstraction and application, which make types dependent
on effects, in that the function space constructor is now annotated with a ‘latent
effect’ A

ε→ B. The rule for abstraction looks like:

Γ, x : A � M : B, ε

Γ � (λx : A. M) : A
ε→ B, ∅

11 Although the mixture of call by need and side-effects is an unpredictable one, Haskell
does actually allow it, via the ‘experts-only’ unsafePerformIO operation. But I’m
still not aware of any type and effect system for a lazy language.

12 Effect systems in the literature often include a binary ∪ operation in the formal
syntax of effect annotations, which are then considered modulo unit, associativity,
commutativity and idempotence. For very simple effect systems, this is unnecessarily
syntactic, but it is not so easy to avoid when one also has effect variables and
substitution.
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because the λ-abstraction itself is a value, and so has no immediate effect (∅) but
will have effect ε when it is applied, as can be seen in the rule for application:

Γ � M : A
ε1→ B, ε2 Γ � N : A, ε3

Γ � M N : B, ε2 · ε3 · ε1

The overall effect of evaluating the application is made up of three separate
effects – that which occurs when the function is evaluated, that which occurs
when the argument is evaluated and finally that which occurs when the body
of the function is evaluated. (Again, most effect systems work with sets rather
than sequences, so the combining operation in the conclusion of the application
rule is just ∪.)

The final thing we need to add to our minimal skeleton effect system is some
way to weaken effects. The collection E of effects for a given analysis always has
a natural partial order relation ⊆ defined on it such that ε ⊆ ε′ means ε′ denotes
a larger set of possible runtime side-effects than ε. Typically ⊆ is just the subset
relation on sets of primitive effects. The simplest rule we can add to make a
usable system is the subeffecting rule:

Γ � M : A, ε ε ⊆ ε′

Γ � M : A, ε′

Exercise 60. Define a toy simply-typed CBV functional language (integers, bool-
eans, pairs, functions, recursion) with a fixed collection of global, mutable integer
variables. Give it an operational and/or denotational semantics. Give a type and
effect system (with subeffecting) for your language which tracks which global
variables may be read and written during the evaluation of each expression (so
an effect will be a pair of sets of global variable names). Formulate and prove a
soundness result for your analysis. Are there any closed terms in your language
which require the use of the subeffect rule to be typable at all?

10.3 More Precise Effect Systems

There are a number of natural and popular ways to improve the precision of
the hopelessly weak ‘simple-types’ approach to effect analysis sketched in the
previous section.

Subtyping. The bidirectional flow of information in type systems or analyses
which simply constrain types to be equal frequently leads to an undesirable loss
of precision. For example, consider an effect analysis of the following very silly
ML program (and forget polymorphism for the moment):

let fun f x = ()
fun pure () = ()
fun impure () = print "I’m a side-effect"
val m = (f pure, f impure)

in pure
end
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If they were typed in isolation, the best type for pure would be unit
∅→ unit

and impure would get unit
{print}→ unit (assuming that the constant print

has type string
{print}→ unit). However, the fact that both of them get passed

to the function f means that we end up having to make their types, including
the latent effects, identical. This we can do by applying the subeffecting rule to

the body of pure and hence deriving the same type unit
{print}→ unit for both

pure and impure. But then that ends up being the type inferred for the whole
expression, when it is clear that we should have been able to deduce the more
accurate type unit

∅→ unit.
The problem is that both pure and impure flow to x, which therefore has to be

given an effectful type. This then propagates back from the use to the definition
of pure. Peyton Jones has given this phenomenon the rather apt name of the
poisoning problem. One solution is to extend the notion of subeffecting to allow
more general subtyping. We replace the subeffecting rule with

Γ � M : A, ε ε ⊆ ε′ A ≤ A′

Γ � M : A′, ε′

where ≤ is a partial order on types defined by rules like

A′ ≤ A B ≤ B′ ε ⊆ ε′

A
ε→ B ≤ A′ ε′

→ B′
and

A ≤ A′ B ≤ B′

A × B ≤ A′ × B′

Note the contravariance of the function space constructor in the argument type.
Using the subtyping rule we can now get the type and effect we wouldd expect

for our silly example. The definitions of pure and impure are given different
types, but we can apply the subtyping rule (writing 1 for unit)

Γ, pure : (1 ∅→ 1) � pure : (1 ∅→ 1), ∅

1 ≤ 1 1 ≤ 1 ∅ ⊆ {print}

(1 ∅→ 1) ≤ (1
{print}→ 1) ∅ ⊆ ∅

Γ, pure : (1 ∅→ 1) � pure : (1
{print}→ 1), ∅

to coerce the use of pure when it is passed to f to match the required argument
type whilst still using the more accurate type inferred at the point of definition
as the type of the whole expression.

Effect Polymorphism. Another approach to the poisoning problem is to in-
troduce ML-style polymorphism at the level of effects (this is largely orthogonal
to whether we also have polymorphism at the level of types). We allow effects
to contain effect variables and then allow the context to bind identifiers to type
schemes, which quantify over effect variables.
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Consider the following program

let fun run f = f ()
fun pure () = ()
fun impure () = print "Poison"
fun h () = run impure

in run pure
end

In this case, even with subtyping, we end up deriving a type and effect of
unit, {print} for the whole program, though it actually has no side effect. With
effect polymorphism, we can express the fact that there is a dependency between
the effect of a particular call to run and the latent effect of the function which
is passed at that point. The definition of run gets the type scheme

∀a.(unit a→ unit) a→ unit

which is instantiated with a = ∅ in the application to pure and a = {print}
in the application to impure (which is actually never executed). That lets us
deduce a type and effect of unit, ∅ for the whole program.

Regions. One of the most influential ideas to have come out of work on type
and effect systems is that of regions: static abstractions for sets of dynamically
allocated run-time locations. If (as in the earlier exercise) one is designing an
effect system to track the use of mutable storage in a language with a fixed set
of global locations, there are two obvious choices for how precisely one tracks
the effects – either one records simply whether or not an expression might read
or write some unspecified locations, or one records a set of just which locations
might be read or written. Clearly the second is more precise and can be used
to enable more transformations. For example, the evaluation of an expression
whose only effect is to read some locations might be moved from after to before
the evaluation of an expression whose effect is to write some locations if the set
of locations possibly read is disjoint from the set of locations possibly written.

But no real programming language (with the possible exception of ones de-
signed to be compiled to silicon) allows only a statically fixed set of mutable
locations. When an unbounded number of new references may be allocated dy-
namically at runtime, a static effect system clearly cannot name them all in
advance. The simple approach of just having one big abstraction for all loca-
tions (‘the store’) and tracking only whether some reading or some writing takes
place is still sound, but we would like to be more precise.

In many languages, the existing type system gives a natural way to partition
the runtime set of mutable locations into disjoint sets. In an ML-like language, an
int ref and a bool ref are never aliased, so one may obtain a useful increase
in precision by indexing read, write and allocation effects by types. Ignoring
polymorphism again, we might take

E = P{rd(A), wr(A), al(A) | A a type}
(Note that types and effects are now mutually recursive.)
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But we can do even better. Imagine that our language had two quite distinct
types of references, say red ones and blue ones, and one always had to say
which sort one was creating or accessing. Then clearly a red reference and a blue
reference can never alias, we could refine our effect types system to track the
colours of references involved in store effects, and we could perform some more
transformations (for example commuting an expression which can only write
blue integer references with one which only reads red integer references).

In its simplest form, the idea of region inference is to take a typing derivation
for a monochrome program and to find a way of colouring each reference type
appearing in the derivation subject to preserving the validity of the derivation
(so, for example, a function expecting a red reference as an argument can never be
applied to a blue one). It should be clear that the aim is to use as many different
colours as possible. The colours are conventionally called regions, because one
can imagine that dynamically all the locations of a given colour are allocated in
a particular region of the heap13.

So now we have three static concepts: type, effect and region. Each of these
can be treated monomorphically, with a subwidget relation or polymorphically.
The type and effect discipline described by Talpin and Jouvelot in [TJ94] is
polymorphic in all three components and indexes reference effects by both regions
and types.

Perhaps the most interesting thing about regions is that we can use them to
extend our inference system with a rule in which the effect of the conclusion is
smaller than the effect of the assumption. Consider the following example

fun f x = let val r = ref (x+1)
in !r
end

A simple effect system would assign f a type and effect like int
{al,rd}→ int, ∅,

which seems reasonable, since it is indeed a functional value which takes integers
to integers with a latent effect of allocating and reading. But the fact that f
has this latent effect is actually completely unobservable, since the only uses of
storage it makes are completely private. In this case it is easy to see that f is
observationally equivalent to the completely pure successor function

fun f’ x = x+1

which means that, provided the use to which we are going to make of effect
information respects observational equivalence14 we could soundly just forget all
13 Alternatively, one might think that any runtime location will have a unique allocation

site in the code and all locations with the same allocation site will share a colour,
so one could think of a region as a set of static program points. But this is a less
satisfactory view, since more sophisticated systems allow references allocated at the
same program point to be in different regions, depending on more dynamic contextual
information, such as which functions appear in the call chain.

14 This should be the case for justifying optimising transformations or inferring more
generous polymorphic types, but might not be in the case of a static analysis tool
which helps the programmer reason about, say, memory usage.
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about the latent effect of f and infer the type int
∅→ int for it instead. How do

regions help? A simple type, region and effect derivation looks like this
···

Γ, x:int � x+1:int, ∅
Γ, x:int � (ref x+1):int refρ, {alρ}

···
Γ, x:int, r:int refρ � (!r):int, {rdρ}

Γ, x:int � (let r=ref x+1 in !r):int, {alρ, rdρ}

Γ � (fn x=>let r=ref x+1 in !r) : int
{alρ,rdρ}→ int, ∅

where ρ is a region. Now this is a valid derivation for any choice of ρ; in particular,
we can pick ρ to be distinct from any region appearing in Γ . That means that the
body of the function does not have any effect involving references imported from
its surrounding context. Furthermore, the type of the function body is simply
int, so whatever the rest of the program does with the result of a call to the
function, it cannot have any dependency on the references used to produce it.
Such considerations motivate the effect masking rule

Γ � M : A, ε

Γ � M : A, ε \ {rdρ, alρ, wrρ | ρ �∈Γ ∧ ρ �∈A}
Using this rule before just before typing the abstraction in the derivation above
does indeed allow us to type f as having no observable latent effect.

One of the most remarkable uses of region analysis is Tofte and Talpin’s
work on static memory management [TT97]: they assign region-annotated types
to every value (rather than just mutable references) in an intermediate language
where new lexically-scoped regions are introduced explicitly by a letregion ρ
in ...end construct. For a well-typed and annotated program in this language,
no value allocated in region ρ will be referenced again after the end of the
letregion block introducing ρ. Hence that region of the heap may be safely
reclaimed on exiting the block. This technique has been successfully applied in
a version of the ML Kit compiler in which there is no runtime garbage collector
at all. For some programs, this scheme leads to dramatic reductions in runtime
space usage compared with traditional garbage collection, whereas for others the
results are much worse. Combining the two techniques is possible, but requires
some care, since the region-based memory management reclaims memory which
will not be referenced again, but to which there may still be pointers accessible
from the GC root. The GC therefore needs to avoid following these ‘dangling
pointers’.

The soundness of effect masking in the presence of higher-type references
and of region-based memory management is not at all trivial to prove. Both
[TJ94] and [TT97] formulate correctness in terms of a coinductively defined con-
sistency relation between stores and typing judgements. A number of researchers
have recently published more elementary proofs of the correctness of region cal-
culi, either by translation into other systems [BHR99,dZG00] or by more direct
methods [CHT0x].
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11 Monads and Effect Systems

11.1 Introduction

This section describes how type and effect analyses can be presented in terms of
monads and the computational metalanguage. Although this is actually rather
obvious, it was only recently that anybody got around to writing anything serious
about it. In ICFP 1998, Wadler published a paper [Wad98] (later extended and
corrected as [WT99]) showing the equivalence of a mild variant of the effect
system of Talpin and Jouvelot [TJ94] and a version of the computational meta-
language in which the computation type constructor is indexed by effects. In
the same conference, Benton, Kennedy and Russell described the MLj compiler
[BKR98] and its intermediate language MIL, which is a similar effect-refined
version of the computational metalanguage. Also in 1998, Tolmach proposed
an intermediate representation with a hierarchy of monadic types for use in
compiling ML by transformation [Tol98].

The basic observation is that the places where the computation type construc-
tor appears in the call-by-value translation of the lambda calculus into λMLT

correspond precisely to the places where effect annotations appear in type and
effect systems. Effect systems put an ε over each function arrow and on the
right-hand side of turnstiles, whilst the CBV translation adds a T to the end
of each function arrow and on the right hand side of turnstiles. Wadler started
with a CBV lambda calculus with a polymorphic types and monomorphic re-
gions and effects, tracking store effects (without masking). He then showed that
Moggi’s CBV translation of this language into a version of the metalanguage in
which the computation type constructor is annotated with a set of effects (and
the monadic let rule unions these sets) preserves typing, in that

Γ �eff M : A, ε ⇒ Γ v �mon Mv : Tε(Av)

where
intv = int

(A ε→ B)v = Av → Tε(Bv)

Wadler also defined an instrumented operational semantics for each of the two
languages and used these to prove subject reduction type soundness results in the
style of Wright and Felleisen [WF94]. The instrumented operational semantics
records not only the evaluation of an expression and a state to a value and a
new state, but also a trace of the side effects which occur during the evaluation;
part of the definition of type soundness is then that when an expression has a
static effect ε, any effect occuring in the dynamic trace of its evaluation must be
contained in ε.

Where Wadler’s system uses implicit subeffecting, Tolmach’s intermediate
language has four distinct monads in a linear order and uses explicit monad
morphisms used to coerce computations from one monad type to a larger one.
The monads are:
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1. The identity monad, used for pure, terminating computations;
2. The lifting monad, used to model computations which may fail to terminate

but are otherwise pure;
3. The monad of exceptions and non-termination;
4. The ST monad, which combines lifting, exceptions and the possibility of

performing output.

Tolmach gives a denotational semantics for his intermediate language (using
cpos) and presents a number of useful transformation laws which can be validated
using this semantics.

11.2 MIL-Lite: Monads in MLj

MIL-lite is a simplified fragment of MIL, the intermediate language used in the
MLj compiler. It was introduced by Benton and Kennedy [BK99] as a basis
for proving the soundness of some of the effect-based optimizing transforma-
tions performed by MLj. Compared with many effect systems in the literature,
MIL only performs a fairly crude effect analysis – it doesn’t have regions, ef-
fect polymorphism or masking. MIL-lite further simplifies the full language by
omitting type polymorphism, higher-type references and recursive types as well
as various lower level features. Nevertheless, MIL-lite is far from trivial, com-
bining higher-order functions, recursion, exceptions and dynamically allocated
state with effect-indexed computation types and subtyping.

Types and Terms. MIL-lite is a compiler intermediate language for which
we first give an operational semantics and then derive an equational theory,
so there are a couple of design differences between it and Moggi’s equational
metalanguage. The first is that types are stratified into value types (ranged over
by τ) and computation types (ranged over by γ); computations of computations
do not arise. The second difference is that the distinction between computations
and values is alarmingly syntactic: the only expressions of value types are normal
forms. It is perhaps more elegant to assign value types to a wider collection of
pure expressions than just those in normal form. That is the way Wadler’s effect-
annotated monadic language is presented, and it leads naturally to a stratified
operational semantics in which there is one relation defining the pure reduction
of expressions of value type to normal form and another defining the possibly
side-effecting evaluation of computations. However, the presentation given here
more closely matches the language used in the real compiler.

Given a countable set E of exception names, MIL-lite types are defined by

τ ::= unit | int | intref | τ × τ | τ + τ | τ → γ
γ ::= Tε(τ) ε ⊆ E = {⊥, r, w, a} � E

We write bool for unit + unit. Function types are restricted to be from values
to computations as this is all we shall need to interpret a CBV source language.
The effects which we detect are possible failure to terminate (⊥), reading from
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Γ, x : τ � x : τ Γ � n : int Γ � () : unit Γ � � : intref
� ∈ L

Γ � V : τi

Γ � iniV : τ1 + τ2

i = 1, 2
Γ � V1 : τ1 Γ � V2 : τ2

Γ � (V1, V2) : τ1 × τ2

Γ, x : τ, f : τ → Tε∪{⊥}(τ
′) � M : Tε(τ ′)

Γ � (rec f x = M) : τ → Tε(τ ′)

Γ � V : τ1

Γ � V : τ2

τ1 � τ2

Γ � V1 : τ → γ Γ � V2 : τ

Γ � V1 V2 : γ

Γ � V : τ

Γ � val V : T∅(τ)

Γ � M : Tε(τ) Γ � H : Tε′(τ ′) Γ, x : τ � N : Tε′(τ ′)

Γ � try x⇐M catch H in N : Tε\dom(H)∪ε′(τ ′) Γ � raise E : T{E}(τ)

Γ � V : τ1 × τ2

Γ � πiV : T∅(τi)
i = 1, 2

Γ � V : τ1 + τ2 {Γ, xi : τi � Mi : γ}i=1,2

Γ � (case V of in1x1.M1 ; in2x2.M2) : γ

Γ � V : int

Γ � ref V : T{a}(intref)

Γ � V : intref

Γ � !V : T{r}(int)

Γ � V1 : intref Γ � V2 : int

Γ � V1 := V2 : T{w}(unit)

Γ � V1 : int Γ � V2 : int

Γ � V1 + V2 : T∅(int)

Γ � V1 : int Γ � V2 : int

Γ � V1 = V2 : T∅(bool)

Γ � M : γ1

Γ � M : γ2

γ1 � γ2

Fig. 5. Typing rules for MIL-lite

a reference, writing to a reference, allocating a new reference cell and raising
a particular exception E ∈ E. Inclusion on sets of effects induces a subtyping
relation:

τ � τ
τ ∈ {unit, int, intref} ε ⊆ ε′ τ � τ ′

Tε(τ) � Tε′(τ ′)

τ1 � τ ′
1 τ2 � τ ′

2

τ1 × τ2 � τ ′
1 × τ ′

2

τ1 � τ ′
1 τ2 � τ ′

2

τ1 + τ2 � τ ′
1 + τ ′

2

τ ′ � τ γ � γ′

τ → γ � τ ′ → γ′

Reflexivity and transitivity are consequences of these rules.
There are two forms of typing judgment: Γ � V : τ for values and Γ � M : γ

for computations, where in both cases Γ is a finite map from term variables to
value types (because the source language is CBV). We assume a countable set
L of locations. The typing rules are shown in Figure 5 and satisfy the usual
weakening, strengthening and substitution lemmas. We will sometimes use G to
range over both value and computation terms and σ to range over both value
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λx. M
def= rec f x = M (f /∈ FV (M))

Ω
def= (rec f x = f x) ()

false def= in1()
true def= in2()
if V then M2 else M1

def= case V of in1x1.M1; in2x2.M2 (xi /∈ FV (Mi))
let x⇐M in N

def= try x⇐M catch {} in N

let x1 ⇐M1; x2 ⇐M2 in N
def= let x1 ⇐M1 in let x2 ⇐M2 in N

M ; N def= let x⇐M in N (x /∈ FV (N))
M handle H

def= try x⇐M catch H in val x

set {�1 	→n1, . . . , �k 	→nk} def= �1 := n1 ; . . . ; �k := nk ; val ()
assert (�, n) def= let v⇐ !�; b⇐(v = n) in if b then val () else Ω

assert {�1 	→n1, . . . , �k 	→nk} def= assert (�1, n1) ; . . . ; assert (�k, nk) ; val ()

Fig. 6. Syntactic sugar

and computation types. Most of the terms are unsurprising, but we do use a
novel construct

try x⇐M catch {E1.M1, . . . , En.Mn} in N

which should be read “Evaluate the expression M . If successful, bind the result
to x and evaluate N . Otherwise, if exception Ei is raised, evaluate the exception
handler Mi instead, or if no handler is applicable, pass the exception on.” A full
discussion of the reasons for adopting the try-handle construct may be found in
[BK01], but for now observe that it nicely generalises both handle and Moggi’s
monadic let, as illustrated by some of the syntactic sugar defined in Figure 6.

For ease of presentation the handlers are treated as a set in which no ex-
ception E appears more than once. We let H range over such sets, and write
H \ E to denote H with the handler for E removed (if it exists). We sometimes
use map-like notation, for example writing H(E) for the term M in a handler
E.M ∈ H, and writing dom(H) for {E | E.M ∈ H}. We write Γ � H : γ to
mean that for all E.M ∈ H, Γ � M : γ.

The Analysis. The way in which the MIL-lite typing rules express a simple
effects analysis should be fairly clear, though some features may deserve fur-
ther comment. The → introduction rule incorporates an extremely feeble, but
nonetheless very useful, termination test: the more obvious rule would insist that
⊥ ∈ ε, but that would prevent λx.M from getting the natural derived typing rule
and would cause undesirable non-termination effects to appear in, particularly,
curried recursive functions.

Just as with traditional effect systems, the use of subtyping increases the
accuracy of the analysis compared with one which just uses simple types or
subeffecting.
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There are many possible variants of the rules. For example, there is a stronger
(try) rule in which the effects of the handlers are not all required to be the same,
and only the effects of handlers corresponding to exceptions occurrring in ε are
unioned into the effect of the whole expression.

Exercise 61. Give examples which validate the claim that the → introduction
rule gives better results than the obvious version with ⊥ ∈ ε.

MIL-lite does not include recursive types or higher-type references, because
they would make proving correctness significantly more difficult. But can you de-
vise candidate rules for an extended language which does include these features?
They’re not entirely obvious (especially if one tries to make the rules reasonably
precise too). It may help to consider

datatype U = L of U->U

and

let val r = ref (fn () => ())
val _ = r := (fn () => !r ())

in !r
end

Operational Semantics. We present the operational semantics of MIL-lite
using a big-step evaluation relation Σ, M ⇓ Σ′, R where R ranges over value
terms and exception identifiers and Σ ∈ States def= L ⇀fin Z.

Write Σ, M ⇓ if Σ, M ⇓ Σ′, R for some Σ′, R and �G� for the set of location
names occuring in G. If Σ, ∆ ∈ States then (Σ � ∆) ∈ States is defined by
(Σ � ∆)(�) = ∆(�) if that’s defined and Σ(�) otherwise.

In [BK99], we next prove a number of technical results about the operational
semantics, using essentially the techniques described by Pitts in his lectures
[Pit00a]. Since most of that material is not directly related to monads or effects,
we will omit it from this account, but the important points are the following:
– We are interested in reasoning about contextual equivalence, which is a type-

indexed relation between terms in context :

Γ � G =ctx G′ : σ

– Rather than work with contextual equivalence directly, we show that con-
textual equivalence coincides with ciu equivalence [MT91], which shows that
only certain special contexts need be considered to establish equivalence.
For MIL-lite, ciu equivalence is the extension to open terms of the relation
defined by the following clauses:

• If M1 : Tε(τ) and M2 : Tε(τ) we write M1 ≈ M2 : Tε(τ) and say M1 is
ciu equivalent to M2 at type Tε(τ) when ∀N, H such that x : τ � N : γ
and � H : γ, and ∀Σ ∈ States such that domΣ ⊇ �M1, M2, H, N� we
have

Σ, try x⇐M1 catch H in N ⇓ ⇔ Σ, try x⇐M2 catch H in N ⇓
• If V1 : τ and V2 : τ then we write V1 ≈ V2 : τ for val V1 ≈ val V2 : T∅(τ).
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Σ, val V ⇓ Σ, V Σ, raise E ⇓ Σ, E Σ, πi(V1, V2) ⇓ Σ, Vi

Σ, n + m ⇓ Σ, n + m Σ, n = n ⇓ Σ, true Σ, n = m ⇓ Σ, false (n �=m)

Σ, !� ⇓ Σ, Σ(�) Σ, � := n ⇓ Σ[� 	→n], () Σ, ref n ⇓ Σ � [� 	→n], �

Σ, Mi[V/xi] ⇓ Σ′, R

Σ, case iniV of in1x1.M1 ; in2x2.M2 ⇓ Σ′, R
i = 1, 2

Σ, M [V/x, (rec f x = M)/f ] ⇓ Σ′, R

Σ, (rec f x = M) V ⇓ Σ′, R

Σ, M ⇓ Σ′, V Σ′, N [V/x] ⇓ Σ′′, R

Σ, try x⇐M catch H in N ⇓ Σ′′, R

Σ, M ⇓ Σ′, E Σ′, M ′ ⇓ Σ′′, R

Σ, try x⇐M catch H in N ⇓ Σ′′, R
H(E) = M ′

Σ, M ⇓ Σ′, E

Σ, try x⇐M catch H in N ⇓ Σ′, E
E /∈ dom(H)

Fig. 7. Evaluation relation for MIL-lite

Showing that ciu equivalence conincides with contextual equivalence is non-
trivial but uses standard techniques [How96].

11.3 Transforming MIL-Lite

Semantics of Effects. We want to use the effect information expressed in MIL-
lite types to justify some optimizing transformations. Our initial inclination was
to prove the correctness of these transformations by using a denotational seman-
tics. However, giving a good denotational semantics of MIL-lite is surprisingly
tricky, not really because of the multiple computational types, but because of
the presence of dynamically allocated references. Stark’s thesis [Sta94] examines
equivalence in a very minimal language with dynamically generated names in
considerable detail and does give a functor category semantics for a language
with higher order functions and integer references. But MIL-lite is rather more
complex than Stark’s language, requiring a functor category into cpos (rather
than sets) and then indexed monads over that. Worst of all, the resulting se-
mantics turns out to be very far from fully abstract – it actually fails to validate
some of the most elementary transformations which we wished to perform. So we
decided to prove correctness of our transformations using operational techniques
instead.

Most work on using operational semantics to prove soundness of effect anal-
yses involves instrumenting the semantics to trace computational effects in some
way and then proving that ‘well-typed programs don’t go wrong’ in this modi-
fied semantics. This approach is perfectly correct, but the notion of correctness
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and the meaning of effect annotations is quite intensional and closely tied to
the formal system used to infer them. Since we wanted to prove the soundness
of using the analysis to justify observational equivalences in an uninstrumented
semantics, we instead tried to characterise the meaning of effect-annotated types
as properties of terms which are closed under observational equivalence in the
uninstrumented semantics. To give a simple example of the difference between
the two approaches, a weak effect system (such as that in MIL-lite) will only
assign a term an effect which does not contain w if the evaluation of that term
really does never perform a write operation. A region-based analysis may infer
such an effect if it can detect that the term only writes to private locations. But
the property we really want to use to justify equations is much more extensional:
it’s that after evaluating the term, the contents of all the locations which were
allocated before the evaluation are indistinguishable from what they were to
start with.

The decision not to use an instrumented semantics is largely one of taste,
but there is another (post hoc) justification. There are a few places in the MLj
libraries where we manually annotate bindings with smaller effect types than
could be inferred by our analysis, typically so that the rewrites can dead-code
them if they are not used (for example, the initialisation of lookup tables used
in the floating point libraries). Since those bindings do have the extensional
properties associated with the type we force them to have, the correctness result
for our optimizations extends easily to these manually annotated expressions.

We capture the intended meaning [[σ]] of each type σ in MIL-lite as the set
of closed terms of that type which pass all of a collection of cotermination tests
Testsσ ⊆ States × Ctxtσ × Ctxtσ where Ctxtσ is the set of closed contexts with
a finite number of holes of type σ. Formally:

[[σ]] def= { G : σ | ∀(Σ, M [·], M ′[·]) ∈ Testsσ.

�M [G], M ′[G]� ⊆ dom Σ ⇒ (Σ, M [G] ⇓↔ Σ, M ′[G] ⇓) }
We define Testsσ inductively as shown in Figure 8.

Although these definitions appear rather complex, at value types they actu-
ally amount to a familiar-looking logical predicate:

Lemma 111

– [[int]] = {n | n ∈ Z}, [[intref]] = {� | � ∈ L} and [[unit]] = {()}.
– [[τ1 × τ2]] = {(V1, V2) | V1 ∈ [[τ1]], V2 ∈ [[τ2]]}
– [[τ → γ]] = {F : τ → γ | ∀V ∈ [[τ ]].(F V ) ∈ [[γ]]}
– [[τ1 + τ2]] =

⋃
i=1,2{iniV | V ∈ [[τi]]} ��

Lemma 112 If σ � σ′ then [[σ]] ⊆ [[σ′]]. ��

We also have to prove an operational version of admissibility for the predicate
associated with each type. This follows from a standard ‘compactness of evalua-
tion’ or ‘unwinding’ result which is proved using termination induction, but we
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Testsint
def= {} Testsintref

def= {} Testsunit
def= {}

Testsτ1×τ2
def=

⋃
i=1,2{(Σ, M [πi[·]], M ′[πi[·]]) | (Σ, M [·], M ′[·]) ∈ Testsτi}

Testsτ1+τ2
def=

⋃
i=1,2{(Σ, case [·] of inix.M [x] ; in3−iy.Ω,

case [·] of inix.M ′[x] ; in3−iy.Ω) | (Σ, M [·], M ′[·]) ∈ Testsτi}

Testsτ→γ
def= {(Σ, M [[·] V ], M ′[[·] V ]) | V ∈ [[τ ]], (Σ, M [·], M ′[·]) ∈ Testsγ}

TestsTετ
def= {(Σ, let x⇐ [·] in set Σ′; M [x], let x⇐ [·] in set Σ′; M ′[x])

| (Σ′, M [·], M ′[·]) ∈ Testsτ , Σ ∈ States} ∪ ⋃
e�∈ε Testse,τ

where
Tests⊥,τ

def= {(Σ, [·], val ()) | Σ ∈ States}

Testsw,τ
def= {(Σ,

let y⇐ !� in try x⇐ [·] catch E.M in N,
try x⇐ [·] catch E.let y⇐ !� in M in let y⇐ !� in N)
| y : int, x : τ � N : γ, y : int � M : γ, Σ ∈ States, � ∈ dom Σ, E ∈ E}

Testsr,τ
def= {(Σ,

d(Σ, ∆, E); try x⇐ [·] catch E.assert Σ � ∆; raise E in N,
d(Σ, ∆, E); � := n; try x⇐ [·] catch E.assert Σ[� 	→n] � ∆; raise E
in assert (�, (Σ[� 	→n] � ∆)(�)); � := (Σ � ∆)(�); N)
| E ∈ E, Σ, ∆ ∈ States, dom ∆ ⊆ dom Σ � �, n ∈ Z, x : τ � N : γ}

∪{(Σ, [·] handle E.Ω, set Σ′; [·] handle E.Ω) | Σ, Σ′ ∈ States, E ∈ E}

TestsE,τ

def= {(Σ, [·], [·] handle E.N) | Σ ∈ States, � N : γ}

Testsa,τ
def= {(Σ, let x⇐ [·]; y⇐(set Σ; [·]) in N, let x⇐ [·]; y⇐val x in N)

| Σ ∈ States, x : τ, y : τ � N : γ}
and

KΣn
def= {� 	→n | � ∈ dom(Σ)}

d(Σ, ∆, E) def= set KΣ0; (([·]; val ()) handle E.val ()); assert KΣ0 � ∆;
set KΣ1; (([·]; val ()) handle E.val ()); assert KΣ1 � ∆; set Σ

Fig. 8. Definition of Testsσ

omit the details. Finally, we can prove the ‘Fundamental Theorem’ for our logical
predicate, which says that the analysis is correct in the sense that whenever a
term is given a particular type it actually satisfies the property associated with
that type:

Theorem 62. If xi : τi � G : σ and Vi ∈ [[τi]] then G[Vi/xi] ∈ [[σ]]. ��

The intention is that the extent of Testse,τ is the set of computations of type
TE(τ) which definitely do not have effect e. So, passing all the tests in Tests⊥,τ
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is easily seen to be equivalent to not diverging in any state and passing all the
tests in TestsE,τ means not throwing exception E in any state.

The tests concerning store effects are a little more subtle. It is not too hard to
see that Testsw,τ expresses not observably writing the store. Similarly, Testsr,τ

tests (contortedly!) for not observably reading the store, by running the compu-
tation in different initial states and seeing if the results can be distinguished by
a subsequent continuation.

The most surprising definition is probably that of Testsa,τ , the extent of
which is intended to be those computations which do not observably allocate
any new storage locations. This should include, for example, a computation
which allocates a reference and then returns a function which uses that reference
to keep count of how many times it has been called, but which never reveals
the counter, nor returns different results according to its value. However, the
definition of Testsa,τ does not seem to say anything about store extension; what
it actually captures is those computations for which two evaluations in equivalent
initial states yield indistinguishable results. Our choice of this as the meaning of
‘doesn’t allocate’ was guided by the optimising transformations which we wished
to perform rather than a deep understanding of exactly what it means to not
allocate observably, but in retrospect it seems quite reasonable.

Effect-Independent Equivalences. Figure 9 presents some typed observa-
tional congruences that correspond to identities from the equational theory of
the computational metalanguage, and Figure 10 presents equivalences that in-
volve local side-effecting behaviour15. Directed variants of many of these are use-
ful transformations that are in fact performed by MLj (although the duplication
of terms in cc2 is avoided by introducing a special kind of abstraction). These
equations can be derived without recourse to our logical predicate, by making
use of a rather strong notion of equivalence called Kleene equivalence that can
easily be shown to be contained in ciu equivalence. Two terms are Kleene equiv-
alent if they coterminate in any initial state with syntactically identical results
and the same values in all accessible locations of the store (Mason and Talcott
call this ‘strong isomorphism’ [MT91]).

The beta-equivalences and commuting conversions of Figure 9 together with
the equivalences of Figure 10 are derived directly as Kleene equivalences. Deriva-
tion of the eta-equivalences involves first deriving a number of extensionality
properties using ciu equivalence; similar techniques are used by Pitts [Pit97].

Effect-Dependent Equivalences. We now come to a set of equivalences that
are dependent on effect information, which are shown in Figure 11. Notice how
the first three of these equations respectively subsume the first three local equiv-
alences of Figure 10. Each of these equivalences is proved by considering evalua-
tion of each side in an arbitrary ciu-context and then using the logical predicate

15 Some side conditions on variables are implicit in our use of contexts. For example,
the first equation in Figure 10 has the side condition that x �∈fv(M).
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β-×
Γ � V1 : τ1 Γ � V2 : τ2

Γ � πi(V1, V2) ∼= val Vi : T∅(τi)
β-T

Γ � V : τ Γ, x : τ � M : γ

Γ � let x⇐val V in M ∼= M [V/x] : γ

β-→
Γ, x : τ, f : τ → Tε∪{⊥}(τ ′) � M : Tε(τ ′) Γ � V : τ

Γ � (rec f x = M) V ∼= M [V/x, rec f x = M/f ] : Tε(τ ′)

β-+
Γ � V : τi Γ, x1 : τ1 � M1 : γ Γ, x2 : τ2 � M2 : γ

Γ � case iniV of in1x1.M1; in2x2.M2 ∼= Mi[V/xi] : γ

η-×
Γ � V : τ1 × τ2

Γ � let x1 ⇐π1V ; x2 ⇐π2V in val (x1, x2) ∼= val V : T∅(τ1 × τ2)

η-+
Γ � V : τ1 + τ2

Γ � case V of in1x1.val (in1x1); in2x2.val (in2x2) ∼= val V : T∅(τ1 + τ2)

η-→
Γ � V : τ → γ

Γ � rec f x = V x ∼= V : τ → γ
η-T

Γ � M : γ

Γ � let x⇐M in val x ∼= M : γ

cc1

Γ � M1 : Tε1 (τ1) Γ, y : τ1 � M2 : Tε2 (τ2) Γ, y : τ1, x : τ2 � M3 : Tε3 (τ3)

Γ � let x⇐(let y ⇐M1 in M2) in M3 ∼= let y ⇐M1; x⇐M2 in M3 : Tε1∪ε2∪ε3 (τ3)

cc2

Γ � V : τ1 + τ2 {Γ, xi : τi � Mi : Tε(τ)} Γ, x : τ � N : Tε′ (τ ′)

Γ � let x⇐case V of {inixi.Mi} in N ∼= case V of {inixi.let x⇐Mi in N} : Tε∪ε′ (τ ′)

β-E
Γ � M : γ Γ � H : γ Γ, x : τ � N : γ

Γ � try x⇐raise E catch (E.M); H in N ∼= M : γ

η-E
Γ � M : Tε(τ) Γ � H : Tε′ (τ ′) Γ, x : τ � N : Tε′ (τ ′)

Γ � try x⇐M catch (E.raise E); H in N ∼= try x⇐M catch H in N : Tε∪ε′ (τ ′)

Fig. 9. Effect-independent equivalences (1)

to show that if the evaluation terminates then so does the evaluation of the other
side in the same context.

11.4 Effect-Dependent Rewriting in MLj

In practice, much of the benefit MLj gets from effect-based rewriting is simply
from dead-code elimination (discard and dead-try). A lot of dead code (particu-
larly straight after linking) is just unused top-level function bindings, and these
could clearly be removed by a simple syntactic check instead of a type-based
effect analysis. Nevertheless, both unused non-values which detectably at most
read or allocate and unreachable exception handlers do occur fairly often too,
and it is convenient to be able to use a single framework to eliminate them
all. Here is an example (from [BK01]) of how tracking exception effects works
together with MIL’s unusual handler construct to improve an ML program for
summing the elements of an array:
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deadref
Γ � V : int Γ � M : Tε(τ)

Γ � let x⇐ref V in M ∼= M : Tε∪{a}(τ)

deref
Γ � V : intref Γ, x : int, y : int � M : Tε(τ)

Γ � let x⇐ !V ; y⇐ !V in M ∼= let x⇐ !V ; y⇐val x in M : Tε∪{r}(τ)

[swapref ] Γ � V1 : int Γ � V2 : int Γ, x1 : intref, x2 : intref � M : Tε(τ)

Γ � let x1 ⇐ref V1; x2 ⇐ref V2 in M ∼= let x2 ⇐ref V2; x1 ⇐ref V1 in M : Tε∪{a}(τ)

assign
Γ � V1 : intref Γ � V2 : int Γ, x : int � M : Tε(τ)

Γ � V1 := V2; let x⇐ !V1 in M ∼= V1 := V2; M [V2/x] : Tε∪{r,w}(τ)

Fig. 10. Effect-independent equivalences (2)

discard
Γ � M : Tε1(τ1) Γ � N : Tε2(τ2)

Γ � let x⇐M in N ∼= N : Tε1∪ε2τ2
where ε1 ⊆ {r, a}

copy
Γ � M : Tε(τ) Γ, x : τ, y : τ � N : Tε′(τ ′)

Γ � let x⇐M ; y⇐M in N ∼= let x⇐M ; y⇐val x in N : Tε∪ε′(τ ′)
where {r, a} ∩ ε = ∅ or {w, a} ∩ ε = ∅

swap
Γ � M1 : Tε1(τ1) Γ � M2 : Tε2(τ2) Γ, x1 : τ1, x2 : τ2 � N : Tε3(τ3)

Γ � let x1 ⇐M1; x2 ⇐M2 in N ∼= let x2 ⇐M2; x1 ⇐M1 in N : Tε1∪ε2∪ε3(τ3)
where ε1, ε2 ⊆ {r, a, ⊥} or ε1 ⊆ {a, ⊥}, ε2 ⊆ {r, w, a, ⊥}

dead-try
Γ � M : Tε(τ) Γ � H : Tε′(τ ′) Γ, x : τ � N : Tε′(τ ′)

Γ � try x⇐M catch H in N ∼= try x⇐M catch H \ E in N : Tε∪ε′(τ ′)
where E /∈ ε

Fig. 11. Effect-dependent equivalences

fun sumarray a =
let fun s(n,sofar) = let val v = Array.sub(a,n)

in s(n+1, sofar+v)
end handle Subscript => sofar

in s(0,0)
end

Because the SML source language doesn’t have try, the programmer has made
the handler cover both the array access and the recursive call to the inner func-
tion s. But this would prevent a näıve compiler from recognising that call as
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tail-recursive. In MLj, the intermediate code for s looks like (in MLish, rather
than MIL, syntax):

fun s(n,sofar) =
try val x = try val v = Array.sub(a,n)

catch {}
in s(n+1, sofar+v)
end

catch Subscript => sofar
in x
end

A commuting conversion turns this into

fun s(n,sofar) = try val v = Array.sub(a,n)
catch Subscript => sofar
in try val x = s(n+1, sofar+v)

catch Subscript => sofar
in x
end

end

The effect analysis detects that the recursive call to s cannot, in fact, ever throw
the Subscript exception, so the function is rewritten again to

fun s(n,sofar) = try val v = Array.sub(a,n)
catch Subscript => sofar
in s(n+1, sofar+v)
end

which is tail recursive, and so gets compiled as a loop in the final code for
sumarray.

Making practical use of the swap and copy equations is more difficult – al-
though it is easy to come up with real programs which could be usefully improved
by sequences of rewrites including those equations, it is hard for the compiler to
spot when commuting two computations makes useful progress towards a more
significant rewrite. The most significant effect-based code motion transformation
which we do perform is pulling constant, pure computations out of functions (in
particular, loops), a special case of which is

Γ � M : T∅(τ3) Γ, f : τ1 → Tε∪⊥(τ2), x : τ1, y : τ3 � N : Tε(τ2)

Γ � val (rec f x = let y⇐M in N) ∼= let y⇐M in val (rec f x = N) : T∅(τ1 → Tε(τ2))

where there’s an implied side condition that neither f nor x is free in M . This is
not always an improvement (if the function is never applied), but in the absence
of more information it’s worth doing anyway. Slightly embarassingly, this is not
an equivalence which we have proved correct using the techniques described here,
however.
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One other place where information about which expressions commute could
usefully be applied is in a compiler backend, for example in register allocation.
We haven’t tried this in MLj since a JIT compiler will do its own job of al-
locating real machine registers and scheduling real machine instructions later,
which makes doing a very ‘good’ job of compiling virtual machine code unlikely
to produce great improvements in the performance of the final machine code.

An early version of the compiler also implemented a type-directed uncurrying
transformation, exploiting the isomorphism

τ1 → T∅(τ2 → Tε(τ3)) ∼= τ1 × τ2 → Tε(τ3)

but this can lead to extra work being done if the function is actually partially
applied, so this transformation also seems to call for auxiliary information to be
gathered.

11.5 Effect Masking and Monadic Encapsulation

We have seen that it is not too hard to recast simple effect systems in a monadic
framework. But what is the monadic equivalent of effect masking? The answer
is something like the encapsulation of side-effects provided by runST in Haskell,
but the full connection has not yet been established.

Haskell allows monadic computations which make purely local use of state
to be encapsulated as values with ‘pure’ types by making use of a cunning trick
with type variables which is very similar to the use of regions in effect systems.
Briefly (see Section 5 for more information), the state monad is parameterized
not only by the type of the state s, but also by another ‘dummy’ type variable
r16.

The idea is that the r parameters of types inferred for computations whose
states might interfere will be unified, so if a computation can be assigned a
type which is parametrically polymorphic in r, then its use of state can be
encapsulated. This is expressed using the runST combinator which is given the
rank-2 polymorphic type

runST : ∀s, a.(∀r.(r, s, a)ST) → a

Just as the soundness of effect masking and of the region calculus is hard to
establish, proving the correctness of monadic encapsulation is difficult. Early
attempts to prove soundness of encapsulation for lazy languages via subject
reduction [LS97] are now known to be incorrect.

Semmelroth and Sabry have defined a CBV language with monadic encapsu-
lation, relating this to a language with effect masking and proving type soundness
[SS99]. Moggi and Palumbo have also addressed this problem [MP99], by defin-
ing a slightly different form of monadic encapsulation (explicitly parameterizing
over the monad and its operations) and proving a type soundness result for a
16 Actually, Haskell’s built-in state monad is not parameterized on the type of the state

itself.
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language in which the stateful operations are strict. More recently, a type sound-
ness result for a language with lazy state operations has been proved by Moggi
and Sabry [MS01].

12 Curry-Howard Correspondence and Monads

This section provides a little optional background on a logical reading of the
computational metalanguage and explains the term ‘commuting conversion’.

Most readers will have some familiarity with the so-called Curry-Howard
Correspondence (or Isomorphism, aka the Propositions-as-Types Analogy). This
relates types in certain typed lambda calculi to propositions in intuitionistic
logics, typed terms in context to (natural deduction) proofs of propositions from
assumptions, and reduction to proof normalization. The basic example of the
correspondence relates the simply typed lambda calculus with function, pair
and disjoint union types to intuitionisitic propositional logic with implication,
conjunction and disjunction [GLT89].

It turns out that logic and proof theory can provide helpful insights into
the design of programming languages and intermediate languages. Partly this
seems to be because proof theorists have developed a number of taxonomies and
criteria for ‘well-behavedness’ of proof rules which turn out to be transferable to
the design of ‘good’ language syntax.

The computational metalanguage provides a nice example of the applicability
of proof theoretic ideas [BBdP98,PD01]. If one reads the type rules for the
introduction and elimination of the computation type constructor logically, then
one ends up with an intuitionistic modal logic (which we dubbed ‘CL-logic’)
with a slightly unusual kind of possibility modality, �. In sequent-style natural
deduction form:

Γ � A

Γ � �A
(�I)

Γ � �A Γ, A � �B

Γ � �B
(�E)

Interestingly, not only was (the Hilbert-style presentation of) this logic discov-
ered by Fairtlough and Mendler (who call it ‘lax logic’) in the context of hard-
ware verification [FM95], but it had even been considered by Curry in 1957
[Cur57]! Moreover, from a logical perspective, the three basic equations of the
computational metalanguage arise as inevitable consequences of the form of the
introduction and elimination rules, rather than being imposed separately.

The way in which the β-rule for the computation type constructor arises
from the natural deduction presentation of the logic is fairly straightforward – the
basic step in normalization is the removal of ‘detours’ caused by the introduction
and immediate elimination of a logical connective:

···
A

(�I)�A

[A] · · · [A]···�B
(�E)�B

−→

···
[A] · · ·

···
[A]···�B
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Γ � M : A

Γ � val M : TA Γ, x : A � N : TB

Γ � let x ⇐ val M in N : TB

−→ Γ � N [M/x] : TB

Natural deduction systems can also give rise to a secondary form of normal-
isation step which are necessary to ensure that normal deductions satisfy the
subformula property, for example. These occur when the system contains elimi-
nation rules which have a minor premiss – the minor premiss of (�E) is �B, for
example. (Girard calls this a ‘parasitic formula’ and refers to the necessity for
the extra reductions as ‘the shame of natural deduction’ [GLT89].) In general,
when we have such a rule, we want to be able to commute the last rule in the
derivation of the minor premiss down past the rule, or to move the application
of a rule to the conclusion of the elimination up past the elimination rule into to
the derivation of the minor premiss. The only important cases are moving elim-
inations up or introductions down. Such transformations are called commuting
conversions. The elimination rule for disjunction (coproducts) in intuitionisitic
logic gives rise to commuting conversions and so does the elimination for the �
modality of CL-logic. The restriction on the form of the conclusion of our (�E)
rule (it must be modal) means that the rule gives rise to only one commuting
conversion:

– A deduction of the form

···�A

[A]···�B
(�E)�B

[B]···�C
(�E)�C

commutes to

···�A

[A]···�B

[B]···�C
(�E)�C

(�E)�C

On terms of the computational metalanguage, this commuting conversion in-
duces the ‘let of a let’ associativity rule (with the free variable condition implicit
in the use of Γ ):

Γ � M : TA Γ, y : A � P : TB

Γ � let y ⇐ M in P : TB Γ, x : B � N : TC

Γ � let x ⇐ (let y ⇐ M in P ) in N : TC

−→

Γ � M : TA

Γ, y : A � P : TB Γ, y : A, x : B � N : TC

Γ, y : A � let x ⇐ P in N : TC

Γ � let y ⇐ M in (let x ⇐ P in N) : TC
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Commuting conversions are not generally optimizing tranformations in their
own right, but they reorganise code so as to expose more computationally sig-
nificant β reductions. They are therefore important in compilation, and most
compilers for functional languages perform at least some of them. MLj is some-
what dogmatic in performing all of them, to reach what we call cc-normal form,
from which it also turns out to be particularly straighforward to generate code.
As Danvy and Hatcliff observe [HD94], this is closely related to working with
A-normal forms, though the logical/proof theoretic notion is an older and more
precisely defined pattern.
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Abstract. We describe simple call-by-value and call-by-name abstract
machines, expressed with the help of Felleisen’s evaluation contexts, for
a toy functional language. Then we add a simple control operator and
extend the abstract machines accordingly. We give some examples of
their use. Then, restricting our attention to the sole core (typed) λ-
calculus fragment augmented with the control operator, we give a logical
status to the machinery. Evaluation contexts are typed “on the left”, as
they are directed towards their hole, or their input, in contrast to terms,
whose type is that of their output. A machine state consists of a term
and a context, and corresponds logically to a cut between a formula
on the left (context) and a formula on the right (term). Evaluation,
viewed logically, is cut-elimination: this is the essence of the so-called
Curry-Howard isomorphism. Control operators correspond to classical
reasoning principles, as was first observed by Griffin.
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1 A Simple Call-by-Value Evaluator

Consider the following simple functional programming language, whose data
types are (nonnegative) integers and lists.

M ::= x || n || T || F || nil || ?l || h(l) || t(l) ||M op M
M �→ [ M , M ] ||MM || λx.M || Y f.M .

Here op denotes collectively operations such as addition, multiplication, consing
(notation a·l), or equality test of two integers (notation (m = n)); nil is the empty
list, ?l tests whether l is empty (i.e., ?nil evaluates to T and ?(a · l) evaluates to
F), h(l) and t(l) allow us to retrieve the first element of a list and the rest of the
list, respectively; M �→ [ N , P ] passes control to N (P ) if M evaluates to T (F);
MN is function application; λx.M is function abstraction; finally, Y f.M denotes
a recursive function definition. The more familiar construct (let rec fx =
in rec N) is defined from it as (λf.N)(Y f.(λx.M)).
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Next, we specify an interpreter for the mini-language. The interpreter pro-
gressively transforms the whole program to be evaluated, and at each step main-
tains a pointer to a subprogram, in which the current work is done. Felleisen and
Friedman [4] have formalized this using evaluation contexts, which are programs
with a (single) hole that in our case are built recursively as follows:

E ::= [ ] || E[[ ]M ] || E[M [ ]]
|| E[[ ] op M ] || E[M op [ ]] || E[h([ ])] || E[t([ ])] || E[?[ ]] || E[[ ] �→ [ M , M ]]

The notation should be read as follows: E is a term with a hole, and E[[ ]M ]
is the context whose single occurrence of [ ] has been replaced by [ ]M : thus, in
E[[ ]M ], the external square brackets refer to the hole of E, while the internal
ones refer to the hole of E[[ ]M ]. For example, [ ][[ ]M ] = [ ]M , and if this context
is called E, then E[[ ]N ] = ([ ]N)M . (The above syntax is in fact too liberal, see
exercise 2

The abstract machine rewrites expressions E[N ], that we write 〈N || E 〉 to
stress the interaction (and the symmetry) of terms and contexts. We call such
pairs 〈N || E 〉 states, or commands. The initial command is of the form 〈M || [ ] 〉.
The rules (in call-by-value) are as follows:

〈MN || E 〉 → 〈M || E[[ ]N ] 〉
〈λx.P || E[[ ]N ] 〉 → 〈N || E[(λx.P )[ ]] 〉
〈V || E[(λx.P )[ ]] 〉 → 〈P [x← V ] || E 〉

〈Y f.M || E 〉 → 〈M [f ← Y f.M ] || E 〉

〈M op N || E 〉 → 〈M || E[[ ] op N ] 〉
〈m || E[[ ] op N ] 〉 → 〈N || E[m op [ ]] 〉
〈n || E[m op [ ]] 〉 → 〈m op n || E 〉 (operation performed)

〈 �(M) || E 〉 → 〈M || E[�([ ])] 〉 (� =?, h, t)
〈nil || E[?([ ])] 〉 → 〈 T || E 〉
〈 a · l || E[?([ ])] 〉 → 〈 F || E 〉
〈 a · l || E[h([ ])] 〉 → 〈 a || E 〉
〈 a · l || E[t([ ])] 〉 → 〈 l || E 〉
〈M �→ [ N , P ] || E 〉 → 〈M || E[[ ] �→ [ N , P ] 〉
〈 T || E[[ ] �→ [ N , P ] 〉 → 〈N || E 〉
〈 F || E[[ ] �→ [ N , P ] 〉 → 〈P || E 〉

The first rule amounts to moving the pointer to the left son: thus the evaluator is
also left-to-right. The second rule expresses call-by-value: the argument N of the
function λx.P must be evaluated before being passed to λx.P . In the third rule,
V denotes a value – that is, a function λx.P , an integer n, or a list l which is either
nil or a · l′ where a is a value and l′ is a value (later, we shall add more values)
–, that can be passed, i.e., that can be substituted for the formal parameter x.
The fourth rule allows us to unfold the definition of a recursive function. The
last rules specify the (left-to-right) evaluation of the binary operations, and the
precise meaning of the unary operations ?, h and t, as well as of M �→ [ N , P ].
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Notice that the above system of rules is deterministic, as at each step at most
one rule may apply.

Exercise 1. Characterize the final states, i.e. the states which cannot be rewrit-
ten.

Exercise 2. Design a more restricted syntax for call-by-value evalaution contexts
(hint: replace E[M [ ]] by E[V [ ]], etc...).

Remark 1. The call-by-name abstract machine is slightly simpler. The context
formation rule E[M [ ]] disappears, as well as the third rule above. The only rule
which changes is the rule for λx.P , which is now

〈λx.P || E[[ ]N ] 〉 → 〈P [x← N ] || E 〉

i.e., N is passed unevaluated to the function λx.P . All the other rules stay the
same.

Remark 2. In call-by-name, the left-to-right order of evaluation given by the
rule 〈MN || E 〉 → 〈M || E[[ ]N ] 〉 is forced upon us: we should not attempt to
evaluate N first. But in call-by-value, both M and N have to be evaluated, and
the right-to-left order of evaluation becomes an equally valid strategy. In this
variant, the first three rules are modified as follows:

〈MN || E 〉 → 〈N || E[M [ ]] 〉
〈V || E[M [ ]] 〉 → 〈M || E[[]V ] 〉
〈λx.P || E[[ ]V ] 〉 → 〈P [x← V ] || E 〉

Below, we give a few examples of execution. We first consider a program that
takes a natural number x as input and returns the product of all prime numbers
not greater than x. One supposes given an operation π? that tests its argument
for primality, i.e., π?(n) evaluates to T if n is prime, and to F if n is not prime.
The program is a mere transcription of the specification of the problem:

π× = Y f.λ.n. (n = 1) �→ [ 1 , (π?(n) �→ [ n× f(n− 1) , f(n− 1) ]) ]

Here is the execution of this program with input 4:

〈π×(4) || [ ] 〉 → 〈 (4 = 1) �→ [ 1 , (π?(4) �→ [ 4× π×(4− 1) , π×(4− 1) ]) ] || [ ] 〉
→ 〈π?(4) �→ [ 4× π×(4− 1) , π×(4− 1) ] || [ ] 〉
→ 〈π×(4− 1) || [ ] 〉
→� 〈π×(3) || [ ] 〉
→� 〈 3× π×(3− 1) || [ ] 〉
→� 〈π×(2) || 3× [ ] 〉
→� 〈π×(1) || 3× (2× [ ]) 〉
→� 〈 1 || 3× (2× [ ]) 〉
→ 〈 2 || 3× [ ] 〉
→ 〈 6 || [ ] 〉
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Our next example is the function that takes an integer n and a list l as
arguments and returns l if n does not occur in l, or else the list of the elements
of l found after the last occurrence of n in l. For example, when applied to 3
and 1 · (3 · (2 · (3 · (4 · nil)))), the function returns the list 4 · nil . The following
program for this function makes use of an auxiliary list, that can be called an
accumulator:

F = λn.λl.(Y f.λl1.λl2. ?l1 �→ [ l2 , h(l1) = n �→ [ f t(l1) t(l1) , f t(l1) l2 ] ]) l l

We present the execution of F with inputs 3 and 1 · (3 · (2 · (3 · (4 · nil)))). We
set:

ε = Y f.λl1.λl2.?l1 �→ [ l2 , h(l1) = 3 �→ [ f t(l1) t(l1) , f t(l1) l2 ] ]

We have:

〈 (F 3) (1 · (3 · (2 · (3 · (4 · nil))))) || [ ] 〉
→� 〈 ε (1 · (3 · (2 · (3 · (4 · nil))))) (1 · (3 · (2 · (3 · (4 · nil))))) || [ ] 〉
→� 〈 ε (3 · (2 · (3 · (4 · nil)))) (1 · (3 · (2 · (3 · (4 · nil))))) || [ ] 〉
→� 〈 ε (2 · (3 · (4 · nil))) (2 · (3 · (4 · nil))) || [ ] 〉
→� 〈 ε (3 · (4 · nil)) (2 · (3 · (4 · nil))) || [ ] 〉
→� 〈 ε (4 · nil) (4 · nil) || [ ] 〉
→� 〈 εnil (4 · nil) || [ ] 〉
→� 〈 4 · nil || [ ] 〉

Note that the execution is tail-recursive: the evaluation context remains empty.
This is good for efficiency, but, conceptually, handling the auxiliary list is some-
what “low level”.

Remark 3. Similarly, our first example can be programmed in a tail recursive
way, as

Y f.λ(n, c). n = 1 �→ [ c(1) , f (n− 1, π?(n) �→ [ λp.c(n× p) , c ]) ]

Here, c is an additional parameter, called the continuation, which is a function
from natural numbers to natural numbers. This is the continuation passing style
(CPS). We encourage the reader to run this new program on input (4, λx.x),
and to check that the execution is indeed tail-recursive.

2 Control Operators

We now add two primitive operations, in addition to those of the previous section:

M ::= · · · || κk.M || �E

The second construction allows us to consider, or reflect evaluation contexts
as values (in addition to those considered above). It is then possible to bind a
variable k to a (reflected) context, and thus to memorize and reuse contexts. This
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is what the first construction κk.M does. It exists in programming languages like
SCHEME, where it is written as (call/cc (lambda (k) M))). We add two rules
to the abstract machine:

〈κk.M || E 〉 → 〈M [k ← �E ] || E 〉
〈 �E1 || E2[[ ]N ] 〉 → 〈N || E1 〉

The second rule throws away the current evaluation context E2 and replaces it
with a context E1 captured earlier using the first rule. Note that N is unevaluated
(compare with the rule for λ which swaps function and argument).

We illustrate the new primitives through some examples. First, consider the
function that takes as input a list of integers and returns the product of the
elements of the list. A näıve program for this function is:

Π1 = Y f.λl. ?l �→ [ 1 , h(l)× f(t(l) ]

The execution of this program applied to the list [2,4,3,0,7,8,1,13] involves the
full multiplication 2×(4×(3×(0×(7×(8×(1×13)))))), which is not particularly
perspicuous, given that 0 is absorbing for ×. A better try is:

Π2 = Y f.λl. ?l �→ [ 1 , (h(l) = 0) �→ [ 0 , h(l)× f(t(l) ] ]

Here, the final multiplications by 7, 8, 1, and 13 have been avoided. But the
execution still involves the successive multiplications of 0 by 3, 4, and 2. The
following program, which makes use of the control operator κ, takes care of this:

Π3 = Y f.λl.κk. ?l �→ [ 1 , (h(l) = 0) �→ [ k 0 , h(l)× f(t(l) ] ]

It is easily checked that the execution on the same input [2,4,3,0,7,8,1,13] now
returns 0 without performing any multiplication.

Remark 4. We can reach the same goal (of avoiding any multiplication by 0)
using CPS (cf. Remark 3). The CPS tail-recursive version of Π2 is:

Π4 = Y f.λlλk′′. ?l �→ [ k′′ 1 , (h(l) = 0) �→ [ k′′ 0 , f(t(l))(λx.k′′(h(l)× x)) ] ]

It should be clear how tail-recursiveness is achieved: the additional parameter
k′′ is an abstraction of the stack/context. If k′′ currently stands for E, then
λx.k′′(h(l)×x) stands for E[h(l)× []]. The program Π4 does no better than Π2,
as it does not avoid to multiply by zero back along the recursive calls. But the
following program Π5 avoids this:

Π5 = Y f.λlλk′. ?l �→ [ k′ 1 , (h(l) = 0) �→ [ 0 , f(t(l))(λx.k′(h(l)× x)) ] ]

We owe to Olivier Danvy the following rationale for a smooth transformation
from Π4 to Π5. The program Π4 takes a list and a function from nat (the type
of natural numbers) to nat as arguments and returns a natural number. Now,
natural numbers split into 0 and (strictly) positive numbers, let us write this as
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nat = 0 + nat�. There is a well-known isomorphism between (A + B)→ C and
(A→ C)× (B → C). By all this, we can rewrite Π4 as

Π ′5 = Y f.λlλkλk′. ?l �→ [ k′ 1 , (h(l) = 0) �→ [ k 0 , f(t(l))(λx.k′(h(l)× x)) ] ]

(with k : 0→ nat and k′ : nat� → nat, where (k, k′) represents k′′ : nat→ nat).
We then remark that k is not modified along the recursive calls, hence there is
no need to carry it around. Assuming that k was initially mapping 0 to 0, we
obtain Π5. So, the CPS program Π5 gets rid of k and retains only k′. Quite
dually, we could say that the program Π3 gets rid of k′ (which has the normal
control behaviour) and retains only k (whose exceptional control behaviour is
handled via the κ abstraction).

A similar use of κ abstraction leads to a more “natural” way of programming
the function underlying program F of section 1:

F ′ = λn.λl.κk.(Y f.λl1. ?l1 �→ [nil , (h(l1) = n)
�→ [ k(f(t(l1))) , h(l1) · f(t(l1)) ] ]) l

We set ε′ = Y f.λl1.?l1 �→ [nil , (h(l1) = 3) �→ [ �[](f(t(l1))) , h(l1)·f(t(l1)) ] ]) l,
and we abbreviate 4 · nil as 4. Here is the execution of F ′ on the same input as
above:

〈F ′(3)(1 · (3 · (2 · (3 · 4)))) || [ ] 〉 →� 〈 ε′ (1 · (3 · (2 · (3 · 4)))) || [ ] 〉
→� 〈 ε′ (3 · (2 · (3 · 4))) || 1 · [ ] 〉
→� 〈 �[ ](ε′(2 · (3 · 4))) || 1 · [ ] 〉
→� 〈 ε′(2 · (3 · 4)) || [ ] 〉
→� 〈 4 || [ ] 〉

Exercise 3. [6] Consider a slight variation of the toy language, in which lists are
replaced by binary trees whose leaves are labeled by integers. This is achieved
by reusing the operations ·, h, t, ?, and by removing nil: a tree t is either a
number or is of the form t1 · t2; the meaning of h and t are “left immediate
subtree” and “right immediate subtree”, respectively; ?t is now a function from
trees to a sum type whose values are F or integers, it returns F if t = t1 · t2
and n if t = n. The weight of a tree is computed as follows: w(n) = n, and
w(t1 · t2) = w(t1) + w(t2) + 1. A tree is called well-balanced if t = n, or if
t = t1 · t2 and w(t1) = w(t2) and t1, t2 are well-balanced. Write three programs
for testing if a tree is well-balanced. All programs should traverse the input tree
only once. The second program should save on weight computations, the third
one should also save on successive returns of the negative information that the
tree is not well-balanced. (Hint: for the first two programs, make use of the above
sum type.)

So far, we have only demonstrated how the κ construct allows us to escape
from an evaluation context. The following exercises propose examples where
continuations are passed around in more sophisticated ways. Exercises 5 and 6
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are variations on the theme of coroutines. Coroutines are two programs that
are designed to be executed in an interleaving mode, each with its own stack of
execution. Each program works in turn for a while until it calls the other. Call
them P and Q, respectively. When P calls Q, the execution of P is suspended
until P is called back by Q, and then P resumes its execution in the context it
had reached at the time of its last suspension.

Exercise 4. [11, 12] The following programs illustrate the reuse of evaluation
contexts or continuations. What do they compute?

(κk.λx.k(λy.x + y)) 6
κl.(λ(a, h).h(a + 7))(τ(3, l)) (τ = λ(n, p).κk.(λm.k(m, p))(κq.k(n, q)))

Exercise 5. [12] Consider the following programs:

π = λa.φ(λx.write a; x) and φ = λf.λh.κk.h(fk)

where the new command write applies to a character string, say, ′toto, and is
executed as follows:

〈 write ′toto; M || E 〉 → 〈M || E 〉 !toto

by which we mean that the execution prints or displays toto and then
proceeds. Describe the execution of ((π ′ping)(π ′pong))((π ′ping)(π ′pong)).
Does it terminate? Which successive strings are printed? (Hint: setting P =
(π ′ping)(π ′pong), Va = λh.κk.h((λx..write a; x)k) , and E = [ ]P , here are
some intermediate commands: 〈PP || [ ] 〉 →� 〈V′pong || E[V′ping [ ]] 〉 →� 〈 �E |
| E[[]((λx..write ′pong ; x)�E)] 〉 → 〈 (λx..write ′pong ; x)�E || E 〉.)
Exercise 6. [8] The toy language is extended with references and commands:

M := · · · || let x = ref V in M || !x || x := V ||M ; M

(a variable defined wih the ref construct is called a reference). The machine
states have now a store component (a list S of term/reference associations),
notation 〈M || E 〉S . The evaluation rules are as follows:

〈M || E 〉S → 〈M ′ || E′ 〉S (for all the above rules 〈M || E 〉 → 〈M ′ || E′ 〉
〈 let x = ref V in N || E 〉S → 〈N || E 〉S[x←V ] (x not defined in S)
〈 !x || E 〉S → 〈S(x) || E 〉S
〈x := V || E 〉S → 〈 || E 〉S[x←V ]
〈M ; N || E 〉S → 〈M || E[[];N ] 〉S
〈 || E[[];N ] 〉S → 〈N || E[] 〉S

Write two programs get first and get next that work on a binary tree (cf.
exercise 2) and whose effects are the following: (get first t) returns the value
of the first leave (in left-to-right traversal) of t, and then evaluations of get next
return the values of the leaves of t in turn, suspending the traversal between two
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get next calls. (Hints: define two references and two auxiliary functions start
and suspend that use κ abstraction to store the stack in the respective refer-
ences: start is invoked by get first and get next at the beginning (storing
the context of the caller who communicates with the tree via these get func-
tions), while suspend is invoked when the value of a leaf is returned (storing the
context that will guide the search for the next leave).)

3 Curry-Howard

In this section, we assign typing judgements to terms M , contexts E, and com-
mands c = 〈M || E 〉. We restrict our attention to λ-calculus, extended with
the above control operations. We also switch to call-by-name, for simplicity (cf.
remark 1). In this section, we adopt the alternative notation M · E for E[[ ]M ]
(“push M on top of E considered as a stack”). The resulting syntax is as follows:

M ::= x ||MN || λx.M || κk.M || �E

E ::= [ ] ||M · E
The abstract machine for this restricted language, called λκ-calculus [2], boils
down to the following four rules:

〈MN || E 〉 → 〈M || N · E 〉
〈λx.M || N · E 〉 → 〈M [x← N ] || E 〉
〈κk.M || E 〉 → 〈M [k ← �E ] || E 〉
〈 �E1 ||M · E2 〉 → 〈M || E1 〉

Note that the first rule suggests that the application and the push operation are
redundant. As a matter of fact, we shall remove the application from the syntax
in a short while.

As is well-known, terms are usually typed through judgements Γ � M :
A, where Γ is a sequence x1 : A1, . . . , xn : An of variable declarations, and
where M can also be interpreted as a notation for a proof tree of the sequent
A1, . . . , An � A. Let us recall the notion of sequent, due do the logician Gentzen
(for an introduction to sequent calculus, we refer to, say, [5]). A sequent is given
by two lists of formulas, separated by the sign � (which one reads as “proves”):

A1, . . . , Am � B1, . . . , Bn

The intended meaning is: “if A1 and . . . and Am, then B1 or . . . or Bn”. The Ai’s
are the assumptions, and the Bi’s are the conclusions. Notice that there may be
several formulas on the right of �. In sequent calculus, limiting the right hand
side list to consist of exactly one formula corresponds to intuitionistic logic. As
a hint as to why multiple conclusions have to do with classical reasoning, let
us examine how we can derive the excluded middle ¬A ∨ A (the typical non-
constructive tautology of classical logic) from the very innocuous axiom A � A.
First, we denote false as ⊥, and we encode ¬A as A→ ⊥ (a simple truth-table
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check will convince the reader that the encoding is sensible). Then, we use the
multi-conclusion facility to do a right weakening. Weakening means adding more
assumptions, or more conclusions (or both), its validity corresponds to something
like “one who can do the most can do less”. And finally, one gets the excluded
middle by right implication introduction (see below):

A � A

A � ⊥, A

� ¬A, A

As we shall see, control operators lead us outside of intuitionistic logic, so we
shall adopt unconstrained sequents rightaway.

Sequents may be combined to form proofs, through a few deduction rules.
Here are two of them:

Γ |A � ∆ Γ � A |∆

Γ � ∆

Γ, A � B |∆

Γ � A→ B |∆
The first rule is the cut rule, that can be interpreted backwards as “proving a
theorem with the help of a lemma”: in order to prove ∆ from assumptions Γ ,
we first prove an auxiliary property A, and then prove ∆, taking the auxiliary
property as an additional assumption. The second rule is the one corresponding
to λ-abstraction. Read A → B as a function type. Then a program of type
B depending on a parameter x of type A can be viewed as a function of type
A → B. (The role of the vertical bars in the sequents is explained in the next
paragraph.)

More generally, the Curry-Howard isomorphism says that there is a one-
to-one correspondence between proofs and programs. We shall extend here the
correspondence to let also contexts and commands fit into it. We shall con-
sider three sorts of sequents, corresponding to terms, contexts, and commands,
respectively. They are given in the following table:

. . . , Ai, . . . � B | . . . , Bj , . . .

. . . , Ai, . . . |A � . . . , Bj , . . .
. . . , Ai, , . . . � . . . , Bj , . . .


←→




. . . , xi : Ai, . . . �M : B | . . . , αj : Bj , . . .

. . . , xi : Ai, . . . |E : A � . . . , αj : Bj , . . .
c : (. . . , xi : Ai, . . . � . . . , αj : Bj , . . .)

In the sequents corresponding to terms, one conclusion is singled out as the
current one, and is placed between the � and the vertical bar. Symmetrically,
in the sequents corresponding to contexts, one assumption is singled out as the
current one, and is placed between the vertical bar and the �. Note that a context
is typed on the left: what we type is the hole of the context, that standds for the
input it is wainting for. A command is obtained by cutting a conclusion that is
singled out against an assumption that is singled out, and the resulting sequent
has no conclusion nor assumption singled out.
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We now turn to the typing rules. But we first note that the evaluation rule
for κ is rather complicated: it involves copying the context, and transforming one
of the copies into a term. It turns out that both κk.M and �E can be encoded
simply using a more primitive operation: Parigot’s µ-abstraction [9], which has
the following behaviour:

〈µα.c || E 〉 → c[α← E]

Moreover, the application can also be encoded with the help of the µ abstraction.
The encodings are as follows (cf. also [3]):

�E = λx.µα.〈x || E 〉 (α not free in E)
κk.M = µβ.〈λk.M || �β · β 〉 (β not free in M)
MN = µα.〈M || N · α 〉 (α not free in M, N)

Exercise 7. Check that the encodings simulate the evaluation rules for �E , κk.M ,
and MN .

Exercise 8. Prove the following equality:

(κk.M)N = κk′.M [k ← λm.k′(mN)]N .

More precisely, prove that the encodings of the two sides of this equality have a
common reduct.

Note that the µ operation involves an explicit continuation variable (that may
be bound to a context), while κ does not (it involves an ordinary variable that
may be bound to a term representing a context). We shall give typing rules for
the following more primitive syntax, called λµ-calculus [1]:

M ::= x || λx.M || µα.c
E ::= α ||M · E
c ::= 〈M || E 〉

with the following reduction rules:

〈λx.M || N · E 〉 → 〈M [x← N ] || E 〉
〈µα.c || E 〉 → c[α← E]

Note that in addition to the ordinary variables (x, y, k, k′, . . .), there are now
first-class continuation variables α, in place of the (constant) empty context
(the top-level continuation). We can now revisit the three sorts of typing judge-
ments. All judgements allow us to type an expression containing free ordinary
variables . . . , xi : Ai, . . . and continuation variables . . . , αj : Bj , . . .. The judge-
ments . . . , xi : Ai, . . . �M : B | . . . , αj : Bj , . . ., . . . , xi : Ai, . . . |E : A � . . . , αj :
Bj , . . ., and c : (. . . , xi : Ai, . . . � . . . , αj : Bj , . . .) say that M delivers a value of
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type B, that E accepts a term of type A, and that c is a well-formed command,
respectively. The typing rules are as follows:

Γ |α : A � α : A, ∆ Γ, x : A � x : A |∆

Γ �M : A |∆ Γ |E : B � ∆

Γ | (M · E) : A→ B � ∆

Γ, x : A �M : B |∆

Γ � λx.M : A→ B |∆

c : (Γ � β : B , ∆)

Γ � µβ.c : B |∆

Γ �M : A |∆ Γ |E : A � ∆

〈M || E 〉 : (Γ � ∆)

Let us read the rules logically. The first two rules are variations of the axiom: a
sequent holds if one formula A is both among the assumptions and the conclu-
sions. The following two rules correspond to the introduction of the implication
on the right and on the left: this is typical of sequent calculus style. Let us spell
out the left introduction rule, returning to the old notation E[[ ]M ]. This ex-
pression has two bracketings [ ]: call them the inner hole and the outer hole. If
M has type A, then the inner hole (which is the hole of E[[ ]M ]) must have a
type A → B, hence [ ]M has type B, and the outer hole (which is the hole of
E) must have type B. Thus, sequent calculus’ left introduction is interpreted as
“push M on stacke E”. The rule for µ can be viewed as a sort of coercion: the
sequent to be proved does not vary, but the status of the sequent changes from
having no assumption or conclusion singled out to having one conclusion singled
out, which is a key step in writing a cut. The final rule is the cut rule: 〈M || E 〉
is well-formed when M has the type that E expects.

Remark 5 (for the logically oriented reader). In this typing system, we have left
contraction (e.g., from Γ, A, A � ∆ deduce Γ, A � ∆) and weakening implicit:
weakening is built-in in the two axioms for variables and continuation variables
(when Γ or ∆ or both are non-empty), and contraction is implicit in the “push”
rule (M · E) and in the cut rule (〈M || E 〉).

Beyond the particularity of having a conclusion or an assumption singled
out, the above rules are nothing but the rules of sequent calculus, and the above
encoding of application is the essence of the translation from natural deduction
style to sequent calculus style [5].

Exercise 9. Give a technical contents to the second part of remark 5, by defining
a translation from λ-calculus to λµ-calculus that preserves reductions. (Note that
in the λµ-calculus, the evaluation rules are not deterministic anymore: since
commands are recursively part of the syntax, it makes sense to reduce not only
at the root.)

Now we can derive the typing rules for κk.M and �E :



134 Pierre-Louis Curien

Γ, x : A � x : A |∆ Γ |E : A � ∆

〈x || E 〉 : (Γ, x : A � ∆)

Γ, x : A � µα.〈x || E 〉 : R |∆

Γ � �E : A→ R |∆
Here, R is an arbitrary (fixed) formula/type of results. Note that we have slightly
departed from the typing rules as written above, in order to make the essential
use of weakening explicit: α : R is a fresh variable.

Γ | β : A � ∆, β : A

Γ � �β : A → R | ∆, β : A Γ | β : A � ∆, β : A

Γ | �β ·β : (A → R) → A � ∆, β : A

Γ, k : A → R � M : A | ∆

Γ � λk.M : (A → R) → A | ∆

〈 λk.M || �β · β 〉 : (Γ � ∆, β : A)

Γ � κk.M : A | ∆

The last derivation reveals one of these unexpected mysteries that makes
research so fascinating. The control feature encoded by κ abstraction corresponds
under the Curry-Howard correspondence to reasoning by contradiction, as first
discovered in [7]. Indeed, think of R as ⊥. Then A→ R is ¬A, and

Γ, k : A → R �M : A |∆

Γ � κk.M : A |∆
reads as: “if we can prove A assuming ¬A, then we reach a contradiction, and
hence A is proved”. The implication ((A→ R)→ A)→ A is known as Peirce’s
law. The reader will find related classical reasoning principles in the following
exercise.

Exercise 10. We call the sequents ¬¬A � A and ⊥ � A double negation elimi-
nation and ⊥ elimination, respectively.

(1) Show that Peirce’s law plus ⊥ elimination imply double negation elimination
(hint: apply the contravariance of implication, i.e., if A′ implies A, then A→ B
implies A′ → B).

(2) Show that double negation elimination implies ⊥ elimination (hint: prove
that ⊥ implies ¬¬B).

(3) Show that double negation elimination implies Peirce’s law (hint: use (2)).

Remark 6. Double negation elimination (cf. exercise 10) corresponds to another
control operator, Felleisen’s C, whose behaviour is the following:

〈 C(M) || E 〉 → 〈M || �E · [ ] 〉
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Thus, C(λk.M) is quite similar to κk.M , except that the stack is not copied, but
only captured. The λµ counterpart of C(M) is given by µβ.〈M || �β · α 〉 where
the variables β and α are not free in M ; α can be understood as a name for
the toplevel continuation. The typing, as literally induced by the encoding, is as
follows

Γ �M : (A→ R)→ R |∆

Γ � C(M) : A |α : R, ∆

It looks a little odd, because α is a variable not mentioned in the C construction.
One way out is to assimilate R with ⊥, which amounts to viewing R as the
(unique) type of final results. Then we can remove altogether α : ⊥ from the
judgement (as “∆ or ⊥” is the same as ∆), and obtain:

Γ �M : (A→ ⊥)→ ⊥|∆

Γ � C(M) : A |∆
i.e., “C is double negation elimination” [7].

4 Conclusion

We have shown some basic relations between continuations and control opera-
tors, abstract machines, and sequent caclulus. The connection with logic is lost
when we admit recursion into the language (section 2). But the detour through
logic is extremely useful, as it brings to light a deep symmetry between terms
and contexts.

The λµ calculus can be extracted from the logical considerations and can then
be considered as an untyped calculus per se. An extension of the λµ-calculus that
allows for a completely symmetric account of call-by-name and call-by-value is
presented in [1].
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1 Introduction

Normalization. By “normalization” we mean the process known from proof the-
ory and lambda calculus of simplifying proofs or terms in logical systems. Nor-
malization is typically specified as a stepwise simplification process. Formally,
one introduces a relation red1 of step-wise reduction: E red1 E′ means that E
reduces to E′ in one step, where E and E′ are terms or proof trees.

A “normalization proof” is a proof that a term E can be step-wise reduced
to a normal form E′ where no further reductions are possible. One distinguishes
between “weak” normalization, where one only requires that there exists a reduc-
tion to normal form, and “strong” normalization where all reduction sequences
must terminate with a normal form.

Partial Evaluation. By “partial evaluation” we refer to the process known from
computer science of simplifying a program where some of the inputs are known
(or “static”). The simplified (or “residual”) program is typically obtained by
executing operations which only depend on known inputs. More precisely, given
a program � P : τs × τd → τr of two arguments, and a fixed static argument
s : τs, we wish to produce a specialized program � Ps : τd → τr such that for
all remaining “dynamic” arguments d : τd, eval

(
Ps d

)
= eval

(
P (s, d)

)
. Hence,

running the specialized program Ps on an arbitrary dynamic argument is equiv-
alent to running the original program on both the static and the dynamic ones.
In general we may have several static and several dynamic arguments. Writing
a partial evaluator is therefore like proving an Sm

n -theorem for the programming
language: given a program with m + n inputs, m of which are static (given in
advance) and n are dynamic, the partial evaluator constructs another program
with n inputs which computes the same function of these dynamic inputs as the
original one does (with the static inputs fixed). Of course, the goal is not to
construct any such program but an efficient one!

In a functional language, it is easy to come up with a specialized program Ps:
just take Ps = λd.P (s, d). That is, we simply invoke the original program with
a constant first argument. But this Ps is likely to be suboptimal: the knowledge
of s may already allow us to perform some simplifications that are independent
of d. For example, consider the power function:

power (n, x) rec= if n = 0 then 1 else x × power(n − 1, x)
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Suppose we want to compute the third power of several numbers. We can achieve
this by using the trivially specialized program:

power3 = λx.power(3, x)

But using a few simple rules derived from the semantics of the language, we can
safely transform power3 to the much more efficient

power ′
3 = λx.x × (x × (x × 1))

Using further arithmetic identities, we can easily eliminate the multiplication by
1. On the other hand, if only the argument x were known, we could not simplify
much: the specialized program would in general still need to contain a recursive
definition and a conditional test in addition to the multiplication. (Note that,
even when x is 0 or 1, the function should diverge for negative values of n.)

Partial Evaluation as Normalization. Clearly partial evaluation and normaliza-
tion are related processes. In partial evaluation, one tries to simplify the original
program by executing those operations that only depend on the static inputs.
Such a simplification is similar to what happens in normalization. In a functional
language, in particular, we can view specialization as a general-purpose simpli-
fication of the trivially specialized program λd.P (s, d): contracting β-redexes
and eliminating static operations as their inputs become known. For example,
power 3 is transformed into power ′

3 by normalizing power 3 according to the re-
duction rules mentioned above.

In these lecture notes, we address the question of whether one can apply
methods developed for theoretical purposes in proof theory and lambda cal-
culus to achieve partial evaluation of programs. Specifically, we show how the
relatively recent idea of normalization by evaluation, originally developed by
proof-theorists, provides a new approach to the partial evaluation of functional
programs, yielding type-directed partial evaluation.

Evaluation. By “evaluation” we mean the process of computing the output of
a program when given all its inputs. In lambda calculus “evaluation” means
normalization of a closed term, usually of base type.

It is important here to contrast (a) normalization and partial evaluation
and (b) the evaluation of a complete program. In (a) there are still unknown
(dynamic) inputs, whereas in (b) all the inputs are known.

Normalization by Evaluation (NBE). Normalization by evaluation is based on
the idea that one can obtain a normal form by first interpreting the term in a
suitable model, possibly a non-standard one, and then write a function “reify”
which maps an object in this model to a normal form representing it. The nor-
malization function is obtained by composing reify with the non-standard inter-
pretation function [[−]]:

norm E = reify [[E]]
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We want a term to be convertible (provably equal, in some formal system) to its
normal form

� E = norm E

and therefore we require that reify is a left inverse of [[−]]. The other key property
is that the interpretation function should map convertible terms to equal objects
in the model

if � E = E′ then [[E]] = [[E′]]

because then the normalization function maps convertible terms to syntactically
equal terms

if � E = E′ then norm E = norm E′

It follows that the normalization function picks a representative from each equiv-
alence class of convertible terms

� E = E′ iff norm E = norm E′

If the norm-function is computable, we can thus decide whether two terms are
convertible by computing their normal forms and comparing them.

This approach bypasses the traditional notion of reduction formalized as a
binary relation, and is therefore sometimes referred to as “reduction-free nor-
malization”.

Normalization by evaluation was invented by Martin-Löf [ML75b]. In the
original presentation it just appears as a special way of presenting an ordinary
normalization proof. Instead of proving that every term has a normal form,
one writes a function which returns the normal form, together with a proof
that it actually is a normal form. This way of writing a normalization proof is
particularly natural from a constructive point of view: to prove that there exists
a normal form of an arbitrary term, means to actually be able to compute this
normal form from the term.

Martin-Löf viewed this kind of normalization proof as a kind of normaliza-
tion by intuitionistic model construction: he pointed out that equality (con-
vertibility) in the object-language is modelled by “definitional equality” in the
meta-language [ML75a]. Thus the method of normalization works because the
simplification according to this definitional equality is carried out by the evalua-
tor of the intuitionistic (!) meta-language: hence “normalization by evaluation”.
If instead we work in a classical meta-language, then some extra work would be
needed to implement the meta-language function in a programming language.

Martin-Löf’s early work on NBE dealt with normalization for intuitionistic
type theory [ML75b]. This version of type theory had a weak notion of reduction,
where no reduction under the λ-sign was allowed. This kind of reduction is closely
related to reduction of terms in combinatory logic, and we shall present this case
in Section 2.

Normalization by evaluation for typed lambda calculus with β and η conver-
sion was invented by Berger and Schwichtenberg [BS91]. Initially, they needed a
normalization algorithm for their proof system MINLOG, and normalization by
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evaluation provided a simple solution. Berger then noticed that the NBE pro-
gram could be extracted from a normalization proof using Tait’s method [Ber93].
The method has been refined using categorical methods [AHS95,ČDS98], and
also extended to System F [AHS96] and to include strong sums [ADHS01].

Type-Directed Partial Evaluation (TDPE). Type-directed partial evaluation
stems from the study of “two-level η-expansions”, a technique for making pro-
grams specialize better [DMP95]. This technique had already been put to use to
write a “one-pass” CPS transformation [DF90] and it turned out to be one of
the paths leading to the discovery of NBE [DD98].

Because of its utilization of a standard evaluator for a functional language to
achieve normalization, TDPE at first also appeared as a radical departure from
traditional, “syntax-directed” partial-evaluation techniques. It only gradually
became apparent that the core of TDPE could in fact be seen as a general-
ization of earlier work on λ-MIX [Gom91], a prototypical partial evaluator for
lambda-terms. In particular, the semantic justifications for the two algorithms
are structurally very similar. In these notes we present such a semantic recon-
struction of the TDPE algorithm as an instance of NBE, based on work by
Filinski [Fil99b,Fil01].

Meta-Languages for Normalization by Evaluation and Type-Directed Partial
Evaluation. NBE is based on the idea that normalization is achieved by inter-
preting an object-language term as a meta language term and then evaluating
the latter. For this purpose one can use different meta languages, and we make
use of several such in these notes.

In Section 2 we follow Martin-Löf [ML75b] and Coquand and Dybjer [CD93b]
who used an intuitionistic meta-language, which is both a mathematical language
and a programming language. Martin-Löf worked in an informal intuitionistic
meta-language, where one uses that a function is a function in the intuitionistic
sense, that is, an algorithm. Coquand and Dybjer [CD93b] implemented a for-
mal construction similar to Martin-Löf’s in the meta-language of Martin-Löf’s
intuitionistic type theory using the proof assistant ALF [MN93]. This NBE-
algorithm makes essential use of the dependent type structure of that language.
It is important to point out that the development in Section 2 can be directly
understood as a mathematical description of a normalization function also from
a classical, set-theoretic point of view. The reason is that Martin-Löf type theory
has a direct set-theoretic semantics, where a function space is interpreted classi-
cally as the set of all functions in the set-theoretic sense. However, if read with
classical eyes, nothing guarantees a priori that the constructed normalization
function is computable, so some further reasoning to prove this property would
be needed.

We also show how to program NBE-algorithms using a more standard func-
tional language such as Standard ML. Without dependent types we collect all
object-language terms into one type and all semantic objects needed for the in-
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terpretation into another. With dependent types we can index both the syntactic
sets of terms T(τ) and the semantic sets [[τ ]] by object-language types τ .

Another possibility, not pursued here, is to use an untyped functional lan-
guage as a meta-language. For example, Berger and Schwichtenberg’s first im-
plementation of NBE in the MINLOG system was written in Scheme.

In type-directed partial evaluation one wishes to write NBE-functions which
do not necessarily terminate. Therefore one cannot use Martin-Löf type theory,
since it only permits terminating functions. Nevertheless, the dependent type
structure would be useful here too, and one might want to use a version of
dependent type theory, such as the programming language Cayenne [Aug98],
which allows non-terminating functions. We do not pursue this idea further here
either.

Notation. NBE-algorithms use the interpretation of an object language in a
meta-language. Since our object- and meta-languages are similar (combinatory
and lambda calculi), we choose notations which clearly distinguish object- and
meta-level but at the same time enhance their correspondence. To this end we
use the following conventions.

– Alphabetic object-language constants are written in sans serif and meta-
language constants in roman. For example, SUCC denotes the syntactic suc-
cessor combinator in the language of Section 2 and succ denotes the semantic
successor function in the meta-language.

– For symbolic constants, we put a dot above a meta-language symbol to
get the corresponding object-language symbol. For example, .→ is object-
language function space whereas → is meta-language function space; λ· is
lambda abstraction in the object-language whereas λ is lambda abstraction
in the meta-language.

– We also use some special notations. For example, syntactic application is
denoted by a dot (F ·E) whereas semantic application is denoted by juxta-
position (f e) as usual. Syntactic pairing uses round brackets (E, E′) whereas
semantic pairing uses angular ones 〈e, e′〉.

Plan. The remainder of the chapter is organized as follows.
In Section 2 we introduce a combinatory version of Gödel System T, that is,

typed combinatory logic with natural numbers and primitive recursive function-
als. We show how to write an NBE-algorithm for this language by interpreting it
in a non-standard “glueing” model. The algorithm is written in the dependently
typed functional language of Martin-Löf type theory, and a correctness proof
is given directly inside this language. Furthermore, we show how to modify the
proof of the correctness of the NBE-algorithm to a proof of weak normalization
and Church-Rosser for the usual notion of reduction for typed combinatory logic.
Finally, we show how to implement this NBE-algorithm in Standard ML.

We begin Section 3 by discussing the suitability of the combinatory NBE-
algorithm for the purpose of partial evaluation. We identify some of its short-
comings, such as the need for extensionality. Then we present the pure NBE
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algorithm for the typed lambda calculus with β and η conversion. This algo-
rithm employs a non-standard interpretation of base types as term families.

In Section 4 we turn to type-directed partial evaluation, by which we mean
the application of NBE to partial evaluation in more realistic programming lan-
guages. To this end we extend the pure typed lambda calculus with constants
for arithmetic operations, conditionals, and fixed point computations yielding a
version of the functional language PCF. In order to perform partial evaluation
for this language we need to combine the pure NBE algorithm with the idea of
off-line partial evaluation. We therefore introduce a notion of binding times, that
allows us to separate occurrences of constant symbols in source programs into
“static” and “dynamic” ones: the former are eliminated by the partial-evaluation
process, while the latter remain in the residual code.

Finally, in Section 5, we show how the normalization technique is adapted
from a semantic notion of equivalence based on βη-equality to one based on
equality in the computational λ-calculus, which is the appropriate setting for
call-by-value languages with computational effects.

Background Reading. The reader of these notes is assumed to have some prior
knowledge about lambda calculus and combinators, partial evaluation, functional
programming, and semantics of programming languages, and we therefore list
some links and reference works which are suitable for background reading.

For sections 2 and 3 we assume a reader familiar with combinatory logic and
lambda calculus, including their relationship, type systems, models, and the no-
tions of reduction and conversion. We recommend the following reference books
as background reading. Note of course, that only a few of the basic concepts
described in these books will be needed.

– Lecture notes on functional programming by Paulson [Pau00].
– Several reference articles by Barendregt on lambda calculi and functional

programming [Bar77,Bar90,Bar92].

We use both dependent type theory and Standard ML (SML) as implementation
languages, and assume that the reader is familiar with these languages. Knowl-
edge of other typed functional languages such as OCAML or Haskell is of course
also useful.

– Tutorials on Standard ML can be found at http://cm.bell-labs.com/cm/
cs/what/smlnj/doc/literature.html#tutorials.

– For background reading about OCAML, see the chapter on Objective CAML
by Didier Remy in this volume.

– For background reading about Haskell, see references in the chapter on Mon-
ads and Effects by Nick Benton, John Hughes, and Eugenio Moggi in this
volume.

– For background reading about dependent types, see the chapter on Depen-
dent Types in Programming by Gilles Barthe and Thierry Coquand in this
volume.
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For Sections 4 and 5, we also assume some knowledge of domains and continuous
functions, monads, and continuations.

– A good introduction to domains and their use in denotational semantics is
Winskel’s textbook [Win93].

– For background reading about monads, see the chapter on Monads and Ef-
fects by Nick Benton, John Hughes, and Eugenio Moggi in this volume.

– Three classic articles on continuations are by Reynolds [Rey72], Strachey
and Wadsworth [SW74], and Plotkin [Plo75], although we will not make use
of any specific results presented in those references.

Previous knowledge of some of the basic ideas from partial evaluation, including
the notion of binding time is also useful. Some references:

– The standard textbook by Jones, Gomard, and Sestoft [JGS93].
– Tutorial notes on partial evaluation by Consel and Danvy [CD93a].
– Lecture notes on type-directed partial evaluation by Danvy [Dan98].

Acknowledgments. We gratefully acknowledge the contributions of our APPSEM
2000 co-lecturer Olivier Danvy to these notes, as well as the feedback and sug-
gestions from the other lecturers and students at the meeting.

2 Normalization by Evaluation for Combinators

2.1 Combinatory System T

In this section we use a combinatory version of Gödel System T of primitive
recursive functionals. In addition to the combinators K and S, this language has
combinators ZERO for the number 0, SUCC for the successor function, and REC
for primitive recursion.

The set of types is defined by

� nat type
� τ1 type � τ2 type

� τ1
.→ τ2 type

The typing rules for terms are

�CL E : τ1
.→ τ2 �CL E′ : τ1

�CL E·E′ : τ2

�CL Kτ1τ2 : τ1
.→ τ2

.→ τ1

�CL Sτ1τ2τ3 : (τ1
.→ τ2

.→ τ3) .→ (τ1
.→ τ2) .→ τ1

.→ τ3

�CL ZERO : nat

�CL SUCC : nat .→ nat

�CL RECτ : τ .→ (nat .→ τ .→ τ) .→ nat .→ τ
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We will often drop the subscripts of K, S, and REC, when they are clear from the
context. Furthermore, we let T(τ) = {E | �CL E : τ}.

We now introduce the relation conv of convertibility of combinatory terms.
We usually write �CL E = E′ for E convE′. It is the least equivalence relation
closed under the following rules

�CL F = F ′ �CL E = E′

�CL F ·E = F ′·E′

�CL Kτ1τ2 ·E·E′ = E

�CL Sτ1τ2τ3 ·G·F ·E = G·E·(F ·E)

�CL RECτ ·E·F ·ZERO = E

�CL RECτ ·E·F ·(SUCC·N) = F ·N ·(RECτ ·E·F ·N)

2.2 Standard Semantics

In the standard semantics we interpret a type τ as a set [[τ ]]:

[[τ1
.→ τ2]] = [[τ1]] → [[τ2]]

[[nat]] = N

where N is the set of natural numbers in the meta-language.
The interpretation [[E]] ∈ [[τ ]] of an object E ∈ T(τ) is defined by induction

on E:

[[Kτ1τ2 ]] = λx[[τ1]]. λy[[τ2]]. x

[[Sτ1τ2τ3 ]] = λg[[τ1]]. λf [[τ2]]. λx[[τ3]]. g x (f x)

[[F ·E]] = [[F ]] [[E]]

[[ZERO]] = 0

[[SUCC]] = succ

[[RECτ ]] = rec[[τ ]]

where succ ∈ N → N is the meta-language successor function

succ n = n + 1

and recC ∈ C → (N→C →C)→N→C is the meta-language primitive recursion
operator defined by

recC e f 0 = e

recC e f (succ n) = f n (recC e f n)

Theorem 1. If �CL E = E′ then [[E]] = [[E′]].

Proof. By induction on the proof that �CL E = E′.
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2.3 Normalization Algorithm

The interpretation function into the standard model is not injective and hence
cannot be inverted. For example, both S·K·K and S·K·(S·K·K) denote identity
functions. They are however not convertible, since they are distinct normal forms.
(This follows from the normalization theorem below.)

We can construct a non-standard interpretation where the functions are in-
terpreted as pairs of syntactic and semantic functions:

[[nat]]Gl = N

[[τ1
.→ τ2]]Gl = T(τ1

.→ τ2) × ([[τ1]]Gl → [[τ2]]Gl)

We say that the model is constructed by “glueing” a syntactic and a semantic
component, hence the notation [[−]]Gl. (The glueing technique is also used in
some approaches to partial evaluation [Asa02,Ruf93,SK01].)

Now we can write a function reifyτ ∈ [[τ ]]Gl → T(τ) defined by

reifynat 0 = ZERO

reifynat (succ n) = SUCC·(reifynat n)

reifyτ1
.→τ2

〈F, f〉 = F

and which inverts the interpretation function [[−]]Gl
τ ∈ T(τ) → [[τ ]]Gl:

[[K]]Gl = 〈K, λp. 〈K·(reify p), λq. p〉〉
[[S]]Gl = 〈S, λp. 〈S·(reify p), λq. 〈S·(reify p)·(reify q),

λr. appsem (appsem p r)(appsem q r)〉〉〉
[[F ·E]]Gl = appsem [[F ]]Gl [[E]]Gl

[[ZERO]]Gl = 0

[[SUCC]]Gl = 〈SUCC, succ〉
[[REC]]Gl = 〈REC, λp. 〈REC·(reify p), λq. 〈REC·(reify p)·(reify q),

rec p (λnr. appsem (appsem q n) r)〉〉〉

We have here omitted type labels in lambda abstractions, and used the following
application operator in the model:

appsem 〈F, f〉 q = f q

It follows that the conversion rules are satisfied in this model, for example

[[K·E·E′]]Gl = [[E]]Gl

Theorem 2. If �CL E = E′ then [[E]]Gl = [[E′]]Gl.

The normal form function can now be defined by

norm E = reify [[E]]Gl



Normalization and Partial Evaluation 147

Corollary 1. If �CL E = E′ then norm E = norm E′.

Theorem 3. �CL E = norm E, that is, reify is a left inverse of [[−]]Gl.

Proof. We use initial algebra semantics to structure our proof. A model of Gödel
System T is a typed combinatory algebra extended with operations for interpret-
ing ZERO, SUCC, and REC, such that the two equations for primitive recursion
are satisfied. The syntactic algebra T(τ)/conv of terms under convertibility is
an initial model. The glueing model here is another model. The interpretation
function [[−]]Gl

τ ∈ T(τ)/conv → [[τ ]]Gl is the unique homomorphism from the
initial model: if we could prove that reifyτ ∈ [[τ ]]Gl → T(τ)/conv also is a ho-
momorphism, then it would follow that normτ ∈ T(τ)/conv → T(τ)/conv, the
composition of [[ ]]Gl

τ and reifyτ , is also a homomorphism. Hence it must be equal
to the identity homomorphism, and hence �CL E = norm E.

But reify does not preserve application. However, we can construct a sub-
model of the non-standard model, such that the restriction of reifyτ to this
submodel is a homomorphism. We call this the glued submodel; this construc-
tion is closely related to the glueing construction in category theory, see Lafont
[Laf88, Appendix A].

In the submodel we require that a value p ∈ [[τ ]]Gl satisfies the property Glτ p
defined by induction on the type τ :

– Glnat n holds for all n ∈ N.
– Glτ1

.→τ2 q holds iff for all p ∈ [[τ1]]Gl if Glτ1 p then Glτ2(appsem q p) and
�CL (reify q)·(reify p) = reify (appsem q p)

Notice that this construction can be made from any model, and not only the
term model. In this way we can define the normalization function abstractly over
any initial algebra for our combinatory system T.

Lemma 1. The glued values {p ∈ [[τ1]]Gl | Glτ1p} form a model of Gödel System
T.

Proof. We show the case of K, and leave the other cases to the reader.
Case K. We wish to prove

Glτ1
.→τ2

.→τ1 〈K, λp. 〈K·(reify p), λq. p〉〉

But this property follows immediately by unfolding the definition of Glτ1
.→τ2

.→τ1

and using
�CL K·(reify p)·(reify q) = reify p

Lemma 2. reify is a homomorphism from the algebra of glued values to the
term algebra.

The definition of glued value is such that reify commutes with syntactic
application. The other cases are immediate from the definition.

It now follows that norm is an identity homomorphism as explained above.
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Corollary 2. �CL E = E′ iff norm E = norm E′.

Proof. If norm E = norm E′ then �CL E = E′, by theorem 4. The reverse
implication is theorem 3.

2.4 Weak Normalization and Church-Rosser

We end this section by relating the “reduction-free” approach and the standard,
reduction-based approach to normalization. We thus need to introduce the bi-
nary relation red of reduction (in zero or more steps) for our combinatory version
of Gödel System T. This relation is inductively generated by exactly the same
rules as convertibility, except that the rule of symmetry is omitted.

We now prove weak normalization by modifying the glueing model and re-
placing �CL − = − in the definition of Gl by red:

– Glnat n holds for all n ∈ N.
– Glτ1

.→τ2 q holds iff for all p ∈ [[τ1]]Gl if Glτ1 p then Glτ2(appsem q p) and
(reify q)·(reify p) red (reify (appsem q p))

Theorem 4. Weak normalization: E red norm E and norm E is irreducible.

Proof. The proof of �CL E = norm E is easily modified to a proof that
E red norm E.

It remains to prove that norm E is a normal form (an irreducible term).
A normal natural number is built up by SUCC and ZERO. Normal function
terms are combinators standing alone or applied to insufficiently many normal
arguments. If we let �nf

CL E : τ mean that E is a normal form of type τ we can
inductively define it by the following rules:

�nf
CL ZERO : nat

�nf
CL SUCC : nat .→ nat

�nf
CL E : nat

�nf
CL SUCC·E : nat

�nf
CL K : τ1

.→ τ2
.→ τ1

�nf
CL E : τ1

�nf
CL K·E : τ2

.→ τ1

�nf
CL S : (τ1

.→ τ2
.→ τ3) .→ (τ1

.→ τ2) .→ τ1
.→ τ3

�nf
CL G : τ1

.→ τ2
.→ τ3

�nf
CL S·G : (τ1

.→ τ2) .→ τ1
.→ τ3

�nf
CL G : τ1

.→ τ2
.→ τ3 �nf

CL F : τ1
.→ τ2

�nf
CL S·G·F : τ1

.→ τ3

�nf
CL REC : τ .→ (nat .→ τ .→ τ) .→ nat .→ τ

�nf
CL E : τ

�nf
CL REC·E : (nat .→ τ .→ τ) .→ nat .→ τ
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�nf
CL E : τ �nf

CL F : nat .→ τ .→ τ

�nf
CL REC·E·F : nat .→ τ

Let Tnf(τ) = {E | �nf
CL E : τ} be the set of normal forms of type τ . If we redefine

[[τ1
.→ τ2]]Gl = Tnf(τ1

.→ τ2) × ([[τ1]]Gl → [[τ2]]Gl)

then we can verify that reify and norm have the following types

reifyτ ∈ [[τ ]]Gl → Tnf(τ)

normτ ∈ T(τ) → Tnf(τ)

and hence normτE ∈ Tnf(τ) for E ∈ T(τ).

Corollary 3. Church-Rosser: if E red E′ and E red E′′ then there exists an
E′′′ such that E′ red E′′′ and E′′ red E′′′.

Proof. It follows that �CL E′ = E′′ and hence by theorem 3 that norm E′ =
norm E′′. Let E′′′ = norm E′ = norm E′′ and hence E′ red E′′′ and E′′ red E′′′.

2.5 The Normalization Algorithm in Standard ML

We now show a sample implementation of the above algorithm in a conventional
functional language1. We begin by defining the datatype syn of untyped terms:

datatypedatatypedatatype syn = S
| K
| APP ofofof syn * syn
| ZERO
| SUCC
| REC

We don’t have dependent types in Standard ML so we have to collect all terms
into this one type syn.

We implement the semantic natural numbers using SML’s built-in type int
of integers. The primitive recursion combinator can thus be defined as follows:

(* primrec : ’a * (int -> ’a -> ’a) -> int -> ’a *)

funfunfun primrec (z, s)
= letletlet funfunfun walk 0

= z
| walk n
= letletlet valvalval p = n-1
ininin s p (walk p)
endendend

ininin walk
endendend

1 All the code in these notes is available electronically at http://www.diku.dk/
˜andrzej/papers/NaPE-code.tar.gz
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In order to build the non-standard interpretation needed for the normal-
ization function, we introduce the following reflexive datatype sem of semantic
values:

datatypedatatypedatatype sem = FUN ofofof syn * (sem -> sem)
| NAT ofofof int

The function reify is implemented by

(* reify : sem -> syn *)

funfunfun reify (FUN (syn, _))
= syn

| reify (NAT n)
= letletlet funfunfun reify_nat 0

= ZERO
| reify_nat n
= APP (SUCC, reify_nat (n-1))

ininin reify_nat n
endendend

Before writing the non-standard interpretation function we need some auxiliary
semantic functions:

(* appsem : sem * sem -> sem
succsem : sem -> sem
recsem : ’a * (int -> ’a -> ’a) -> sem -> ’a *)

exceptionexceptionexception NOT_A_FUN

funfunfun appsem (FUN (_, f), arg)
= f arg

| appsem (NAT _, arg)
= raiseraiseraise NOT_A_FUN

exceptionexceptionexception NOT_A_NAT

funfunfun succsem (FUN _)
= raiseraiseraise NOT_A_NAT

| succsem (NAT n)
= NAT (n+1)

funfunfun recsem (z, s) (FUN _)
= raiseraiseraise NOT_A_NAT

| recsem (z, s) (NAT n)
= primrec (z, s) n

And thus we can write the non-standard interpretation function:

(* eval : syn -> sem *)

funfunfun eval S
= FUN (S,

fnfnfn f => letletlet valvalval Sf = APP (S, reify f)
ininin FUN (Sf,
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fnfnfn g => letletlet valvalval Sfg = APP (Sf, reify g)
ininin FUN (Sfg,

fnfnfn x
=> appsem (appsem (f, x),

appsem (g, x)))
endendend)

endendend)
| eval K
= FUN (K,

fnfnfn x => letletlet valvalval Kx = APP (K, reify x)
ininin FUN (Kx,

fnfnfn _ => x)
endendend)

| eval (APP (e0, e1))
= appsem (eval e0, eval e1)

| eval ZERO
= NAT 0

| eval SUCC
= FUN (SUCC,

succsem)
| eval REC
= FUN (REC,

fnfnfn z
=> letletlet valvalval RECz = APP (REC, reify z)

ininin FUN (RECz,
fnfnfn s
=> letletlet valvalval RECzs = APP (RECz, reify s)

ininin FUN (RECzs,
recsem (z,

fnfnfn n
=> fnfnfn c

=> appsem (appsem (s,
NAT n),

c)))
endendend)

endendend)

Finally, the normalization function is

(* norm : syn -> syn *)

funfunfun norm e
= reify (eval e)

How do we know that the SML program is a correct implementation of the
dependently typed (or “mathematical”) normalization function? This is a non-
trivial problem, since we are working in a language where we can write non-
terminating well-typed programs. So, unlike before we cannot use the direct
mathematical normalization proof, but have to resort to the operational or de-
notational semantics of SML. Note in particular the potential semantic compli-
cations of using the reflexive type sem.

Nevertheless, we claim that for any two terms E, E’ : syn which represent
elements of T(τ), norm E and norm E’ both terminate with identical values of
syn iff E and E’ represent convertible terms.
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2.6 Exercises

Exercise 1. Extend NBE and its implementation to some or all of the following
combinators:

I x = x C f x y = f y x
B f g x = f (g x) W f x = f x x

Exercise 2. Extend the datatype sem to have a double (that is, syntactic and
semantic) representation of natural numbers, and modify NBE to cater for this
double representation. Is either the simple representation or the double repre-
sentation more efficient, and why?

Exercise 3. Because ML follows call by value, a syntactic witness is constructed
for each intermediate value, even though only the witness of the final result is
needed. How would you remedy that?

Exercise 4. Where else does ML’s call by value penalize the implementation of
NBE? How would you remedy that?

Exercise 5. Program a rewriting-based lambda calculus reducer and compare it
to NBE in efficiency.

Exercise 6. Implement NBE in a language with dependent types such as
Cayenne.

3 Normalization by Evaluation for the λβη-Calculus

In the next section, we shall see how normalization by evaluation can be exploited
for the practical task of type-directed partial evaluation (TDPE) [Dan98]. TDPE
is not based on the NBE-algorithm for combinators given in the previous section,
but on the NBE-algorithm returning long βη-normal forms first presented by
Berger and Schwichtenberg [BS91]. There are several reasons for this change:

Syntax. Most obviously, SK-combinators are far from a practical programming
language. Although the algorithm extends directly to a more comprehensive
set (e.g., SKBCI-combinators), we still want to express source programs in a
more conventional lambda-syntax with variables. To use any combinator-based
normalization algorithm, we would thus need to convert original programs to
combinator form using bracket abstraction, and then either somehow evaluate
combinator code directly, or convert it back to lambda-syntax (without undoing
normality in the process – simply replacing the combinators with their definitions
would not work!).

Thus, we prefer an algorithm that works on lambda-terms directly. As a
consequence, however, we need to keep track of bound-variable names, and in
particular avoid inadvertent clashes. While this is simple enough to do informally,
we must be careful to express the process precisely enough to be analyzed, while
keeping the implementation efficient.
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Extensionality. As shown by Martin-Löf [ML75b] and by Coquand and Dybjer
[CD93b], the glueing technique from the previous section can also be used for
normalizing terms in a version of lambda-syntax. A problem with both vari-
ants, however, is the lack of extensionality. As we already mentioned, S·K·K and
S·K·(S·K·K) are both normal forms representing the identity function, which is
somewhat unsatisfactory.

Even more problematically, these algorithms only compute weak normal
forms. That is, the notion of conversion does not include (the combinatory analog
of) the ξ-rule, which allows normalization under lambdas. Being able to reduce
terms with free variables is a key requirement for partial evaluation. Consider,
for example, the addition function in pseudo-lambda-syntax (with λ∗ denoting
bracket abstraction),

add = λ∗m.λ∗n.REC·m·(λ∗a.λ∗x.SUCC·x)·n
= λ∗m.REC·m·(K·SUCC)

= S·REC·(K·(K·SUCC))

add·m·n applies the successor function n times to m. Given the reduction equa-
tions REC·b·f ·ZERO = b and REC·b·f ·(SUCC·n) = f ·n·(REC·b·f ·n), we would
hope that a partially applied function such as

λ∗m.add·m·(SUCC·(SUCC·ZERO)) = S·add·(K·(SUCC·(SUCC·ZERO)))

could be normalized into λ∗m.SUCC·(SUCC·m), i.e., eliminating the primitive
recursion. But unfortunately, the combinatory term above is already in normal
form with respect to the rewriting rules for S, K and REC, because all the combi-
nators are unsaturated (i.e., applied to fewer arguments than their rewrite rules
expect). Thus, we cannot unfold computations based on statically known data
when the computation is also parameterized over unknown data.

It is fairly simple to extend the glueing-based normalization algorithms with
top-level free variables; effectively, we just treat unknown inputs as additional,
uninterpreted constants. With this extension the addition example goes through.
However, the problem is not completely solved since we still do not simplify under
internal lambdas in the program. For example, with

mul = λ∗m.λ∗n.REC·ZERO·(λ∗a.λ∗x.add·x·n)·m ,

we would want the open term mul·m·(SUCC·(SUCC·ZERO)) to normalize to
something like

REC·ZERO·(λ∗a.λ∗x.SUCC·(SUCC·x))·m ,

i.e., to eliminate at least the primitive recursion inside add; but again the nec-
essary reductions will be blocked.

Native implementation. A final problem with the glueing-based algorithm is that
the non-standard interpretation of terms differs significantly from the standard



154 Peter Dybjer and Andrzej Filinski

one for function spaces. This means that we have to construct a special-purpose
evaluator; even if we already had an efficient standard evaluator for combinatory
System T, we would not be able to use it directly for the task of normalization.
The same problem appears for lambda-terms: we do have very efficient standard
evaluators for functional programs, but we may not be able to use them if the
interpretation of lambda-abstraction and application is seriously non-standard.

In this section, we present a variant of the Berger and Schwichtenberg NBE
algorithm. (The main difference to the original is that we use a somewhat simpler
scheme for avoiding variable clashes.) Again, we stress that the dimensions of
syntax and convertibility are largely independent: one can also devise NBE-like
algorithms for lambda-syntax terms based on β-conversion only [Mog92]. Like-
wise, it is also perfectly possible to consider βη-convertibility in a combinatory
setting, especially for a different basis, such as categorical combinators [AHS95].
The following (obviously incomplete) table summarizes the situation:

notion of conversion
syntax weak β strong β βη

combinators [CD97] [AHS95]
lambda-terms [ML75b,CD93b] [Mog92] [BS91]

We should also mention that a main advantage with the glueing technique
is that it extends smoothly to datatypes. We showed only how to treat natural
numbers in the previous section, but the approach extends smoothly to arbitrary
strictly positive datatypes such as the datatype of Brouwer ordinals [CD97].
For TDPE it is of course essential to deal with functions on datatypes, and
in Section 4 we show how to deal with this problem by combining the idea of
binding-time separation with normalization by evaluation.

3.1 The Setting: Simply Typed Lambda Calculus

For the purpose of presenting the algorithm, let us ignore for the moment con-
stant symbols and concentrate on pure lambda-terms only. Accordingly, consider
a fixed collection of base types b; the simple types τ are then generated from
those by the rules

� b type

� τ1 type � τ2 type

� τ1
.→ τ2 type

For a typing context ∆, assigning simple types to variables, the well-typed
lambda-terms over ∆, ∆ � E : τ , are inductively generated by the usual rules:

∆(x) = τ

∆ � x : τ

∆, x : τ1 � E : τ2

∆ � λ·xτ1.E : τ1
.→ τ2

∆ � E1 : τ1
.→ τ2 ∆ � E2 : τ1

∆ � E1·E2 : τ2

We write E =α E′ if E′ can be obtained from E by a consistent, capture-avoiding
renaming of bound variables. We introduce the notion of βη-convertibility as a
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judgment � E =βη E′, generated by the following rules, together with reflexivity,
transitivity, symmetry, and α-conversion:

� E1 =βη E′
1 � E2 =βη E′

2

� E1·E2 =βη E′
1·E′

2

� E =βη E′

� λ·x.E =βη λ·x.E′

� (λ·x.E1)·E2 =βη E1[E2/x] � λ·x.E·x =βη E
(x�∈FV (E))

Here E1[E2/x] denotes the capture-avoiding substitution of E2 for free occur-
rences of x in E1 (which in general may require an initial α-conversion of E1;
the details are standard).

Let us also recall the usual notion of βη-long normal form for lambda-terms.
In the typed setting, it is usually expressed using two mutually recursive judg-
ments enumerating terms in normal and atomic (also known as neutral) forms:

∆ �at E : b

∆ �nf E : b

∆, x : τ1 �nf E : τ2

∆ �nf λ·xτ1.E : τ1
.→ τ2

∆(x) = τ

∆ �at x : τ

∆ �at E1 : τ1
.→ τ2 ∆ �nf E2 : τ1

∆ �at E1·E2 : τ2

One can show that any well-typed lambda-term ∆ � E : τ is βη-convertible
to exactly one (up to α-conversion) term Ẽ such that ∆ �nf Ẽ : τ .

3.2 An Informal Normalization Function

The usual way of computing long βη-normal forms is to repeatedly perform β-
reduction steps until no β-redexes remain, and then η-expand the result until
all variables are applied to as many arguments as their type suggests. We now
present an alternative way of computing such normal forms.

Let V be a set of variable names and E be some set of elements suitable for
representing lambda-terms. More precisely, we assume that there exist injective
functions with disjoint ranges,

VAR ∈ V → E LAM ∈ V × E → E APP ∈ E × E → E

Perhaps the simplest choice is to take E as the set of (open, untyped) syn-
tactic lambda-terms. But we could also take V = E = N with some form of
Gödel-coding. More practically, we could take V = E as the set of ASCII strings
or the set of Lisp/Scheme S-expressions. In particular, we do not require that E
does not contain elements other than the representation of lambda-terms.

Remark 1. It would be possible to let E be an object-type-indexed set family,
as in the previous section, rather than a single set. We will not pursue such an
approach for two reasons, though. First, for practical applications, it is impor-
tant that correctness of the algorithm can be established in a straightforward
way even when it is expressed in a non-dependently typed functional language.
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And second, there are additional complications in expressing the normalization
algorithm for the call-by-value setting in the next section in a dependent-typed
setting. The problems have to do with the interaction between computational
effects such as continuations with a dependent type structure; at the time of
writing, we do not have a viable dependently-typed algorithm for that case.

In any case, we can define a representation function �− � from well-formed
lambda-terms with variables from V to elements of E by

�x� = VARx �λ·xτ.E� = LAM〈x, �E�〉 �E1·E2
� = APP〈�E1

�, �E2
�〉

(Note that we do not include the type tags for variables in representations of
lambda-abstraction; the extension to do this is completely straightforward. See
Exercise 7.) Because of the injectivity and disjointness requirements, for any
e ∈ E, there is then at most one E such that �E� = e.

We now want to construct a residualizing interpretation, such that from the
residualizing meaning of a term, we can extract its normal form, like before.
Moreover, we want to interpret function types as ordinary function spaces. A
natural first try at such an interpretation would thus be to assign to every type
τ a set [[τ ]]r as follows:

[[b]]r = E

[[τ1
.→ τ2]]r = [[τ1]]r → [[τ2]]r

The interpretation of terms is then completely standard: let ρ be a ∆-
environment, that is, a function assigning an element of [[τ ]]r to every x with
∆(x) = τ . Then we define the residualizing meaning of a well-typed term
∆ � E : τ as an element [[E]]rρ ∈ [[τ ]]r by structural induction:

[[x]]rρ = ρ (x)

[[λ·xτ.E]]rρ = λa[[τ ]]r. [[E]]rρ[x�→a]

[[E1·E2]]rρ = [[E1]]rρ [[E2]]rρ

This turns out to be a good attempt: for any type τ , it allows us to construct
the following pair of functions, conventionally called reification and reflection:

↓τ ∈ [[τ ]]r → E

↓b = λtE. t

↓τ1
.→τ2 = λf [[τ1]]r→[[τ2]]r.LAM〈v, ↓τ2 (f (↑τ1 (VARv)))〉 (v ∈ V, “fresh”)

↑τ ∈ E → [[τ ]]r

↑b = λeE.e

↑τ1
.→τ2 = λeE.λa[[τ1]]r.↑τ2 (APP〈e, ↓τ1 a〉)

Reification extracts a syntactic representation of a term from its residualizing
semantics (as in the combinatory logic algorithm). Conversely, reflection wraps



Normalization and Partial Evaluation 157

up a piece of syntax to make it act as an element of the corresponding type
interpretation.

Together, these functions allow us to extract syntactic representations of
closed lambda-terms from their denotations in the residualizing interpretation.
For example,

↓(b .→b) .→b
.→b [[λ·s.λ·z.s·(s·z)]]r∅ = ↓(b .→b) .→b

.→b (λφ.λa.φ(φa))
= LAM〈x1, ↓b

.→b ((λφ.λa.φ(φa))(↑b
.→b (VARx1)))〉

= LAM〈x1, ↓b
.→b ((λφ.λa.φ(φa))(λa.APP〈VARx1, a〉))〉

= LAM〈x1, ↓b
.→b (λa.APP〈VARx1, APP〈VARx1, a〉〉)〉

= LAM〈x1, LAM〈x2, (λa.APP〈VARx1, APP〈VARx1, a〉〉)(VARx2)〉〉
= LAM〈x1, LAM〈x2, APP〈VARx1, APP〈VARx1, VARx2〉〉〉〉

where we have arbitrarily chosen the fresh variable names x1, x2 ∈ V in the
definition of reification at function types. Note that all the equalities in this
derivation express definitional properties of functional abstraction and applica-
tion in our set-theoretic metalanguage, as distinct from formal convertibility in
the object language.

Given this extraction property for normal forms, it is now easy to see that
↓τ [[−]]r must be a normalization function, because βη-convertible terms have the
same semantic denotation. Thus, for example, we would have obtained the same
syntactic result if we had started instead with ↓ [[λ·s.(λ·r.λ·z.r·(s·z))·(λ·x.s·x)]]r∅.

3.3 Formalizing Unique Name Generation

On closer inspection, our definition of reification above is mathematically unsat-
isfactory. The problem is the “v fresh” condition: what exactly does it mean?
Unlike such conditions as “x does not occur free in E”, it is not even locally
checkable whether a variable is fresh; freshness is a global property, defined with
respect to a term that may not even be fully constructed yet.

Needless to say, having such a vague notion at the core of an algorithm is
a serious impediment to any formal analysis; we need a more precise way of
talking about freshness. The concept can in fact be characterized rigorously
in a framework such as Fraenkel-Mostowski sets, and even made accessible to
the programmer as a language construct [GP99]. However, such an approach
removes us a level from a direct implementation in a traditional, widely available
functional language.

Instead, we explicitly generate non-clashing variable names. It turns out that
we can do so fairly simply, if instead of working with individual term represen-
tations, we work with families of α-equivalent representations. The families will
have the property that it is easy to control which variable names may occur
bound in any particular member of the family. (This numbering scheme was
also used by Berger [Ber93] and is significantly simpler than that in the original
presentation of the algorithm [BS91].)
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Definition 1. Let {g0, g1, g2, . . . } ⊆ V be a countably infinite set of variable
names. We then define the set of term families,

Ê = N → E

together with the wrapper functions

V̂AR ∈ V → Ê = λv.λi.VARv

L̂AM ∈ (V → Ê) → Ê = λf.λi.LAM〈gi, f gi (i + 1)〉

ÂPP ∈ Ê × Ê → Ê = λ〈e1, e2〉.λi.APP〈e1 i, e2 i〉

We can construct term families using only these wrappers, then apply the
result to a starting index i0 and obtain a concrete representative not using any
gi’s with i < i0 as bound variables. For example,

(L̂AM(λv1. L̂AM(λv2.ÂPP(V̂ARv2, ÂPP(V̂ARv2, V̂ARv1))))7 = · · ·
= LAM〈g7, LAM〈g8, APP〈VARg7, APP〈VARg7, VARg8〉〉〉〉

In general, each bound variable will be named gi where i is the sum of the
starting index and the number of lambdas enclosing the binding location. (This
naming scheme is sometimes known as de Bruijn levels – not to be confused with
de Bruijn indices, which assign numbers to individual uses of variables, not to
their introductions.)

We now take for the residualizing interpretation,

[[b]]r = Ê

[[τ1
.→ τ2]]r = [[τ1]]r → [[τ2]]r

and define corresponding reification and reflection functions:

↓τ ∈ [[τ ]]r → Ê

↓b = λtÊ. t

↓τ1
.→τ2 = λf [[τ1]]r→[[τ2]]r. L̂AM(λvV.↓τ2 (f (↑τ1 (V̂ARv))))

↑τ ∈ Ê → [[τ ]]r

↑b = λeÊ.e

↑τ1
.→τ2 = λeÊ.λa[[τ1]]r.↑τ2 (ÂPP〈e, ↓τ1 a〉)

Finally we can state,

Definition 2. We define the normalization function norm as follows: For any
well-typed closed term � E : τ , normE is the unique Ẽ (if it exists) such that
�Ẽ� = ↓τ [[E]]r∅ 0.

Theorem 5 (Correctness). We formulate correctness of norm as three crite-
ria:
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1. norm is total and type preserving: for any � E : τ , normE denotes a well-
defined Ẽ, and � Ẽ : τ . Moreover, Ẽ is in normal form, �nf Ẽ : τ .

2. � normE =βη E.
3. If � E =βη E′ then normE = normE′.

Several approaches are possible for the proof. Perhaps the simplest proceeds as
follows: If Ẽ is already in normal form, then it is fairly simple to show that
normẼ =α Ẽ. (This follows by structural induction on the syntax of normal
forms; the only complication is keeping track of variable renamings.) Moreover,
as we observed in the informal example with “magic” fresh variables, if E =βη Ẽ
then [[E]]r∅ = [[Ẽ]]r∅, and hence normE = normẼ =α Ẽ directly by the definition
of norm. All the claims of the theorem then follow easily from the (non-trivial)
fact that every term is βη-equivalent to one in normal form.

3.4 Implementation

An SML implementation of the λβη-normalizer is shown in Figure 1. Note that,
unlike in the combinatory case, the central function eval is essentially the same
as in a standard interpreter for a simple functional language. In the next section,
we will see how we can take advantage of this similarity, by replacing the custom-
coded interpretation function with the native evaluator of a functional language.

4 Type-Directed Partial Evaluation for Call-by-Name

In this section, we will see how the general idea of normalization by evaluation
can be exploited for the practical task of type-directed partial evaluation (TDPE)
of functional programs [Dan98]. The main issues addressed here are:

Interpreted constants. A problem with the NBE algorithm for the pure λβη-
calculus given in the previous section is that it is not clear how to extend it to,
for example, System T, where we need to deal with primitive constants such
as primitive recursion. Clearly, we cannot expect to interpret nat standardly,
as we did for the combinatory version of System T: we cannot expect that
all extensionally indistinguishable functions from natural numbers to natural
numbers have the same normal form.

To recover a simple notion of equivalence, we need to introduce an explicit
notion of binding times in the programs. That is, we must distinguish clearly
between the static subcomputations, which should be carried out during nor-
malization, and the dynamic ones, that will only happen when the normalized
program itself is executed.

An offline binding-time annotation allows us to determine which parts of
the program are static, even without knowing the actual static values. We can
then distinguish between static and dynamic occurrences of operators, with their
associated different conversion rules. This distinction will allow us to re-introduce
interpreted constants, including recursion.
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datatypedatatypedatatype term =
VAR ofofof string | LAM ofofof string * term | APP ofofof term * term

typetypetype termh = int -> term

funfunfun VARh v = fnfnfn i => VAR v
funfunfun LAMh f =

fnfnfn i => letletlet valvalval v = "x" ˆ Int.toString i ininin LAM (v, f v (i+1)) endendend
funfunfun APPh (e1, e2) = fnfnfn i => APP (e1 i, e2 i)

datatypedatatypedatatype sem =
TM ofofof termh | FUN ofofof sem -> sem

funfunfun eval (VAR x) r = r x
| eval (LAM (x, t)) r =

FUN (fnfnfn a => eval t (fnfnfn x’ => ififif x’ = x thenthenthen a elseelseelse r x’))
| eval (APP (e1, e2)) r =

letletlet valvalval FUN f = eval e1 r ininin f (eval e2 r) endendend

datatypedatatypedatatype tp =
BASE ofofof string | ARROW ofofof tp * tp

funfunfun reify (BASE _) (TM e) = e
| reify (ARROW (t1, t2)) (FUN f) =

LAMh (fnfnfn v => reify t2 (f (reflect t1 (VARh v))))
andandand reflect (BASE _) e = TM e

| reflect (ARROW (t1, t2)) e =
FUN (fnfnfn a => reflect t2 (APPh (e, reify t1 a)))

funfunfun norm t e =
reify t (eval e (fnfnfn x => raiseraiseraise Fail ("Unbound: " ˆ x))) 0

valvalval test =
norm (ARROW (ARROW (BASE "a", BASE "b"), ARROW (BASE "a", BASE "b")))

(LAM ("f", LAM ("x", APP (LAM ("y", APP (VAR "f", VAR "y")),
APP (VAR "f", VAR "x")))));

(* val test =
LAM ("x0",LAM ("x1",APP (VAR "x0",APP (VAR "x0",VAR "x1")))) : term *)

Fig. 1. An implementation of the λβη-normalizer in SML

Recursion. When we want to use NBE for conventional functional programs,
we get an additional complication in the form of unrestricted recursion. While
many uses of general recursion can be replaced with suitable notions of primitive
recursion, this is unfortunately not the case for one of the primary applications
of partial evaluation, namely programming-language interpreters: since the in-
terpreted program may diverge, the interpreter cannot itself be a total function
either.

In fact, normalization of programs with interpreted constants is often ex-
pressed more naturally with respect to a semantic notion of equivalence, rather
than syntactic βη-convertibility with additional rules. And in particular, to
properly account for general recursion, it becomes natural to consider domain-
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theoretic models for both the standard and the non-standard interpretations,
rather than purely set-theoretic ones.

4.1 The Setting: A Domain-Theoretic Semantics of PCF

Our prototypical functional language has the following set of well-formed types,
�Σ σ type:

b ∈ Σ

�Σ b type

�Σ σ1 type �Σ σ2 type

�Σ σ1
.→ σ2 type

where the signature Σ contains a collection of base types b. (Note that the
change from τ to σ as a metavariable for object types, and ∆ to Γ for typing
contexts below, is deliberate, in preparation for the next section.) Although we
are limiting ourselves to base and function types for conciseness, adding finite-
product types would be straightforward.

Each base type b is equipped with a countable collection of literals (numer-
als, truth values, etc.) Ξ(b). These represent the observable results of program
execution.

A typing context Γ is a finite mapping of variable names to well-formed types
over Σ. Then the well-typed Σ-terms over Γ , Γ �Σ E : σ, are much as before:

l ∈ Ξ(b)
Γ �Σ l : b

Σ(cσ1,...,σn) = σ

Γ �Σ cσ1,...,σn : σ

Γ (x) = σ

Γ �Σ x : σ

Γ, x : σ1 �Σ E : σ2

Γ �Σ λ·xσ1.E : σ1
.→ σ2

Γ �Σ E1 : σ1
.→ σ2 Γ �Σ E2 : σ1

Γ �Σ E1·E2 : σ2

Here x ranges over a countable set of variables, and c over a set of function
constants in Σ. Note that some constants, such as conditionals, are actually poly-
morphic families of constants. We must explicitly pick out the relevant instance
using type subscripts. We say that a well-typed term is a complete program if it
is closed and of base type.

Since we want to model general recursion, we use a domain-theoretic model
instead of a simpler set-theoretic one. (However, it is possible to understand most
of the following constructions by ignoring the order structure and continuity, and
simply thinking of domains as sets; only the formal treatment of fixpoints suffers
from such a simplification.)

Accordingly, we say that an interpretation of a signature Σ is a triple I =
(B,L, C). B maps every base type b in Σ to a predomain, that is, a possibly
bottomless cpo, usually discretely ordered. Then we can interpret every type
phrase σ over Σ as a domain (pointed cpo):

[[b]]I = B(b)⊥
[[σ1

.→ σ2]]I = [[σ1]]I →c [[σ2]]I

(For any cpo A, we write A⊥ = A ∪ {⊥} for its lifting, where the additional
element ⊥ signifies divergence. The interpretation of function types is the usual
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continuous-function space. Since we only deal with continuous functions in the
semantics, we generally omit the subscript c from now on.)

Then, for any base type b and literal l ∈ Ξ(b), the interpretation must specify
an element Lb(l) ∈ B(b); and for every type instance of a polymorphic constant,
an element C(cσ1,...,σn) ∈ [[Σ(cσ1,...,σn)]]I . For simplicity, we assume that Lb is
surjective, that is, that every element of B(b) is denoted by a literal.

We interpret a typing assignment Γ as a labelled product:

[[Γ ]]I =
∏

x∈dom Γ

[[Γ (x)]]I

(Note that this is now a finite product of domains, ordered pointwise, i.e., ρ � ρ′

iff ∀x ∈ dom Γ. ρx �Γ (x) ρ′ x.)
To make a smooth transition to the later parts, let us express the semantics

of terms with explicit reference to the lifting monad (−⊥, η⊥ , �⊥), where η⊥ a is
the inclusion of a ∈ A into A⊥, and t �⊥ f is the strict extension of f ∈ A→B⊥
applied to t ∈ A⊥, given by ⊥A �⊥ f = ⊥B and (η⊥ a) �⊥ f = f a. We then
give the semantics of a term Γ � E : τ as a (total) continuous function [[E]]I ∈
[[Γ ]]I → [[τ ]]I :

[[l]]I ρ = η⊥ (Lb(l))

[[cσ1,...,σn ]]I ρ = C(cσ1,...,σn)

[[x]]I ρ = ρx

[[λ·xσ.E]]I ρ = λa[[σ]]I. [[E]]I (ρ[x 
→a])

[[E1·E2]]I ρ = [[E1]]I ρ([[E2]]I ρ)

Finally, given an interpretation I of Σ we define the partial function returning
the observable result of evaluating a complete program:

evalI ∈ {E | �Σ E : b} ⇀ Ξ(b)

by

evalI E =
{

l if [[E]]I ∅ = η⊥ (Lb(l))
undefined if [[E]]I ∅ = ⊥

where ∅ is the empty environment.

Definition 3 (standard static language). We define a simple functional lan-
guage (essentially PCF [Plo77]) by taking the signature Σs as follows. The base
types are int and bool; the literals, Ξ(int) = {. . . , -1, 0, 1, 2, . . . } and Ξ(bool) =
{true, false}; and the constants,

+,−,× : int .→ int .→ int
=, < : int .→ int .→ bool

ifσ : bool .→ σ .→ σ .→ σ
fixσ : (σ .→ σ) .→ σ

(We use infix notation for applications of binary operations, for example, x + y
instead of +·x·y.)
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Similarly, the standard interpretation of this signature is also as expected:

Bs(bool) = B = {true, false}
Bs(int) = Z = {. . . ,−1, 0, 1, 2, . . . }

Cs(�) = λxZ⊥.λyZ⊥.x �⊥ λn.y �⊥ λm.η⊥ (m � n) 
∈{+,−,×,=,<}

Cs(ifσ) = λxB⊥.λa
[[σ]]
1 .λa

[[σ]]
2 .x �⊥ λb. if b then a1 else a2

Cs(fixσ) = λf [[σ]]→[[σ]].
⊔

i∈ω
f i ⊥[[σ]]

(where the conditional if b then x else y chooses between x and y based on the
truth value b.)

It is well known (computational adequacy of the denotational semantics for
call-by-name evaluation [Plo77]) that with this interpretation, evalIs is com-
putable.

Remark 2. This PCF semantics differs from the standard semantics of Haskell
in that there is no extra lifting of function types; Haskell would have [[τ1

.→
τ2]] = ([[τ1]] → [[τ2]])⊥. One can show that this makes no difference, as long as we
cannot observe termination at higher types. That is, with the typing restriction
on complete programs, our denotational semantics is actually computationally
adequate whether we evaluate programs in PCF or in Haskell.

Note that being able to observe termination at higher types breaks the va-
lidity of η-conversion as a semantic equivalence (λ·x.f ·x and f become opera-
tionally distinguishable when f can be replaced with a non-terminating term),
for no clear gain in convenience or expressive power.

4.2 Binding-Time Separation and Static Normal Forms

For partial evaluation, we distinguish between operations that can be performed
knowing only the static input, and those that also require dynamic data. A par-
ticularly useful way of making this distinction is through an off-line binding-time
annotation (BTA), where knowledge about which arguments to a program’s top-
level function will be static, and which will be dynamic, is propagated throughout
the program in a separate phase. Note that this can be done without knowing
the actual values of the static arguments.

The annotation can either be performed by a program (so called binding-time
analysis), or explicitly by the programmer as the program is written. The latter
is quite practical when the usage pattern is fixed – for example, an interpreter
may be specialized with respect to a program, but practically never with respect
to the program’s input data.

Traditional binding-time annotations for typed languages are often expressed
in terms of two-level types [NN88], where types and type constructors (such
as function spaces and products) are annotated as static or dynamic. Type-
directed partial evaluation is unusual in that the binding-time annotations are
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expressed in an essentially standard type system, which allows the annotations
to be verified by an ML type checker. It also means that the annotated programs
remain directly executable.

Specifically, BTA in TDPE is performed by expressing the program as a term
over a binding-time separated signature, where the declarations of base types and
constants are divided into a static and a dynamic part. That is, Σ = Σs ∪ Σd

where each of Σs and Σd is itself a signature. Following the tradition, we will
write type and term constants from the static part overlined, and the dynamic
ones underlined.

For simplicity, we require that the dynamic base types do not come with
any new literals, that is, Ξ(b) = ∅. (If needed, they can be added as dynamic
constants.) However, some base types will be persistent, that is, have both static
and dynamic versions with the same intended meaning. In that case, we also
include lifting functions

$b : b .→ b

in the dynamic signature.
We say that a type τ is fully dynamic if it is constructed from dynamic base

types only:
b ∈ Σd

b dtype
τ1 dtype τ2 dtype

τ1
.→ τ2 dtype

We also reserve ∆ for typing assumptions assigning fully dynamic types to all
variables. All term constants in Σd must have fully dynamic types, and in par-
ticular, polymorphic dynamic constants must only be instantiated by dynamic
types, ensuring that the type of every instance is fully dynamic, for example,
Σd(ifτ ) = bool .→ τ .→ τ .→ τ . On the other hand, constants from Σs can be
instantiated at both static and dynamic types.

We will always take the language from Definition 3 with the standard seman-
tics Is = (Bs,L, Cs) as the static part. The dynamic signature typically also has
some intended evaluating interpretation Ie

d; in particular, when Σd is merely a
copy of Σs, we can use Is directly for Ie

d (interpreting all lifting functions as iden-
tities). Later, however, we will also introduce a “code-generating”, residualizing
interpretation of the dynamic signature.

Example 1. Given the functional term

power : ι .→ ι .→ ι ≡ λ·xι.fixι
.→ι·(λ·pι

.→ι.λ·nι. ifι·(n = 0)·1·(x × p·(n − 1)))

(abbreviating int as ι), we can binding-time annotate it in four different ways,
depending on which arguments will be statically known:

powerss : ι .→ ι .→ ι ≡ λ·xι.fixι
.→ι·(λ·pι

.→ι.λ·nι. ifι·(n = 0)·1·(x × p·(n − 1)))

powersd : ι .→ ι .→ ι ≡ λ·xι.fixι
.→ι·(λ·pι

.→ι.λ·nι. ifι·(n = $·0)·($·1)·($·x × p·(n − $·1)))

powerds : ι .→ ι .→ ι ≡ λ·xι.fixι
.→ι·(λ·pι

.→ι.λ·nι. ifι·(n = 0)·($·1)·(x × p·(n − 1)))

powerdd : ι .→ ι .→ ι ≡ λxι.fixι
.→ι·(λ·pι

.→ι.λ·nι. ifι·(n = $·0)·($·1)(x × p·(n − $·1)))
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Note how the fixed-point and conditional operators are classified as static or
dynamic, depending on the binding time of the second argument.

Some of the usual concerns of binding-time annotation arise for TDPE as
well: for example, an unannotated term such as (d+3)+s, where d is a dynamic
variable and s a static one, must be annotated as (x+$·3)+$·s. That is, neither of
the additions can be performed even with knowledge of s’s value. Had we instead
written the term as d + (3 + s), we could annotate it as d + $·(3 + s), allowing
the second addition to be eliminated at specialization time. Such rewritings are
called binding-time improvements.

In keeping with the idea that computations involving dynamic constants
should be left in the normalized program, we introduce a new notion of program
equivalence, compatible with any future interpretation of the dynamic operators:

Definition 4 (Static Equivalence). We say that E and E′ are statically
equivalent (wrt. a given static interpretation Is of Σs), written Is � E = E′,
if for every interpretation Id of Σd, [[E]]Is∪Id = [[E′]]Is∪Id .

(More generally, one can imagine an intermediate between static and dynamic
constants: we may consider equivalence in all interpretations of Σd satisfying
some additional constraints [Fil01].)

Note that static equivalence includes not only full βη-convertibility, but also
equalities involving static constants, such as Is � fix·f = f ·(fix·f). However, in
the particular case where the static signature contains no term constants, one
can show that static equivalence coincides with βη-convertibility. (This is known
as Friedman’s completeness theorem for the full continuous type frame [Mit96,
Theorem 8.4.6].)

4.3 A Residualizing Interpretation

To normalize a term with respect to static equivalence, we first adjust our syn-
tactic characterization of normal forms: we allow constants from the dynamic
signature only, and all literals must appear as arguments to $. That is, we add
the following two rules for atomic forms:

Σd(cτ1,...,τn) = τ

∆ �at cτ1,...,τn : τ

l ∈ Ξ(b)
∆ �at $b·l : b

Also, corresponding to our extension of the language, we assume that in addi-
tion to VAR, LAM, and APP, we have two further syntax-constructor functions
(again with ranges disjoint from those of the others),

CST ∈ V → E LITb ∈ Bs(b) → E (for each b in Σd)

As we only need to represent programs in normal form, we extend the represen-
tation equations as follows:

�cτ1,...,τn

� = CSTc �$b·l� = LITb (Lb(l))
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(For simplicity, we assume that elements of V can also be used to represent
constant names. Also, we omit type tags in the generated representation of con-
stants; like for lambda-abstraction, adding them is straightforward.)

Moreover, since we are working with domains, we need to take into account
the possibility of nontermination at normalization time; that is, the reification
function may need to return a ⊥-result. Thus we take

Ê = Z⊥ → E⊥

where E is our set of term representations viewed as a discrete cpo. Elements
of Ê are ordered pointwise, that is e � e′ iff for all i ∈ Z⊥, ei = ⊥ or ei = e′ i.
For the purpose of the semantic presentation, we could have used N instead of
Z⊥ (Ê would still be a pointed cpo with that choice), but we will make use of
the revised definition in Section 4.4: unlike N → E⊥, Z⊥ → E⊥ is actually the
denotation of a type in our standard static signature.

Correspondingly, we define our new wrapper functions taking lifting into
account:

L̂ITb ∈ Bs(b)⊥ → Ê = λd. λi. d �⊥ λn.η⊥ (LITb n)

ĈST ∈ V⊥ → Ê = λd. λi. d �⊥ λv.η⊥ (CSTv)

V̂AR ∈ V⊥ → Ê = λd. λi. d �⊥ λv.η⊥ (VARv)

L̂AM ∈ (V⊥ → Ê) → Ê =

λf. λi. i �⊥ λj.f (η⊥ gj)(η⊥ (j + 1)) �⊥ λl.η⊥ (LAM〈gj , l〉)

ÂPP ∈ Ê × Ê → Ê = λ〈e1, e2〉.λi.e1 i �⊥ λl1.e2 i �⊥ λl2.η⊥ (APP〈l1, l2〉)

For the residualizing interpretation on types, we now specify

Br
d(b) = Ê

Together with the standard interpretation of the static base types, this deter-
mines the semantics of any type σ over Σs ∪ Σd.

The reification functions can be written exactly as before: for any dynamic
type τ , we define a pair of continuous functions by induction on the structure
of τ :

↓τ ∈ [[τ ]]Is∪Ir
d → Ê

↓b = λt. t

↓τ1
.→τ2 = λf. L̂AM(λv.↓τ2 (f (↑τ1 (V̂ARv))))

↑τ ∈ Ê → [[τ ]]Is∪Ir
d

↑b = λe.e

↑τ1
.→τ2 = λe.λa.↑τ2 (ÂPP(e, ↓τ1 a))
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Finally, we can construct the residualizing interpretation of terms. Again, we
give only the interpretation of Σd’s term constants; the semantics of lambda-
abstraction and application are fixed by the semantic framework. We take:

Cr
d(cτ1,...,τn

) = ↑Σd(cτ1,...,τn
) (ĈSTc) Cr

d($b) = L̂ITb

That is, a general dynamic constant is simply interpreted as the reflection of its
name, while a lifting function forces evaluation of its argument and constructs a
representation of the literal result. (It is this forcing of static subcomputations
that may cause the whole specialization process to diverge.)

Finally, we are again ready to define the normalization function:

Definition 5. For any dynamic type τ , define the auxiliary function

reifyτ ∈ [[τ ]]Is∪Ir
d → E⊥, reifyτ = λa.↓τ a(η⊥ 0)

Then for any closed term � E : τ , define the partial function,

normIs E =
{

Ẽ if reifyτ ([[E]]Is∪Ir
d ∅) = η⊥ �Ẽ�

undefined otherwise

And again, we can state three properties of the normalization function:

Theorem 6 (Partial Correctness). Let �Σs∪Σd E : τ be a closed term of
fully dynamic type. Then

1. normIs is type-preserving (but not necessarily total): if normIs E = Ẽ for
some Ẽ then �Σd Ẽ : τ and �nf Ẽ : τ .

2. If normIs E = Ẽ for some Ẽ then Is � Ẽ = E.
3. If Is � E = E′ then normIs E and normIs E′ are either both undefined or

both defined and equal.

The proof is somewhat more involved than in the pure lambda calculus case,
since we can no longer exploit that any term over the full signature is statically
equivalent to one in normal form (terms involving static fixed points may have
no normal forms). We can, however, adapt an explicit normalization proof based
on Kripke logical relations to the domain-theoretic case without too much addi-
tional trouble. The details can be found in [Fil99b], which also sketches how the
normalization result relates to the correctness proof of the Lambda-mix partial
evaluator [JGS93, Section 8.8].

Without strong normalization, another notion from rewriting enters: in gen-
eral it may be that one series of reductions brings a term to normal form, while
another gives rise to an infinite reduction sequence. We usually say that a re-
duction strategy is complete if it terminates with a normal form whenever the
term can be reduced to normal form at all. For the pure, untyped lambda calcu-
lus, for example, one can show that always contracting the leftmost-outermost
redex is a complete strategy for β-normalization. A similar property holds for
our normalizer:
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Theorem 7 (Completeness). If for a term E, there exists an Ẽ satisfying the
conclusions of parts (1) and (2) of Theorem 6, then normIs E is in fact defined.

The proof proceeds by showing (through another simple logical-relations ar-
gument) that for any �Σd Ẽ : τ , normIs Ẽ is defined. Thus, if Is � E = Ẽ, then,
by Property (3) of Theorem 6, normIs E = normIs Ẽ and thus normIs E must
be defined. Again, the details can be found in [Fil99b].

4.4 A Normalization Algorithm

Note that, so far, we have only been considering a mathematical normalization
function: from the denotation of a term in a particular domain-theoretic model,
we can extract a syntactic representation of the normal form of the term, if it
exists. We will now consider how to exploit this result to actually compute that
normal form using a functional program.

The benefit of limiting the variation of interpretation to just base types and
constants should now be apparent: instead of constructing an implementation
of a non-standard denotational semantics, we can construct it in terms of an
existing implementation of a standard semantics. We only need to construct a
syntactic counterpart to the notion of a residualizing interpretation. This can be
formalized as follows:

Definition 6. A realization Φ of a signature Σ over a signature Σ′ is a type-
preserving substitution that assigns to every type constant of Σ a type phrase
(not necessarily atomic) over Σ′, and to every term constant of Σ a term over
Σ′. Applying such a substitution to a Σ-phrase (type or term) θ, we obtain a
Σ′-phrase θ{Φ}.

We assume now that we have a PCF-like programming language with sig-
nature Σpl ⊇ Σs and interpretation Ipl agreeing with Is on Σs, as well as an
executable implementation of the corresponding evaluation function evalIpl . For
notational simplicity, we will also require that the programming language in-
cludes binary product types. (This is not essential, as we could have made all
functions curried.)

Assume further that our programming language includes base types var and
exp, with Bpl(var) = V and Bpl(exp) = E. Moreover, let Σpl contain constructor
constants corresponding to the semantic constructor functions, for example,

Σpl(VAR) = var .→ exp Cpl(VAR) = λdV⊥.d �⊥ λv.η⊥ (VARv)

(Note that we extend the semantic constructor function from sets to flat domains
to fit into the interpretation of types.) Finally, we assume a function constant
mkvar : int → var such that for all i ∈ N, Cpl(mkvar)(η⊥ i) = η⊥ gi.

For the type part of the residualizing interpretation, we first define the ab-
breviation

expf ≡ int .→ exp
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and then take, for all dynamic base types b,

Φr(b) = expf

This gives us exactly [[b{Φr}]]Ipl = Ê = [[b]]Is∪Ir
d , and thus [[τ{Φr}]]Ipl = [[τ ]]Is∪Ir

d

for all τ .
The wrapper functions are likewise denotable by Σpl-terms, for example,

LAMF : (var .→ expf ) .→ expf , LAMF ≡ λ·f.λ·i.LAM·(mkvar·i, f ·(i + 1))

with [[LAMF]]Ipl = L̂AM, and analogously for the other wrappers. Note that
the explicit forcing in the semantic terms comes for free from the strict behav-
ior of the term-constructor and arithmetic constants. We can then express the
realizations of reflection and reification analogously to their semantic definitions:

reifyfτ : τ{Φr} .→ expf

reifyfb ≡ λ·e.e
reifyfτ1

.→τ2
≡ λ·f.LAMF·(λ·v. reifyfτ2

·(f ·(reflectfτ1 ·(VARF·v))))

reflectfτ : expf .→ τ{Φr}
reflectfb ≡ λ·e.e

reflectfτ1
.→τ2 ≡ λ·e.λ·a. reflectfτ2 ·(APPF·(e, reifyfτ1

·a))

with [[reifyfτ ]]Ipl ∅ = ↓τ and [[reflectfτ ]]Ipl ∅ = ↑τ . And as the residualizing realiza-
tion of the term constants in Σd, we finally take,

Φr(cτ1,...,τn
) = reflectfΣd(cτ1,...,τn

)·(CSTF·c)
Φr($b) = LITFb

It is now straightforward to show:

Theorem 8 (Implementing the CBN normalizer). For any dynamic type
τ , we define the term

reifyτ : τ{Φr} .→ exp, reifyτ ≡ λ·a. reifyfτ ·a·0

Then the static normal form function of any closed term �Σs∪Σd E : τ can be
computed as:

normIs E = Ẽ iff evalIpl (reifyτ ·E{Φr}) = �Ẽ�

In particular, for partial evaluation, if we have a function of two arguments,
where the second argument and the result type are classified as dynamic, that
is,

�Σs∪Σd F : σ .→ τ .→ τ ′

then for any static value �Σs∪Σd s : σ, we can compute normIs (F ·s) to obtain
the specialized program �Σd F̃s : τ .→ τ ′.
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Remark 3. The semantics of the type exp is actually a bit subtle. Note that our
analysis assumes that Bpl(exp) is a flat domain, with strict constructor func-
tions. This is trivially satisfied if we take exp as, for example, the type of strings.
However, if we simply use a Haskell-style datatype to define exp, it will also in-
clude many “partially defined” values because of the extra liftings of sum types.
Worse, the constructor functions will not be strict, and the reification function
may in fact produce partially defined results when static subcomputations di-
verge. Only when the normalized term has been completely printed can we be
sure that the normalization function was in fact defined.

Remark 4. When there are no dynamic constants in the signature, the substi-
tution Φr simply replaces all occurrences of b in type tags with exp. In a poly-
morphic language such as Haskell or ML, this allows a shortcut: one can simply
leave all dynamic types in E as uninstantiated polymorphic type variables; the
application of reify will instantiate them to exp. Moreover, any (monomorphic)
dynamic constants can also be handled using explicit lambda-abstractions. This
approach was used in early presentations of TDPE [Dan96], but gets awkward
for larger examples. The functor-based approach described below scales up more
gracefully.

Example 2. Returning to the possible annotations of the power function from
Example 1, we get

norm($·(powerss·3·4)) = $·81

norm(λ·xint.powerds·x·3) = λgint
0 .g0 × (g0 × (g0 × $·1))

norm(λ·xint.powerds·x·-2) undefined

Note first that ordinary evaluation is just a special case of static normaliza-
tion. The second example shows how static normalization achieves the partial-
evaluation goal of the introduction. Finally, some terms have no static normal
form at all; in that case, the normalization function must diverge.

As a further refinement, the signatures and realizations can be very conve-
niently expressed in terms of parameterized modules in a Standard ML-style
module system. The program to be specialized is simply written as the body
of a functor parameterized by the signature of dynamic operations. The functor
can then be applied to either an evaluating (Φe) or a residualizing (Φr) structure.
That is, applying the relevant substitutions does not even require an explicit syn-
tactic traversal of the program, making it possible to enrich the static fragment
of the language (for example, with pattern matching) without any modification
to the partial evaluator itself.

It is also worth noting that the τ -indexed families above can be concisely
defined even in ML’s type system: consider the type abbreviation

rr(α) ≡ (α .→ expf ) .× (expf .→ α) .
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Then for any dynamic type τ , we can construct a term of type rr(τ{Φr}) whose
value is the pair (reifyfτ , reflectfτ ). We do this by defining once and for all two
ML-typable terms

base : rr(expf ) arrow : ∀α, β. rr(α) .× rr(β) .→ rr(α .→ β) ,

with which we can then systematically construct the required value. The tech-
nique is explained in more detail elsewhere [Yan98].

Finally, the dynamic polymorphic constants (for example, fix) now take ex-
plicit representations of the types at which they are being instantiated as extra
arguments. In the evaluating realization, these extra arguments are ignored, since
the standard interpretations of dynamic constants are parametrically polymor-
phic; but the residualizing realization uses the type representations to construct
the reify-reflect pair for Σ(cτ1,...,τn

) given corresponding pairs for τ1, . . . , τn.
We do not show actual runnable code here, since there is no widely adopted

CBN language with SML-style functors, allowing multiple implementations of a
given signature to coexist in the same program. On the other hand, while the
terms above can certainly be coded in ML, their behavior would be suspect for
anything involving recursion. We refer the reader to Section 5.5 for actual SML
code implementing normalization in a call-by-value language; the correspond-
ing code for CBN is virtually identical, except for the actual definitions of the
reification and reflection functions.

5 TDPE for Call-by-Value and Computational Effects

To complete the transition to practical programming, we need to account for the
fact that execution of functional programs may involve general computational ef-
fects, both “internal” (such as catching and throwing exceptions) and “external”
(such as performing I/O operations). It is well known that reasoning about such
programs requires a more refined notion of equivalence than full βη-conversion.

We will look at computational effects in an ML-like call-by-value setting,
where it will turn out that both the semantic and syntactic characterizations
of normal forms differ significantly from the purely functional ones. We ex-
pect, however, that the results in this section can be adapted to programs in
purely functional languages, written in “monadic style”: we would then effec-
tively be normalizing with respect to an equational theory including not only
βη-conversion, but also the three monad laws.

The effectful setting is where the semantic notion of convertibility really
shines: being able to reason about interpreted constants in terms of their deno-
tations, rather than their operational behavior, proves to be a substantial help
when proving the correctness of the final normalization-by-evaluation algorithm,
since that algorithm itself is implemented in terms of computational effects.
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5.1 A Call-by-Value Language Framework

As before, a program is a term over a signature of type and term constants. This
time, however, the basic language is a bit richer. We add three new components:

– A let-expression for explicitly expressing sequencing.
– Binary products. (This is mainly for cosmetic reasons, as curried arithmetic

primitives get somewhat ugly in CBV.)
– A primitive type of booleans and an if-expression. We could easily generalize

to general disjoint-union types (see Exercise 8), but simple booleans illustrate
the basic principles.

The set of types over Σ is therefore now:

b ∈ Σ

�Σ b type

�Σ σ1 type �Σ σ2 type

�Σ σ1
.→ σ2 type

�Σ σ1 type �Σ σ2 type

�Σ σ1
.× σ2 type �Σ bool type

The terms are much as before, with the straightforward addition of the fol-
lowing constructors:

Γ �Σ E1 : σ1 Γ, x : σ1 �Σ E2 : σ2

Γ �Σ let x = E1 in E2 : σ2

Γ �Σ E1 : σ1 Γ �Σ E2 : σ2

Γ �Σ (E1, E2) : σ1
.× σ2

Γ �Σ E : σ1
.× σ2 Γ, x1 : σ1, x2 : σ2 �Σ E′ : σ

Γ �Σ match (x1, x2) = E in E′ : σ

Γ �Σ true : bool Γ �Σ false : bool

Γ �Σ E1 : bool Γ �Σ E2 : σ Γ �Σ E3 : σ

Γ �Σ if E1 then E2 else E3 : σ

(We use a pattern-matching construct instead of explicit projections, which could
be defined like fstE ≡ match (x, y) = E in x. This gives a more uniform treat-
ment of normal forms, but is not essential. In practice, one would typically extend
the language to allow general pattern matching in lambda- and let-bindings. See
Exercise 9.)

Again, we say that a complete program is a closed term of base type.

For the semantics, we get a new component: an interpretation is now a
quadruple I = (B,L, C, T ), where T = (T, η, �) is a monad modeling the spec-
trum of effects in the language. To model recursion we require that T admits a
monad morphism from the lifting monad, ensuring that any A⊥-computation can
be meaningfully seen as a TA-computation. Technically, the condition amounts
to requiring that the cpo TA is pointed for any A, and that the function
λt. t � f ∈ TA → TB is strict for any f ∈ A → TB, that is, that ⊥TA � f = ⊥TB .
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(Of course, one can take the monad T to be simply lifting, but we will see in
a moment why baking this choice into the semantic framework will prevent us
from using NBE.)

We can then define the CBV semantics of types:

[[b]]Iv = B(b)

[[bool]]Iv = B

[[σ1
.× σ2]]Iv = [[σ1]]Iv × [[σ2]]Iv

[[σ1
.→ σ2]]Iv = [[σ1]]Iv → T [[σ2]]Iv

Note that the meaning of a type is now a cpo that is not necessarily pointed.
The meaning of a type assignment is still a product cpo,

[[Γ ]]Iv =
∏

x∈dom Γ

[[Γ (x)]]Iv

but it will not in general be pointed, either.
The meaning of a term Γ �Σ E : σ is now a continuous function [[E]]Iv ∈

[[Γ ]]Iv → T [[σ]]Iv ,

[[l]]Iv ρ = η (Lb(l))

[[cσ1,...,σn ]]Iv ρ = η (C(cσ1,...,σn))

[[true]]Iv ρ = η true

[[false]]Iv ρ = η false

[[x]]Iv ρ = η (ρx)

[[(E1, E2)]]Iv ρ = [[E1]]Iv ρ � λa1. [[E2]]Iv ρ � λa2.η 〈a1, a2〉
[[match (x1, x2)= E in E′]]Iv ρ = [[E]]Iv ρ � λ〈a1, a2〉. [[E′]]Iv (ρ[x1 
→a1, x2 
→a2])

[[λ·xσ.E]]Iv ρ = η (λa[[σ]]Iv. [[E]]Iv (ρ[x 
→a]))

[[E1·E2]]Iv ρ = [[E1]]Iv ρ � λf. [[E2]]Iv ρ � λa.f a

[[if E1 then E2 else E3]]Iv ρ = [[E1]]Iv ρ � λb. if b then [[E2]]Iv ρ else [[E3]]Iv ρ

[[let x = E1 in E2]]Iv ρ = [[E1]]Iv ρ � λa. [[E2]]Iv (ρ[x 
→a])

(Note that the let-construct appears redundant, because we have

[[let x = E1 in E2]]Iv = [[(λx.E2)E1]]Iv ,

but it turns out that including it gives a nicer syntactic characterization of
normal forms.)

The standard static signature is similar to that of Definition 3, except that
we no longer include the type constant bool, the associated literals true and false,
or the constant if in Σs: those are now part of the fixed language core. Also, since
it only makes sense to define recursive values of functional type, the fixed-point
constants are now parameterized by two types,

fixσ1,σ2 : ((σ1
.→ σ2) .→ σ1

.→ σ2) .→ σ1
.→ σ2
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Finally, we make the arithmetic and comparison operators uncurried, so that
the infix operation x + y now stands for +·(x, y), etc.

The standard interpretation of the constants is also what could be expected:

Bs(int) = Z

Cs(�) = λ(x, y)Z×Z.η (x � y) 
∈{+,−,×,=,<}

Cs(fixσ1,σ2) = λf ([[σ1]]→T [[σ2]])→T ([[σ1]]→T [[σ2]]).

η (
⊔

i∈ω
(λg[[σ1]]→T [[σ2]].λa[[σ1]].f g � λg′.g′ a)i (λa[[σ1]].⊥T [[σ2]]))

Note how we make crucial use of the requirement that T [[σ2]] must have a least
element, for the interpretation of fix.

5.2 Binding Times and Static Normalization

As before, we consider a binding-time annotated program to be expressed over
a signature which has been explicitly partitioned into a static and a dynamic
part. We still say that a general type is fully dynamic if it is constructed using
base types from only the dynamic part of the signature.

For the interpretation of a partitioned signature, we require that all static
constants have meanings parametric in the choice of monad, being able to rely
only on TA being pointed, but not on any other structure of T ; this still allows
us to include operations such as the fixed-point operator above, and possibly
additional primitive partial functions. On the other hand, the meanings of the
dynamic constants may be expressed with respect to a specific monad. Thus, in
a combined interpretation Is∪Id, all the constants can still be given a consistent
interpretation based on the monad of Id. As before, we can then define a notion
of static equivalence: Is �v E = E′ iff for all Id interpreting the dynamic types,
constants, and monad, [[E]]Is∪Id

v = [[E′]]Is∪Id
v .

This notion of static equivalence captures transformations that are safe for
any CBV language with monadic effects. For example, when x does not occur
free in E3, we always have

Is �v (let y = (let x = E1 in E2) in E3) = (let x = E1 in let y = E2 in E3)

Remark 5. Another interesting static equivalence is the following:

Is �v f ·(if E1 then E2 else E3) = if E1 then f ·E2 else f ·E3

This static equivalence is particularly remarkable since it does not hold in the
CBN semantics, unless f is known to denote a strict function, or E1 is guaranteed
to converge. This equation, sometimes known as a commuting conversion, allows
us to eliminate all bool-typed variables as soon as they are introduced (by a
lambda-, match- or let-binding), which enables a simple CBV NBE result for
booleans and sums. An NBE result for sum types in a CBN-like setting was
obtained very recently [ADHS01], but the details are considerably more involved
than for the CBV case treated below.
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It is easy to show that the computational lambda calculus [Mog89] is sound
with respect to static equivalence. (Under certain circumstances, one can also
show that it is complete, much like βη-conversion was complete with respect to
CBN static equivalence.)

For a syntactic characterization of normal forms, somewhat analogous to the
CBN case, we now have notions of normal values and normal computations:

∆(x) = b

∆ �nv x : b

l ∈ Ξ(b)
∆ �nv $·l : b

∆ �nv E1 : τ1 ∆ �nv E2 : τ2

∆ �nv (E1, E2) : τ1
.× τ2

∆ �nv true : bool ∆ �nv false : bool
∆, x : τ1 �nc E : τ2

∆ �nv λ·xτ1.E : τ1
.→ τ2

∆ �nv E : τ

∆ �nc E : τ

∆(x) = bool ∆ �nc E1 : τ ∆ �nc E2 : τ

∆ �nc if x then E1 else E2 : τ

∆(x) = τ1
.× τ2 ∆, x1 : τ1, x2 : τ2 �nc E : τ

∆ �nc match (x1, x2) = x in E : τ

∆(x2) = τ1
.→ τ2 ∆ �nv E1 : τ1 ∆, x1 : τ2 �nc E2 : τ

∆ �nc let x1 = x2·E1 in E2 : τ

Σ(c) = τ1
.→ τ2 ∆ �nv E1 : τ1 ∆, x : τ2 �nc E2 : τ

∆ �nc let x = c·E1 in E2 : τ

In particular, for terms not involving boolean or product types, a normal value
is either a base-typed constant or variable, or of the form

λ·x. let x1 = f1·V1 in · · · let xn = fn·Vn in Vn+1 (n ≥ 0) ,

where all the Vi are normal values, and each fi is a function-typed constant or
variable.

(These rules are actually a bit too permissive, in that they admit both vari-
ants of statically equivalent terms, such as

λ·xbool. if x then 3 else 4 and λ·xbool. if x then 3 else if x then 5 else 4

Of course, a proper normalization function can only return one of those. To
get a more precise syntactic characterization of normal forms, one needs to fur-
ther restrict the occurrences of sum- and product-typed variables, and to pick a
canonical order for their elimination. This can be done fairly straightforwardly
using a split typing context [Fil01]; we omit the details here.)

Remark 6. The observant reader may note that the rules for normal forms es-
sentially correspond (modulo implicit uses of contraction and weakening) to the
left- and right-introduction rules for a Gentzen-style intuitionistic sequent cal-
culus. (The general form of the if-rule as a case expression introduces bound



176 Peter Dybjer and Andrzej Filinski

variables corresponding to the disjuncts.) Moreover, the typing of the general
let corresponds to a cut. In other words, reducing CBV terms to normal form
is closely related to cut-elimination. On the other hand, for the CBN normal-
izer, the rules correspond to the usual introduction and elimination rules in a
natural-deduction calculus. It would be interesting to further investigate these
connections to standard proof-normalization theory. Some results in this direc-
tion have already been obtained by Ohori [Oho99]; see [Fil01] for a more detailed
discussion of this issue.

5.3 A Residualizing Interpretation for CBV

We now aim to find an NBE result for the CBV setting. Note that for the resid-
ualizing interpretation, we need a more “powerful” effect than simple partiality
(as embodied by the lifting monad), because we need to distinguish between
terms such as

E1 ≡ λ·f.λ·x.(λ·y.x)·(f ·x) and E2 ≡ λ·f.λ·x.x

which have observably different behavior (even when the effect is only partial-
ity), and therefore should have different normal forms. But taking partiality as
the residualizing effect will not allow us to extract enough information from the
residualizing interpretations of those two terms to reconstruct them accurately:
for any I whose T is the lifting monad, we have [[E1]]Iv ρ � [[E2]]Iv ρ (with the
strictness of the inequality demonstrated by application of both sides to λa.⊥).
But �E1

� ���E2
�, so there can be no monotone (let alone continuous) func-

tion reify ∈ [[(b .→ b) .→ b .→ b]]Iv → E⊥ such that reify([[E1]]Iv ∅) = η⊥ �E1
� and

reify([[E2]]Iv ∅) = η⊥ �E2
�.

Instead, we pick for the residualizing interpretation a “universal” effect, which
will ensure that we can probe the residualizing semantic interpretations closely
enough to make all the required distinctions.

Incidentally, such a choice also allows the task of fresh-name generation to
be folded into the residualization monad, instead of requiring us to work with
term families such as Ê. We can now use an effect-based notion of freshness,
generating “globally unique” variable names; with a suitable effect structure, we
can actually make this concept precise.

We first define the name-generation monad. This is just a state-passing
monad on top of partiality; the state is the “next free index”:

T gA = Z → (A × Z)⊥
ηg a = λi.η⊥ 〈a, i〉

t �g f = λi. t i �⊥ λ〈a, i′〉.f ai′

(As in CBN, we use integers rather than natural numbers for the index, in antic-
ipation of embedding the construction into an existing programming language.)
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Using T g we can define an effectful computation that generates a fresh name,
and one that initializes the counter for a delimited subcomputation:

new ∈ T gV
new = λi.η⊥ 〈gi, i + 1〉

withctA ∈ T gA → T gA
withctA = λt.λi. t0 �⊥ λ〈a, i′〉.η⊥ 〈a, i〉

Further, we define T c to be the continuation monad with answer domain
chosen as T gE:

T cA = (A → T gE) → T gE

ηc a = λκ.κa

t �c f = λκ.t(λa.f aκ)

Every T g-computation can be seen as a T c-computation without control effects,
through the monad morphism γg,c

A ∈ T gA → T cA given by

γg,c
A t = λκA→T gE. t �g κ.

In particular, we can “lift” the name-generation functions to T c-computations
as

cnew ∈ T cV
cnew = λκ.λi.κgi (i + 1)

cwithctA ∈ T cA → T cA
cwithctA t = λκ.λi. t(λa.λi′.κai)0

These satisfy the natural equations cnew = γg,c new and cwithct(γg,c t) =
γg,c (withct t).

In any continuation monad, we can define operators for capturing complete
continuations (such as Scheme’s call/cc). However, for our particular choice
of answer domain, we can also define operations for working with delimited or
composable continuations [DF90]:

reset ∈ T cE → T cE

reset t = γg,c
E (tηg) = λκ.tηg �g κ

shiftA ∈ ((A → T cE) → T cE) → T cA

shiftA h = λκ.h(λa.γg,c
E (κa))ηg = λκ.h(λa.λκ′.κa �g κ′)ηg

Here, reset t evaluates t with an empty continuation, thus encapsulating any con-
trol effects t might have. shifth captures and removes the current continuation
(up to the nearest enclosing reset), and passes it to h as a control-effect-free
function.

These definitions are somewhat awkward to work with directly. However, we
can easily check that they validate the following equational reasoning principles:

reset(ηc a) = ηc a

reset(shifth �c f) = reset(h(λa.reset(f a)))

reset(γg,c t �c f) = γg,ct �c λa.reset(f a)



178 Peter Dybjer and Andrzej Filinski

The first of these says that a reset does not affect effect-free computations. The
second specifies the behavior of a delimited shift-operation. (Remember that
shifth = shifth �c ηc, and (shifth �c f) �c g = shifth �c (λa.f a �c g) by the usual
monad laws, so the equation is widely applicable.) The third allows computations
such as cnew (without control effects, but not necessarily completely effect-free)
to be moved outside a reset. For example, we can derive

reset
(
shift(λk.k3 �c λx.ηc (x + 1)) �c λr.ηc (2 × r)

)
�c λa.ηc (−a)

= reset
(
(λk.k3 �c λx.ηc (x + 1))(λa.reset(ηc (2 × a)))

)
�c λa.ηc (−a)

= reset
(
reset(ηc 6) �c λx.ηc (x + 1)

)
�c λa.ηc (−a)

= reset
(
ηc 6 �c λx.ηc (x + 1)

)
�c λa.ηc (−a)

= reset (ηc 7) �c λa.ηc (−a) = ηc (−7)

Note how the doubling operation (which uses the result of shift directly) gets
captured as part of k, while the outer negation (which is protected by a reset) is
not. It is this ability of shift to reschedule “future” computations that will allow
us to properly arrange the residual code as it is being incrementally generated.

We can now take as the non-standard interpretation of dynamic base types
and effects,

Br
d(b) = E and T r = T c

which again allows us to define reification and reflection functions:

↓v
τ ∈ [[τ ]]Is∪Ir

d
v → T rE

↓v
b = λe.ηr e

↓v
bool = λb. if b then ηr TRUE else ηr FALSE

↓v
τ1

.×τ2
= λ〈a1, a2〉.↓v

τ1
a1 �r λe1.↓v

τ2
a2 �r λe2.η

r (PAIR〈e1, e2〉)
↓v

τ1
.→τ2

=

λf.cnew �r λv.reset
(
↑v

τ1
(VARv) �r λa.f a �r λb.↓v

τ2
b
)

�r λe.ηr (LAM〈v, e〉)

↑v
τ ∈ E → T r[[τ ]]Is∪Ir

d
v

↑v
b = λe.ηr e

↑v
bool = λe.shift(λk.k true �r λe1.k false �r λe2.η

r (IF〈e, e1, e2〉))
↑v

τ1
.×τ2

=

λe.shift(λk.cnew �r λv1.cnew �r λv2.
reset

(
↑v

τ1
(VARv1) �r λa1.↑v

τ2
(VARv2) �r λa2.k 〈a1, a2〉

)
�r λe′.

ηr (MATCH〈〈v1, v2〉, e, e′〉))
↑v

τ1
.→τ2

= λe.ηr(λa.cnew �r λv.
shift(λk.↓v

τ1
a �r λe′.reset(↑v

τ2
(VARv) �r k) �r λe′′.

ηr (LET〈v,APP〈e, e′〉, e′′〉)))

Observe how the non-trivial reflection functions use shift to wrap a syntactic
binding or a test around their invocation points, which are expecting seman-
tic results. Note also how reflection of a boolean expression sequentially traces
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through both possibilities for the boolean value returned, by passing both true
and false to the continuation k.

Remark 7. It is evident that a new variable is generated every time the pseudo-
semantic function returned by ↑τ1→τ2 e is applied. Had we instead, incorrectly,
written ↑τ1→τ2 as λe.cnew �r λv.ηr (λa.shift · · ·), all such applications would
share the same let-variable name, causing clashes. This illustrates how mon-
ads allow us to be precise about “freshness” in a way that informal annotations
of definitions do not readily support.

The residualizing interpretation of dynamic constants and lifting is now:

Cr
d(cτ1,...,τn

) = ↑v
Σ(cτ1,...,τn ) (CSTc)

Cr
d($b) = λnBs(b).ηr (LITb n)

Finally, we can again define a static-normalization function. For CBN, we
could restrict ourselves to normalizing closed terms, because free variables could
be lambda-abstracted without changing the result. For CBV, we make the ad-
ditional restriction that the term to be normalized must be a formal value (con-
stant, variable, lifted literal, or lambda-abstraction); we can always wrap a non-
value term E in a dummy lambda-abstraction λ·d.E. We thus take:

Definition 7. For any dynamic type τ , define the auxiliary function

reifyv
τ ∈ [[τ ]]Is∪Ir

d
v → T rE, reifyv

τ = λa.cwithctE (↓v
τ a)

(Note how initialization of the counter now happens using computational effects.)
Then, for any closed value �Σs∪Σd E : τ , we define the normalization function

normIs
v E =

{
Ẽ if reifyv

τ ([[E]]Is∪Ir
d

v ∅) = ηr �Ẽ�

undefined otherwise

Again, we can summarize the result:

Theorem 9 (Correctness of CBV normalizer). Partial correctness:

1. For any closed value �Σs∪Σd E : τ , if normIs
v E = Ẽ for some Ẽ then

�nv
Σd

Ẽ : τ .
2. If normIs

v E = Ẽ then Is �v E = Ẽ.
3. if Is �v E = E′ then normIs

v E = normIs
v E′ (both defined and equal, or both

undefined).

Completeness: If E is statically equivalent to some term in normal form,
normIs

v E is defined.

The proofs for both halves are similar to the CBN case, but somewhat more
elaborate, due to the extra parameterization on a dynamic monad, and the
more complicated reification and reflection functions.
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Remark 8. It is possible to define a CBV normalization function using only a
suitable state monad in the residualizing interpretation, rather than continua-
tions [SK01, Section 4]. This approach, however, does not allow the normalizer
to handle booleans and sum types as part of the semantic framework.

5.4 A CBV Normalization Algorithm

Again, we can formulate the semantic normalization results in terms of a syntac-
tic realization of the components. As before, we assume that our programming
language has types var, exp, and constants corresponding to the constructor
functions, for example,

Σpl(APP) = exp .× exp .→ exp Cpl(APP) = λ〈e1, e2〉.ηr (APP〈e1, e2〉)

(Note that, unlike for the CBN case, the arguments of the constructor functions
are values, not computations)

We also assume that Tpl = T r, and that we have constants whose interpre-
tations correspond to the semantic functions for name generation and control
primitives:

Σpl(gensym) = 1 → var Cpl(gensym) = λ〈〉.cnew

Σpl(withctσ) = (1 → σ) → σ Cpl(withctσ) = λt.cwithct(t〈〉)
Σpl(reset) = (1 → exp) → exp Cpl(reset) = λt.reset(t〈〉)

Σpl(shiftσ) = ((σ → exp) → exp) → σ Cpl(shiftσ) = shift[[σ]]

Like in the CBN case, a practical programming language usually has many
further types and constants, beyond what we need to construct the residualizing
interpretation of the dynamic signature. Additionally, a CBV language typically
has a wider spectrum of effects than captured by the residualizing monad T r.
(For example, it may allow functions to have side effects or to perform I/O oper-
ations.) And it is not obvious that this additional generality of the programming
language will not get in the way of our result.

What we require is that we can simulate the behavior of a T r-computation
using whatever more general monad the programming language provides. In
fact, we only need to consider evaluation of programs without top-level residuali-
zation-specific effects. In other words, we only require that the evaluation partial
function for complete programs (closed terms of base type) satisfies:

evalIpl
v E =

{
l if [[E]]Ipl

v ∅ = ηpl (Lb (l))
undefined if [[E]]Ipl

v ∅ = ⊥

Note that, unlike the case for CBN, these two possibilities are not exhaustive:
the result of evalIpl

v is unspecified for programs with top-level effects other than
divergence, for example, those that try to capture the top-level continuation,
or rely on the initial value of the gensym counter. Evaluation of such programs
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may abort, diverge, or even return unpredictable results. Of course, the program
E that we evaluate to execute the normalization algorithm will not have such
effects.

One can show that an evalIpl
v with the above properties can be implemented

through a further realization of Σpl in any general-purpose functional language
that supports first-class continuations and references [Fil99a]. (In fact, we can
implement a whole hierarchy of monads by such an embedding, and thus avoid
the need to explicitly lift many monad operations, such as withct to cwithct.)
The details are beyond the scope of these notes, but we do show the actual
construction in Section 5.5.

We can now simply take the residualizing realizations of all dynamic base
types as the type of term representations,

Φr
v(b) = exp

and express the CBV reification and reflection functions as Σpl-terms with ef-
fects:

reifyveτ : τ{Φr
v} .→ exp

reifyveb ≡ λ·e.e
reifyvebool ≡ λ·b. if b then TRUE else FALSE

reifyveτ1
.×τ2

≡ λ·p.match (x1, x2) = p in PAIR·(reifyveτ1
·a1, reifyveτ2

·a2)

reifyveτ1
.→τ2

≡ λ·f. let v = gensym·()
in LAM·(v, reset·(λ·(). reifyveτ2

·(f ·(reflectveτ1 ·(VAR·v)))))

reflectveτ : exp .→ τ{Φr
v}

reflectveb ≡ λ·e.e
reflectvebool ≡ λ·e.shift·(λ·k. IF·(e, k·true, k·false))

reflectveτ1
.×τ2 ≡
λ·e. let v1 = gensym·()

in let v2 = gensym·()
in shift·(λ·k.MATCH·((v1, v2), e,

reset·(λ·().k·(reflectveτ1 ·(VAR·v1), reflectveτ2 ·(VAR·v2)))))

reflectveτ1
.→τ2 ≡ λ·e.λ·a. let v = gensym·()

in shift(λk.LET·(v,APP·(e, reifyveτ1
·a),

reset·(λ·().k·(reflectveτ2 ·(VAR·v)))))

Note that, although these terms are significantly more complicated than their
CBN counterparts, they still share some basic structure. For reification at func-
tional type, we still reflect a new VAR, apply the function, reify the result, and
generate a LAM. Similarly, for reflection, we reify the function argument, gen-
erate an APP, and reflect the result (bound to an intermediate variable this
time.) The main conceptual change is in the added shift and reset operations to
suitably rearrange the generated code.
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We complete the residualizing realization of the dynamic signature by taking

Φr
v(cτ1,...,τn

) = reflectveΣ(cτ1,...,τn
)·(CST·c)

Φr
v($b) = λ·n.LITb·n

Finally, we can state again a procedure for computing CBV normal forms:

Theorem 10 (Implementing the CBV normalizer). We define the auxil-
iary term

reifyvτ : τ{Φr
v} .→ exp, reifyvτ ≡ λ·a.withctexp·(λ·(). reifyveτ ·a)

Then for any closed value �Σs∪Σd
E : τ , its CBV static normal form can be

computed as

normIs
v E = Ẽ iff evalIpl

v (reifyvτ ·E{Φr
v}) = �Ẽ�

For partial evaluation, we again take the E to be normalized as the partial
application of the binding-time separated original program to the static argu-
ment:

Example 3. Let us revisit the power function from Example 1 in a CBV setting.
With conditionals now being part of the framework, here are the two interesting
annotations of power:

powerds : ι .→ ι .→ ι = λ·x.fixι,ι·(λ·p.λ·n. if n = 0 then $·1 else x × p·(n − 1))

powersd : ι .→ ι .→ ι =

λ·x.fixι,ι·(λ·p.λ·n. if n = $·0 then $·1 else $·x × p·(n − $·1))

(Note that, unlike for the CBN variant, the “ifs” are not binding-time anno-
tated.) Computing the normal form of λ·x.powerds·x·3, we get

λ·g0. let g1 = g0 × $·1 in let g2 = g0 × g1 in let g3 = g0 × g2 in g3

Conversely, if we specialize with respect to the base, by computing the normal
form of λ·n.powersd·5·n, we obtain essentially just the let-normal form of the
original program, with the literal argument 5 inlined:

λ·g0. let g1 = fixι,ι·(λg2. λg3. let g4 = (g3 = $·0)
in if x4 then $·1

else let g5 = g3 − $·1
in let g6 = g2·g5

in let g7 = $·5 × g6 in g7)
in let g8 = g1·g0 in g8

Remark 9. Note that the normalized forms contain what seems to be excessive
let-sequentialization of trivial arithmetic functions. This is because the residual-
izing interpretation specifically does not know anything about the intended eval-
uating interpretation of those constants, and in particular whether they might
have computational effects that must not be reordered, discarded, or duplicated.
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While the explicit naming of all intermediate results may be useful if the
specialized programs are to be further machine-processed, it makes them hard
to read for humans. Of course, one could unfold the “trivial” lets in a separate
post-processing phase, but doing so loses some of the appeal of generating code
directly from the semantics.

However, it is actually possible to annotate the types of “pure” arithmetic
primitives to make them let-unfoldable at generation time, much as for CBN
functions [Dan96]. Formally, such an annotation corresponds to imposing con-
straints on possible behaviors of the dynamic interpretations of ×, =, etc., so
that these constants may only be interpreted as semantic functions that factor
through the η of the dynamic monad.

5.5 Complete Code for CBV Normalization

For completeness, we include below the full code for the implementation of the
CBV normalizer. The implementation of shift/reset in Figure 2 is equivalent
to the one from [Fil99a], but streamlined a bit for SML/NJ’s notion of first-
class continuation. Figure 3 shows the implementation of type-indexed function
families and presents the dynamic signature. Figure 4 shows the evaluating and
residualizing interpretations of the dynamic signature, as well as an example
of a binding-time separated term parameterized over the dynamic signature.
(The function power_ds uses the evaluating interpretation explicitly, to high-
light the parallels with power_sd. In practice, the static operations in power_ds
would usually be expressed directly in terms of the corresponding native ML con-
structs.) Finally, Figure 5 shows a few concrete execution examples of evaluating
and residualizing the power function.

5.6 Exercises

Exercise 7. Make the ML implementation of TDPE generate residual terms with
explicit type tags for lambda-abstractions and polymorphic constants.

Exercise 8. Extend the ML implementation of TDPE with disjoint unions
(sums).

Exercise 9. Extend TDPE to generate pattern-matching bindings for let and
lambda instead of using an explicit match construct.

Exercise 10. The first Futamura projection is defined as the specialization of an
interpreter with respect to a program [Fut71,Fut99]; it is a standard exercise in
partial evaluation. In this open exercise, you are asked to write an interpreter
for a simple imperative language, and to specialize it with respect to a program
of your choice.

Specifically, you should write a core interpreter, in denotational style, as the
body of a functor; this functor should be parameterized with the generic inter-
pretation of each elementary operation that has to be happen at runtime (such
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functorfunctorfunctor Control (typetypetype ans) :
sigsigsig

valvalval reset : (unit -> ans) -> ans
valvalval shift : ((’a -> ans) -> ans) -> ’a

endendend =
structstructstruct

openopenopen SMLofNJ.Cont
exceptionexceptionexception MissingReset
valvalval mk : ans cont option ref = ref NONE
funfunfun abort x =

casecasecase !mk ofofof SOME k => throw k x | NONE => raiseraiseraise MissingReset

typetypetype ans = ans
funfunfun reset t =

letletlet valvalval m = !mk
valvalval r = callcc (fnfnfn k => (mk := SOME k; abort (t ())))

ininin mk := m; r endendend
funfunfun shift h =

callcc (fnfnfn k => abort (h (fnfnfn v => reset (fnfnfn () => throw k v))))
endendend;

typetypetype var = string
datatypedatatypedatatype exp =

VAR ofofof var
| CST ofofof var
| LIT_int ofofof int
| PAIR ofofof exp * exp
| TRUE
| FALSE
| LAM ofofof var * exp
| APP ofofof exp * exp
| LET ofofof var * exp * exp
| MATCH ofofof (string * string) * exp * exp
| IF ofofof exp * exp * exp;

structurestructurestructure Aux :
sigsigsig

valvalval gensym : unit -> var
valvalval withct : (unit -> ’a) -> ’a
valvalval reset : (unit -> exp) -> exp
valvalval shift : ((’a -> exp) -> exp) -> ’a

endendend =
structstructstruct

valvalval n = ref 0
funfunfun gensym () =

letletlet valvalval x = "x" ˆ (Int.toString (!n)) ininin n := (!n+1); x endendend
funfunfun withct t = letletlet valvalval on = !n

ininin n := 0; letletlet valvalval r = t () ininin n := on; r endendend endendend

structurestructurestructure C = Control (typetypetype ans = exp)
valvalval reset = C.reset
valvalval shift = C.shift

endendend;

Fig. 2. Auxiliary definitions



Normalization and Partial Evaluation 185

structurestructurestructure Norm =
structstructstruct

openopenopen Aux
datatypedatatypedatatype ’a rr = RR ofofof (’a -> exp) * (exp -> ’a)

valvalval dint = RR (fnfnfn e => e, fnfnfn e => e)
valvalval bool = RR (fnfnfn b => ififif b thenthenthen TRUE elseelseelse FALSE,

fnfnfn e => shift (fnfnfn k => IF (e, k true, k false)))
funfunfun prod (RR (rya, rta), RR (ryb, rtb)) =

RR (fnfnfn p => PAIR (rya (#1 p), ryb (#2 p)),
fnfnfn e => letletlet valvalval v1 = gensym ()

valvalval v2 = gensym ()
ininin shift (fnfnfn k =>

MATCH ((v1,v2), e,
reset (fnfnfn () => k (rta (VAR v1),

rtb (VAR v2)))))
endendend)

funfunfun arrow (RR (rya, rta), RR (ryb, rtb)) =
RR (fnfnfn f => letletlet valvalval v = gensym ()

ininin LAM (v, reset (fnfnfn () => ryb (f (rta (VAR v)))))
endendend,

fnfnfn e => fnfnfn a => letletlet valvalval v = gensym ()
ininin shift (fnfnfn k =>

LET (v, APP (e, rya a),
reset (fnfnfn () => k (rtb (VAR v)))))

endendend)

funfunfun reify (RR (ry, rt)) a = withct (fnfnfn () => ry a)
funfunfun reflect (RR (ry, rt)) = rt

endendend;

signaturesignaturesignature DYN =
sigsigsig

typetypetype dint
typetypetype ’a rep

valvalval dint : dint rep
valvalval bool : bool rep
valvalval prod : ’a rep * ’b rep -> (’a * ’b) rep
valvalval arrow : ’a rep * ’b rep -> (’a -> ’b) rep

valvalval lift_int : int -> dint

valvalval plus : dint * dint -> dint
valvalval minus : dint * dint -> dint
valvalval times : dint * dint -> dint
valvalval equal : dint * dint -> bool
valvalval less : dint * dint -> bool

valvalval fix : (’a rep * ’b rep) -> ((’a -> ’b) -> ’a -> ’b) -> ’a -> ’b
endendend;

Fig. 3. Normalization algorithm and dynamic signature
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structurestructurestructure EvalD : DYN =
structstructstruct

typetypetype dint = int
typetypetype ’a rep = unit

valvalval dint = ()
valvalval bool = ()
funfunfun prod ((),()) = ()
funfunfun arrow ((),()) = ()

funfunfun lift_int n = n
valvalval plus = opopop + valvalval minus = opopop - valvalval times = opopop *
valvalval equal = opopop = valvalval less = opopop <

funfunfun fix ((),()) f = fnfnfn x => f (fix ((),()) f) x
endendend;

structurestructurestructure ResD : DYN =
structstructstruct

openopenopen Aux Norm
typetypetype dint = exp
typetypetype ’a rep = ’a rr

valvalval lift_int = LIT_int
valvalval plus = reflect (arrow (prod (dint, dint), dint)) (CST "+")
valvalval minus = reflect (arrow (prod (dint, dint), dint)) (CST "-")
valvalval times = reflect (arrow (prod (dint, dint), dint)) (CST "*")
valvalval equal = reflect (arrow (prod (dint, dint), bool)) (CST "=")
valvalval less = reflect (arrow (prod (dint, dint), bool)) (CST "<")

funfunfun fix (rra, rrb) =
reflect (arrow (arrow (arrow (rra, rrb), arrow (rra, rrb)),

arrow (rra, rrb)))
(CST "fix")

endendend;

functorfunctorfunctor Power (D : DYN) =
structstructstruct

funfunfun power_ds x =
EvalD.fix (EvalD.dint, EvalD.dint)
(fnfnfn p => fnfnfn n =>

ififif EvalD.equal (n, EvalD.lift_int 0)
thenthenthen D.lift_int 1
elseelseelse D.times (x, p (EvalD.minus(n, EvalD.lift_int 1))))

funfunfun power_sd x =
D.fix (D.dint, D.dint)
(fnfnfn p => fnfnfn n =>

ififif D.equal (n, D.lift_int 0)
thenthenthen D.lift_int 1
elseelseelse D.times (D.lift_int x, p (D.minus (n, D.lift_int 1))))

endendend;

Fig. 4. Evaluating and residualizing realizations
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structurestructurestructure PE = Power (EvalD);

valvalval n1 = PE.power_ds (EvalD.lift_int 5) 3;
(* val n1 = 125 : EvalD.dint *)

valvalval n2 = PE.power_sd 5 (EvalD.lift_int 3);
(* val n2 = 125 : EvalD.dint *)

structurestructurestructure PR = Power (ResD);

valvalval t1 = Norm.reify (Norm.arrow (Norm.dint, Norm.dint))
(fnfnfn x => PR.power_ds x 3);

(*
val t1 =
LAM
("x0",
LET
("x1",APP (CST "*",PAIR (VAR "x0",LIT_int 1)),
LET
("x2",APP (CST "*",PAIR (VAR "x0",VAR "x1")),
LET ("x3",APP (CST "*",PAIR (VAR "x0",VAR "x2")),VAR "x3"))))

: exp
*)

valvalval t2 = Norm.reify (Norm.arrow (Norm.dint, Norm.dint))
(fnfnfn n => PR.power_sd 5 n);

(*
val t2 =
LAM
("x0",
LET
("x1",
APP
(CST "fix",
LAM
("x2",
LAM
("x3",
LET
("x4",APP (CST "=",PAIR (VAR "x3",LIT_int 0)),
IF
(VAR "x4",LIT_int 1,
LET
("x5",APP (CST "-",PAIR (VAR "x3",LIT_int 1)),
LET
("x6",APP (VAR "x2",VAR "x5"),
LET
("x7",
APP (CST "*",PAIR (LIT_int 5,VAR "x6")),
VAR "x7")))))))),

LET ("x8",APP (VAR "x1",VAR "x0"),VAR "x8"))) : exp
*)

Fig. 5. Examples: evaluating and specializing power
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as arithmetic, state lookup and modification, I/O operations, and fixpoints for
loops), much as in the power example. You should also write two structures: one
for the static interpretations of all elementary constructs, and one for their dy-
namic interpretations. Again, as in the power example, instantiating the functor
with the static structure should yield an interpreter, while instantiating it with
the dynamic structure and should yield the core of a compiler.

Some inspiration for solving this exercise can be found in Danvy’s lecture
notes on type-directed partial evaluation [Dan98], in Grobauer and Yang’s treat-
ment of the second Futamura projection [GY01], and in Danvy and Vestergaard’s
take on semantics-based compiling by type-directed partial evaluation [DV96].

6 Summary and Conclusions

We have shown two different versions of NBE in Sections 2 and 3, and in Sec-
tions 4 and 5 we showed how to generalize the idea of NBE to TDPE. Some of
the key properties of NBE which we have exploited for TDPE are:

– Normal forms are characterized in terms of undirected equivalence, rather
than directed reduction.

– The notion of equivalence is sound for equality with respect to a wide variety
of interpretations.

– Among those interpretations, we pick a particular, quasi-syntactic one, which
allows us to extract syntactic terms from denotations.

On the other hand, we also wish to emphasize some important adaptations
and changes:

– TDPE introduces a notion of binding times, in the form of a distinction
between interpreted (static) and uninterpreted (dynamic) base types and
constants.

– We characterize equivalence in TDPE semantically (equality of interpreta-
tions in all models), rather than syntactically (convertibility).

– We consider a language with computational effects – either just potential
divergence, or general monadic effects – not only a direct set-theoretic inter-
pretation of functions.

Type-directed partial evaluation can be seen as a prime example of “applied
semantics”: while the basic TDPE algorithm, even for call-by-value, can be ex-
pressed in a few lines, we only get a proper understanding of how and why it
works by considering its semantic counterpart.

It is somewhat surprising that the notion of normalization by evaluation is
so robust and versatile. It may well be possible to find other instances within
computer science – even outside of the field of programming-language theory –
where an NBE view allows us to drastically simplify and speed up computations
of canonical representatives of an equivalence class.
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Abstract. We introduce, in Part I, a number representation suitable for
exact real number computation, consisting of an exponent and a man-
tissa, which is an infinite stream of signed digits, based on the interval
[−1, 1]. Numerical operations are implemented in terms of linear frac-
tional transformations (LFT’s). We derive lower and upper bounds for
the number of argument digits that are needed to obtain a desired num-
ber of result digits of a computation, which imply that the complexity
of LFT application is that of multiplying n-bit integers. In Part II, we
present an accessible account of a domain-theoretic approach to com-
putational geometry and solid modelling which provides a data-type for
designing robust geometric algorithms, illustrated here by the convex
hull algorithm.
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Part I: The LFT Aproach to Real Number Computation

1 Introduction

Computing with real numbers is one of the main applications of “computers”.
Yet real numbers are infinite mathematical objects (digit sequences, Cauchy
sequences, nested sequences of intervals, or the like). Within finite time, one
may only hope to obtain a finite part of a real number, giving an approximation
to some accuracy.

This also means that comparison on real numbers is undecidable. Consider
the predicate x > 0 applied to the number x represented as the nested sequence of
intervals ([− 1

n ,
1
n ])n≥0. Within finite time, only a finite number of these intervals

can be inspected, which always contain positive as well as negative numbers so
that no decision on the sign of x is possible.

The problems mentioned above can be avoided by restricting attention to
some subset of real numbers which can be finitely described. An obvious choice
are the rational numbers, but this means that operations such as square root
or tangent are not possible. A larger such set consists of the algebraic numbers,
i.e., the roots of integer polynomials. With algebraic numbers, square roots and
higher roots are possible, but trigonometric functions such as sine, cosine or
tangent are still not supported.

Usually, a different approach is chosen. A finite set of machine-representable
floating-point numbers is singled out, and fast operations are provided which
approximate the standard operations and functions: if, say, the square root of
a floating-point number is computed, then the resulting floating-point number
is usually not the exact mathematical answer, but a number very close to it.
The errors introduced by these approximations are known as round-off errors,
and the easiest approach is to simply ignore them because they are so small.
Yet in certain situations, round-off errors may accumulate to yield a big error.
An example where this happens is the following number sequence defined by
Jean-Michel Muller (found in [40]):

a0 =
11
2
, a1 =

61
11
, an+1 = 111−

1130− 3000
an−1

an
.

With the Unix program bc, one can compute with an arbitrary, but fixed number
of decimal places. Let a(k)

n be the sequence element an computed with an accu-
racy of k decimal places. Computing with 5 decimal places yields the following
results (rounded to 3 places for presentation):
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a
(5)
0 5.500

a
(5)
1 5.545

a
(5)
2 5.590

a
(5)
3 5.632

a
(5)
4 5.648

a
(5)
5 5.242

a
(5)
6 −3.241

a
(5)
7 283.1

a
(5)
8 103.738

a
(5)
9 100.209

a
(5)
10 100.012

a
(5)
11 100.001

From this, one gets the impression that the sequence converges to 100. To
confirm this impression, we compute the number a100 with an increasing number
of decimal places:

a
(5)
100 100.041

a
(30)
100 100.0291

a
(60)
100 100.057997

a
(100)
100 100.01798 . . .

a
(110)
100 100.0792 . . .

a
(120)
100 −3.790 . . .

a
(130)
100 5.978697 . . .

a
(140)
100 5.9787925 . . .

Here, the “exponents” indicate the number of repetitions; for instance,
100.041 means 100.00001. As expected, the computations with 5, 30, and 60
decimal places show that a100 is close to the presumable limit 100. They are
consistent in their result value, and it is tempting to think “I know that round-
off errors may lead to wrong results, but if I increase the precision from 30 to 60
and the result obtained with 30 digits is confirmed, then it must be accurate.”
Yet the computations with 100 and 110 decimal places indicate that a100 is less
close to 100 than expected, and worse, the computations with 120, 130, and 140
decimal places show that all the decimals obtained from the less precise compu-
tations were wrong. Or do the more precise computations yield wrong answers?
What is the correct answer after all? Using the approach to exact real arithmetic
presented in the sequel, one can verify that the number a(140)

100 computed with
140 decimal places is an accurate approximation of the real value of a100 (and
with a bit of mathematical reasoning, one can show that the sequence converges
to 6, not to 100). Thus, on the positive side, we see that there is a precision (140)
which yields the right answer for a100, but in programs such as bc, one has to fix
this precision in advance, and without a detailed analysis of the problem, it is
unclear which precision will be sufficient (all precisions up to 110 give completely
wrong, but consistent answers near 100).

In the approach to Exact Real Arithmetic presented here, one need not spec-
ify a fixed precision in advance. Instead, a real number is set up by some oper-
ations and functions, and then one may ask the system to evaluate this number
up to a certain precision. The result will be an interval which approximates the
real number with the required precision, and it is actually guaranteed that the
number really is contained in this interval: with this arithmetic, it is impossible
to get wrong answers (well, sometimes it may take very long to get an answer,
but once the answer is there, it is trustworthy).
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1.1 Overview

In Section 2, we introduce a number representation suitable for our purposes,
consisting of an exponent and a mantissa, which is an infinite stream of signed
digits. A few simple operations like −x and |x| are implemented directly on this
representation. All other operations are implemented in terms of linear fractional
transformations (LFT’s). Individual LFT’s act on number representations and
digit streams in a uniform way which is fixed once and for all. Thus they provide
a high-level framework for implementing functions without the need to think
about their action on the low-level digit streams.

LFT’s and basic LFT operations are introduced in Section 3. Section 4 studies
monotonicity properties of general functions, in particular LFT’s. Such proper-
ties are useful in the design and analysis of algorithms. In Section 5, we char-
acterize those LFT’s which map the base interval [−1, 1] into itself (refining
LFT’s). The action of refining LFT’s on digit streams is defined in Section 6:
the absorption of argument digits into an LFT, and the emission of result digits
from an LFT. Absorption and emission are the main ingredients of an algorithm
that computes the result of applying an LFT to a real number (Section 6.3).
Section 6.5 contains some example runs of this algorithm.

In Section 7, we derive lower and upper bounds for the number of argu-
ment digits that are needed to obtain a desired number of result digits of an
LFT application. This information is complemented by information about the
complexity of individual absorptions and emissions (Section 8). Taken together,
these results imply that LFT application is quadratic in the number n of emit-
ted digits—provided that digits are absorbed and emitted one by one. If many
digits are absorbed and emitted at once, the complexity can be reduced to that
of multiplying n-bit integers (Section 9).

All basic arithmetic operations are special instances of LFT application. In
Section 10, the results about general LFT application are specialized to addition,
multiplication, and reciprocal 1/x. Transcendental functions can be implemented
as infinite LFT expansions. Section 11 defines the semantics of such expansions,
and shows how they can be derived from Taylor expansions (Section 11.4) or
continued fraction expansions (Section 11.5). In Section 12, this knowledge is
used to implement exponential function and natural logarithm; other functions
are handled in the exercises.

Sections 13–18 present a domain-theoretic framework for computational ge-
ometry. Section 19 contains historical remarks to both parts, and Section 20
contains exercises.

2 Digit Streams

In the approach to real number computation presented here, (computable) real
numbers are represented as potentially infinite streams of digits. At any time, a
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finite prefix of this stream has already been evaluated, e.g., π = 3.14159 · · ·, and
there is a method to compute larger finite prefixes on demand.

A finite prefix of the digit stream denotes an interval, namely the set of all real
numbers whose digit streams start with this prefix. For instance, the prefix 3.14
denotes the interval [3.14, 3.15] since all numbers starting with 3.14 are between
3.14000 · · · and 3.14999 · · · = 3.15. The longer the prefix, the smaller the interval,
e.g., 3.141 denotes [3.141, 3.142]. In this way, the digit stream denotes by means
of its prefixes a nested sequence of intervals whose intersection contains exactly
one number, namely the real number given by the digit stream.

The closed intervals of IR form a domain when ordered under opposite inclu-
sion. A nested sequence of intervals is an increasing chain in this domain, with
its intersection as the least upper bound. The real numbers themselves are in
one-to-one correspondence to the maximal elements of this domain, namely the
degenerate intervals [x, x]. The Scott topology of the interval domain induces
the usual topology on IR via this embedding.

2.1 The Failure of Standard Number Systems

The examples above are based on the familiar decimal system, which is actually
unsuitable for exact arithmetic (Brouwer [10]). We shall demonstrate this by
means of an example, and note that similar examples exist for bases different
from 10, i.e., this is a principal problem affecting all standard positional number
systems.

Consider the task of computing the product y = 3 ·x where x is given by the
decimal representation ξ = 0.333 · · ·. Mathematically, the result is given by the
decimal representation η = 0.999 · · ·, but is it possible to compute this result?
Recall that at any time, only a finite prefix of ξ is known, and this finite prefix is
the only source of information available to produce a finite prefix of the result η.

Assume we know the prefix 0.333 of ξ. Is this sufficient to determine the
first digit of η? Unfortunately not, because the prefix 0.333 denotes the interval
[0.333, 0.334], which gives [0.999, 1.002] when multiplied by 3. So we know that
η should start with 0. or 1., but we do not yet know which is the right one,
since neither the interval [0, 1] denoted by 0. nor the interval [1, 2] denoted by
1. covers the output interval [0.999, 1.002]. Worse, it is easy to see that this
happens with all prefixes of the form 0.33 · · · 3. Hence if ξ is the stream 0.333 · · ·
with ‘3’ forever, we can never output the first digit of η since no finite amount
of information from ξ is sufficient to decide whether η should start with 0. or 1. .

A solution to this problem is to admit negative digits (−1, . . . , −9 in base
10). If we now find that ξ begins with 0.333, we may safely output ‘1.’ (even
1.00) as a prefix of η since we can compensate by negative digits if it turns
out later that the number represented by ξ is less than 1/3, and so the result
is actually smaller than 1. More formally, the interval denoted by the prefix
0.333 is now [0.332, 0.334], since the smallest possible extension of 0.333 is no
longer 0.33300 · · ·, but 0.333(−9)(−9) · · ·. This interval yields [0.996, 1.002] when
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multiplied by 3, which is contained in the interval [0.99, 1.01] represented by the
prefix 1.00, i.e., we can safely output 1.00 as the beginning of the output stream.

2.2 Signed Positional Systems

Signed positional systems are variants of standard positional systems which ad-
mit negative as well as positive digits. Like the standard systems, they are char-
acterised by a base r, which is an integer r ≥ 2. Once the base is fixed, the set
of possible digits is taken as Dr = {d ∈ ZZ | |d| < r}. For r = 10, we obtain
D10 = {−9,−8, . . . , 0, 1, . . . , 9} (signed decimal system), but the signed binary
system with r = 2 and D2 = {−1, 0, 1} is practically more important. Most
of these lecture notes deal with the case of base 2, which will therefore be the
default case when the index r is omitted.

To avoid a special notation for the “decimal” (or “binary”) point, let’s assume
it is always at the beginning of the digit stream. Then an (infinite) digit stream
ξ = 〈d1, d2, d3, · · ·〉 with di ∈ Dr represents the real number [ξ]r =

∑∞
i=1 dir

−i as
usual. A finite digit sequence δ represents the set [δ]r of all numbers [δξ]r which
are represented by extensions of δ to an infinite stream. For δ = 〈d1, d2, · · · , dn〉,
this set can be determined as the interval [δ]r = [

∑n
i=1 dir

−i−r−n,
∑n

i=1 dir
−i+

r−n] of length 2r−n. Note that the empty prefix 〈〉 (n = 0) denotes the interval
[−1, 1], which is the set of all real numbers representable by now. For the other
ones, see Section 2.3 below.

In the sequel, we shall usually omit the parentheses and commas in digit
sequences to obtain a more compact notation. Instead, we shall write concrete
examples of digits and digit sequences in a special style, e.g., 4711 for 〈4, 7, 1, 1〉,
to distinguish these sequences as syntactic objects from the numbers they denote.
For further notational convenience, the minus sign becomes a bar within digit
sequences, e.g., we write 11̄01 for the sequence 〈1,−1, 0, 1〉. The digit sequence
which results from attaching a single digit d to a sequence ξ will be written as
d : ξ (like “cons” in the lazy functional languages Haskell and Miranda). Unlike
these languages, we shall abbreviate d1 : d2 : ξ by d1d2 : ξ.

What is then the proper semantic meaning of this “cons” operation? For
infinite streams, we may calculate

[d : ξ]r = d · r−1 +
∞∑

i=2

ξi−1r
−i =

1
r

(
d+

∞∑
i=1

ξir
−i

)
=

1
r
(d+ [ξ]r) .

Hence, we have [d : ξ]r = Ar
d([ξ]r) where Ar

d denotes the affine function with
Ar

d(x) = x+d
r . A similar calculation can be done for finite digit sequences de-

noting intervals; the result is again [d : ξ]r = Ar
d([ξ]r), but this time, both

sides are intervals, and for an interval I, Ar
d(I) is the image of I under Ar

d,
which may as well be obtained as Ar

d([u, v]) = [Ar
d(u), A

r
d(v)]. For finite digit se-

quences, these considerations lead to an alternative characterisation of [d1 · · · dn]r
as Ar

d1
(· · ·Ar

dn
([−1, 1]) · · ·).
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In contrast to the “cons” operation, the “tail” operation (omitting the first
digit) has no semantic meaning. In base 2, 010 . . . and 11̄0 . . . both represent
the number 1

4 , but their tails 10 . . . and 1̄0 . . . represent two different numbers
( 1
2 and − 1

2 ).
Let’s now consider the practically important case r = 2, D = {−1, 0, 1} more

closely. Here, we have (suppressing the index 2) A1̄(x) = 1
2 (x− 1), A0(x) = 1

2x,
and A1(x) = 1

2 (x+1). All possible digit sequences up to length 2 and the intervals
denoted by them are given by the following table:

[11] = [12 , 1]
[1] = [0, 1] [10] = [ 14 ,

3
4 ]

[01] = [11̄] = [0, 1
2 ]

[ ] = [−1, 1] [0] = [− 1
2 ,

1
2 ] [00] = [− 1

4 ,
1
4 ]

[01̄] = [1̄1] = [− 1
2 , 0]

[1̄] = [−1, 0] [1̄0] = [− 3
4 ,− 1

4 ]
[1̄1̄] = [−1,− 1

2 ]

We see that the intervals overlap considerably, and some intervals are outright
equal, e.g., [11̄] and [01]. The latter observation can be strengthened to the
fact that for all finite or infinite digit sequences δ, the sequences 11̄ : δ and
01 : δ are equivalent in the sense that they denote the same interval (finite
case) or the same real number (infinite case). The semantic reason for this is
A1 ◦ A1̄ = A0 ◦ A1 = (x �→1

4 (x + 1)). Similarly, 1̄1 : δ and 01̄ : δ are always
equivalent.

Therefore, most real numbers have several (often infinitely many) different
digit stream representations. This redundancy, or more precisely the overlapping
which causes it is important for computability: if an output range crosses the
border point 0 of [1̄] and [1] and is sufficiently small, then it will be contained
in [0], i.e., the digit 0 may be output. This observation may be strengthened as
follows:

– If an interval J ⊆ [−1, 1] has length �(J) ≤ 1
2 , then it is contained in (at

least) one of the three digit intervals [1̄], [0], [1].

An interval J with 1
2 < �(J) ≤ 1 may or may not fit into one of the three digit

intervals; consider [−ε, 1
2 + ε] which does not fit for ε > 0, and [0, l] which fits

into [1] = [0, 1] for l ≤ 1. Finally, an interval J with �(J) > 1 cannot fit into any
of the three digit intervals.

These observations can be generalised to digit sequences of length greater
than 1 and arbitrary bases r as follows:

Proposition 2.1. Let J ⊆ [−1, 1] be an interval.

1. If �(J) ≤ r−n, then J ⊆ [δ]r for some digit sequence δ of length n in base r.
2. If J ⊆ [δ]r for some digit sequence δ of length n in base r, then �(J) ≤ 2r−n.
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2.3 Exponents

We have seen that a signed positional number system as defined above can only
represent numbers x with |x| ≤ 1 by digit streams. To obtain representations for
real numbers x of any size, one may write x as re · x′ where re is a power of the
base and x′ satisfies |x′| ≤ 1 so that it can be represented by a digit stream. In
principle, exponents e ≥ 0 are sufficient, but allowing arbitrary e ∈ ZZ has its
virtues. Thus, we arrive at representations (e || ξ) where e is an integer (called
exponent) and ξ is a digit stream (called mantissa), and (e || ξ) represents
[(e || ξ)]r = re · [ξ]r. Semantically, the attachment of the exponent can again be
captured by an affine map, namely [(e || ξ)]r = Er

e ([ξ]r), where Er
e is given by

Er
e (x) = re · x.

The resulting number representation is similar to the familiar exponent-
mantissa representation. The differences are that the mantissa is (potentially)
infinite and may contain negative digits, and that no leading sign is required to
represent negative numbers. (A further syntactic difference is that the exponent
comes first; this reflects the fact that all algorithms deal with the exponent first
before working with the mantissa.)

Clearly, the exponent in the number representation is not unique. Since
[0 : ξ]r = 1

r [ξ]r, a representation (e || ξ) can always be replaced by (e+1 || 0 : ξ),
or more generally by (e+ k || 0k : ξ), where 0k : ξ means that k 0-digits are at-
tached to the beginning of ξ. On the other hand, we may remove leading 0-digits
from ξ and reduce (refine) the exponent accordingly: [(e || 0 : ξ)]r = [(e−1 || ξ)]r,
or more generally [(e || 0k : ξ)]r = [(e− k || ξ)]r.

Note that 0-digits may be squeezed out of a digit stream even if it does not
begin with a 0-digit. For instance, in base r = 2, we have seen that 11̄ : ξ and
01 : ξ are equivalent, and so are 1̄1 : ξ and 01̄ : ξ. Thus, we have [(e || 11̄ : ξ)] =
[(e− 1 || 1 : ξ)] and [(e || 1̄1 : ξ)] = [(e− 1 || 1̄ : ξ)].

Refinement of the exponent is no longer possible iff the mantissa ξ starts with
one of 10, 11, 1̄0, or 1̄1̄. We call a representation with this property normalised.
A normalised mantissa represents a number x with 1

4 ≤ |x| ≤ 1. All real numbers
except 0 have normalised representations, but in contrast to the familiar case of
unsigned digits, the exponents of two normalised representations for the same
number may still differ by 1, e.g., 1

3 = [(−1 || (10)ω)] = [(0 || 1(01̄)ω)].
The computation of a real number y (more exactly, one of its representations)

generally proceeds in the following stages:

1. Obtain an upper bound for the exponent of y.
2. Refine the exponent until it is sufficiently small or the representation is

normalised.
3. Compute prefixes of the mantissa according to the required precision.

In simple cases, the exponent of the result is immediately known, but sometimes,
considerable work is to be done in the first two stages.
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2.4 Calculations with Digit Streams

Suppose we want to implement a function f : IR → IR which takes real numbers
to real numbers. Then we need to find a corresponding function ϕ on representa-
tions, i.e., a function ϕ that maps representations (e || ξ) of x into representations
(e′ || η) of f(x). Often, this function will be based on some function ϕ0 that maps
digit streams into digit streams. Algorithms for such stream functions can usually
be specified recursively in the spirit of a lazy functional programming language
such as Haskell or Miranda.

We are now ready to present the implementations of a few simple functions
(and constants), always assuming base r = 2. We shall usually not distinguish
between a stream ξ and its denotation [ξ], nor between a function f and its
representation ϕ.

Zero may be represented by (0 || 0ω), and one by (0 || 1ω) or (1 || 10ω).

Negation −x can be implemented by leaving the exponent alone, and negating
(the number represented by) the mantissa: −(e || ξ) = (e || −ξ).
The latter can be done by flipping all digits around:

−(1 : ξ) = 1̄ : (−ξ), −(0 : ξ) = 0 : (−ξ), −(1̄ : ξ) = 1 : (−ξ).

Absolute value |x| can also be realised by acting on the mantissa:
|(e || ξ)| = (e || |ξ|).
As long as the leading digit of ξ is 0, we do not know whether [ξ] is positive or
negative. But because of [0 : ξ] = 1

2 [ξ] and |12x| = 1
2 |x| we can safely output a

0-digit for every 0-digit we meet: |0 : ξ| = 0 : |ξ|.
Once the first non-zero digit has been found, we know [ξ] ≥ 0 or [ξ] ≤ 0, and
can switch to the identity stream function or negation:

|1 : ξ| = 1 : ξ, |1̄ : ξ| = 1 : (−ξ) .

Other Operations. Implementations of the minimum function min(x, y) and ad-
dition x + y in this framework are straightforward (see also Exercise 1). Mul-
tiplication is a bit more difficult, but division already requires some ingenuity,
and there is no immediate way to obtain functions like square root, exponential,
logarithm, etc. Fortunately, linear fractional transformations (LFT’s) provide a
high-level framework that makes the implementation of such real number oper-
ations much easier. Individual LFT’s act on number representations and digit
streams in a uniform way which is fixed once and for all. The desired real num-
ber operations may then be implemented in terms of LFT expressions, without
the need to think about their action on the low-level digit streams. (Another
approach was used by Plume [42] who worked on digit streams using auxiliary
representations and an auxiliary limit function. These also provide an abstrac-
tion from the underlying digit streams.)
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3 Linear Fractional Transformations (LFT’s)

We have already seen that the semantic meaning of digits and exponents can be
captured by certain affine transformations: [d : ξ]r = Ar

d([ξ]r) with Ar
d(x) = x+d

r ,
and [(e || ξ)]r = Er

e ([ξ]r) with Er
e (x) = re · x. The general form of these affine

transformations is A(x) = ax+b with two fixed parameters a and b. Considering
affine transformations would already be sufficient to obtain some useful results,
but to handle division and certain transcendental functions, one needs the more
general linear fractional transformations or LFT’s.

3.1 One-Dimensional LFT’s (1-LFT’s) and Matrices

A one-dimensional linear fractional transformation (1-LFT), also called Möbius
transformation, is a function of the form L(x) = ax+c

bx+d with four fixed parameters
a, b, c, and d. In general, these parameters are arbitrary real (or even complex)
numbers, but we shall usually only consider 1-LFT’s with integer parameters.

The notion of 1-LFT includes that of affine transformation. A 1-LFT ax+c
bx+d

is affine if and only if b = 0; in this case it becomes a
dx+ c

d .
For ease of notation, we abbreviate the function x �→ax+c

bx+d by
〈

a
b

c
d

〉
. The

following are some examples of 1-LFT’s:

x �→x 〈 1
0

0
1

〉
x �→ −x

〈
−1

0
0
1

〉
x �→x+ 1

〈 1
0

1
1

〉
x �→3x

〈 3
0

0
1

〉
x �→1

x

〈 0
1

1
0

〉
x �→2x+3

4x+5

〈 2
4

3
5

〉
x �→Ar

d(x) = x+d
r

〈
1
0

d
r

〉
x �→Er

e (x) = re · x
〈

re

0
0
1

〉
The notation

〈
a
b

c
d

〉
for 1-LFT’s looks similar to a 2-2-matrix M =

(
a
b

c
d

)
. In-

deed, any such matrix M =
(

a
b

c
d

)
defines a 1-LFT, namely 〈M〉 =

〈
a
b

c
d

〉
, with

〈M〉(x) = ax+c
bx+d . Yet this correspondence is not one-to-one: in a 1-LFT, common

factors of the four parameters do not matter;
〈

a
b

c
d

〉
and

〈
ka
kb

kc
kd

〉
are the same

1-LFT if k is a non-zero number. Thus, we have 〈M〉 = 〈kM〉 for k �= 0. In fact,
the opposite direction also holds: if 〈M1〉 = 〈M2〉, then M1 and M2 differ only
by a non-zero multiplicative factor. In particular, we have 〈M〉 = 〈−M〉. As a
slight normalisation, we usually present 1-LFT’s in a way such that the lower
right entry is non-negative (d ≥ 0).

The matrix-like notation for 1-LFT’s carries mathematical meaning because
of the following:

Proposition 3.1. The composition of two 1-LFT’s L1 and L2 is again a 1-LFT.
Composition of 1-LFT’s corresponds to matrix multiplication: 〈M1〉 ◦ 〈M2〉 =
〈M1 ·M2〉 (Exercise 2).
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Recall from linear algebra how two matrices are multiplied:(a
b

c

d

)
·
(
a′

b′
c′

d′

)
=
(
aa′ + cb′

ba′ + db′
ac′ + cd′

bc′ + dd′

)
(1)

If b = b′ = 0, then also ba′+db′ = 0, hence affinity is preserved by multiplication.
The neutral element of matrix multiplication is the identity matrix E =

( 1
0

0
1

)
,

whose 1-LFT
〈 1

0
0
1

〉
is the identity function. Recall further the important notion

of the determinant of a matrix

det
(a
b

c

d

)
= ad− bc (2)

and its basic properties:

det E = 1 det(A ·B) = detA · detB det(kM) = k2 · detM (3)

Because of the last equation above, the determinant is not a well-defined prop-
erty of a 1-LFT (remember that 〈kM〉 = 〈M〉 for k �= 0). Yet thesign of the
determinant is a perfect 1-LFT property because for k �= 0, det(kM) >

=
< 0 iff

detM >
=
< 0.

A matrix M is non-singular iff detM �= 0. Theinverse of a non-singular
matrix M =

(
a
b

c
d

)
is given by

(
a
b

c
d

)−1 = 1
det M

(
d

−b
−c

a

)
. For 1-LFT’s, the

factor 1
det M does not matter, and we may define the pseudo inverse M∗ instead:(a

b

c

d

)∗
=
(

d

−b
−c
a

)
(4)

Note that the pseudo inverse of an integer matrix is again an integer matrix,
and affinity (b = 0) is preserved as well. The following are the main properties
of this notion (in the matrix world):

E∗ = E (M∗)∗ = M
(k ·M)∗ = k ·M∗ (A ·B)∗ = B∗ ·A∗

detM∗ = detM M ·M∗ = M∗ ·M = detM · E
(5)

Since non-zero factors do not matter for 1-LFT’s, the last property gives the
1-LFT equation 〈M∗〉 ◦ 〈M〉 = 〈M〉 ◦ 〈M∗〉 = id for detM �= 0, i.e.,〈M∗〉 is the
inverse function of 〈M〉.

3.2 Two-Dimensional LFT’s (2-LFT’s) and Tensors

The 1-LFT’s defined above are functions of one argument, and as such, not
suitable to capture the standard binary operations of addition x+y, subtraction
x−y, multiplication x ·y, and division x/y. For this purpose, we introduce LFT’s
of two arguments (two-dimensional LFT’s, shortly 2-LFT’s).
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A two-dimensional linear fractional transformation (2-LFT) is a function of
the form L(x, y) = axy+cx+ey+g

bxy+dx+fy+h with eight fixed parameters a, b, c, d, e, f , g,

and h. For ease of notation, we write this function as
〈

a
b

c
d

e
f

g
h

〉
. The following

are some examples of 2-LFT’s:

(x, y) �→x+ y
〈0

0
1
0

1
0

0
1

〉
(x, y) �→x− y

〈
0
0

1
0

−1
0

0
1

〉
(x, y) �→x · y 〈 1

0
0
0

0
0

0
1

〉
(x, y) �→x/y 〈 0

0
1
0

0
1

0
0

〉
(x, y) �→x+y

1−xy

〈
0

−1
1
0

1
0

0
1

〉
(x, y) �→2x+3

4y+5

〈 0
0

2
0

0
4

3
5

〉
The notation

〈
a
b

c
d

e
f

g
h

〉
for 2-LFT’s looks similar to a 2-4-matrix T =(

a
b

c
d

e
f

g
h

)
, called tensor. The relation between tensors and 2-LFT’s is similar to

the relation between matrices and 1-LFT’s. Any tensor T defines a 2-LFT 〈T 〉.
Two tensors define the same 2-LFT if and only if their entries differ by a non-zero
multiplicative factor. Thus, 〈T 〉 = 〈kT 〉 for k �= 0; in particular〈T 〉 = 〈−T 〉. We
usually present 2-LFT’s in a way such that the lower right entry is non-negative
(h ≥ 0).

If the second argument of a 2-LFT F =
〈

a
b

c
d

e
f

g
h

〉
is a fixed number y, then

F |y is a function in one argument, given by

F |y(x) = F (x, y) =
(ay + c)x+ (ey + g)
(by + d)x+ (fy + h)

=
〈
ay + c

by + d

ey + g

fy + h

〉
(x) .

A similar calculation can be done if the first argument is a fixed number x,
leading to another 1-LFT F |x. Thus, if we define for tensors T =

(
a
b

c
d

e
f

g
h

)
T |x =

(
ax+ e

bx+ f

cx+ g

dx+ h

)
and T |y =

(
ay + c

by + d

ey + g

fy + h

)
(6)

then 〈T |x〉(y) = T (x, y) and 〈T |y〉(x) = T (x, y).
While there is no obvious way to compose two 2-LFT’s in the framework

presented here, there are several ways to compose a 2-LFT and a 1-LFT (or to
multiply a tensor and a matrix). Let for the following M be a matrix and T a
tensor.

First, the function F defined by F (x, y) = 〈M〉(〈T 〉(x, y)) is again a 2-LFT,
namely F = 〈MT 〉, where MT is an instance of ordinary matrix multiplication:(

a′

b′
c′

d′

)(
a

b

c

d

e

f

g

h

)
=
(
a′a+ c′b
b′a+ d′b

a′c+ c′d
b′c+ d′d

a′e+ c′f
b′e+ d′f

a′g + c′h
b′g + d′h

)
(7)

Second, the function G defined by G(x, y) = 〈T 〉(〈M〉(x), y) is again a 2-LFT,
namely G = 〈T L© M〉, where T L© M is a special purpose operation defined by(
a

b

c

d

e

f

g

h

)
L©
(
a′

b′
c′

d′

)
=
(
aa′ + eb′

ba′ + fb′
ca′ + gb′

da′ + hb′
ac′ + ed′

bc′ + fd′
cc′ + gd′

dc′ + hd′

)
(8)
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Third, the function H defined by H(x, y) = 〈T 〉(x, 〈M〉(y)) is again a 2-LFT,
namely H = 〈T R© M〉, where T R© M is a special purpose operation defined by(
a

b

c

d

e

f

g

h

)
R©
(
a′

b′
c′

d′

)
=
(
aa′ + cb′

ba′ + db′
ac′ + cd′

bc′ + dd′
ea′ + gb′

fa′ + hb′
ec′ + gd′

fc′ + hd′

)
(9)

All these operations are connected by various algebraic laws:

(M1 ·M2) · T = M1 · (M2 · T ) (T L© M1) R© M2 = (T R© M2) L© M1 (10)

(M1 · T ) L© M2 = M1 · (T L© M2) (M1 · T ) R© M2 = M1 · (T R© M2) (11)

(T L©M1) L©M2 = T L© (M1 ·M2) (T R©M1) R©M2 = T R© (M1 ·M2) (12)

3.3 Zero-Dimensional LFT’s (0-LFT’s) and Vectors

In analogy to 1-LFT’s which take one argument and 2-LFT’s which take two
arguments, there are also 0-LFT’s

〈
a
b

〉
which take no argument at all, but deliver

the constant a
b .

The notation
〈

a
b

〉
for 0-LFT’s looks similar to a vector

(
a
b

)
. Clearly, two

vectors correspond to the same 0-LFT if and only if they differ by a non-zero
multiplicative factor.

A 1-LFT
〈

a
b

c
d

〉
can be applied to a 0-LFT

〈
u
v

〉
resulting in a new 0-LFT〈

au+cv
bu+dv

〉
. If the first argument of a 2-LFT F =

〈
a
b

c
d

e
f

g
h

〉
is a fixed 0-LFT w =〈

u
v

〉
, then F |w is the 1-LFT

〈
au+ev
bu+fv

cu+gv
du+hv

〉
. Similarly, F |w =

〈
au+cv
bu+dv

eu+gv
fu+hv

〉
.

These absorption rules can be used to deal with rational numbers in the
real arithmetic. An expression like 1

3π can be set up as
〈 1

0
0
0

0
0

0
1

〉
(
〈 1

3

〉
, π) using

the tensor for multiplication, and then simplified to
〈 1

0
0
3

〉
(π). If only rational

operations on rational numbers are performed, this is equivalent to a rational
arithmetic, with the disadvantage that in general, denominators double in their
bit size in every addition and multiplication. Alternatively, a rational number
can be treated like any real number and transformed into a digit stream.

4 Monotonicity

By interval, we always mean a closed interval [u, v] with u ≤ v in IR. If I is an
interval and f : I → IR a continuous function, then its image f(I) is again an
interval. To actually determine the end points of f(I), it is useful to know about
the monotonicity of f .

A function f : I → IR is

– increasing if x ≤ y in I implies f(x) ≤ f(y),
– decreasing if x ≤ y in I implies f(x) ≥ f(y),
– strictly increasing if x < y in I implies f(x) < f(y),
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– strictly decreasing if x < y in I implies f(x) > f(y),
– monotonic if it is increasing (on the whole of I) or decreasing (on the whole

of I).

For monotonic functions, we also speak of their monotonicity type, which is
↑ for increasing functions, and ↓ for decreasing functions. Clearly, f([u, v]) =
[f(u), f(v)] for increasing f , and f([u, v]) = [f(v), f(u)] for decreasing f . Hence
for monotonic f , f([u, v]) is the interval spanned by the two values f(u) and
f(v), extending from their minimum to their maximum. If J is another interval,
then f([u, v]) ⊆ J if and only if both f(u) and f(v) are in J .

Let 〈M〉 be a 1-LFT such that the denominator bx + d of 〈M〉(x) = ax+c
bx+d

is non-zero for all x in an interval I. We call such a 1-LFT bounded on I since
it avoids the value ∞ which formally occurs as a fraction with denominator 0.
Analogous notions can be introduced for 2-LFT’s.

A 1-LFT f = 〈M〉 which is bounded on I is a continuous function f : I → IR,
given by f(x) = ax+c

bx+d . Clearly, this function is differentiable with derivative
f ′(x) = ad−bc

(bx+d)2 . In this fraction, the denominator is always greater than 0 (it
cannot be 0 since f was supposed to be bounded on I), while the numerator is
a constant, namely detM . Thus, the monotonicity behaviour of 〈M〉 depends
only on the sign of detM (which is a meaningful notion for a 1-LFT):

– If detM > 0, then 〈M〉′(x) > 0 for all x in I, hence 〈M〉 is strictly increasing.
– If detM < 0, then 〈M〉′(x) < 0 for all x in I, hence 〈M〉 is strictly decreasing.
– If detM = 0, then 〈M〉′(x) = 0 for all x in I, hence 〈M〉 is constant on I.

In any case, 〈M〉 is monotonic, and therefore, the remarks on monotonic func-
tions given above apply. All this relies on the fact that we let the 1-LFT act on
an interval; for instance,

〈 0
1

1
0

〉
= (x �→1

x ) with det
( 0

1
1
0

)
= −1 is decreasing on

[1, 2] and on [−2,−1], but not on [−1, 1] \ {0}.
We now turn to functions of two arguments. Let I and J be two intervals.

Geometrically, their product set I ×J is a rectangle. For a function F : I ×J →
IR, we define F |x : J → IR for fixed x in I by F |x(y) = F (x, y), and dually
F |y : I → IR for fixed y in J by F |y(x) = F (x, y); these functions are the
sections of F .

A function F : I × J → IR is monotonic if all its sections F |x for x ∈ I and
F |y for y ∈ J are monotonic. Recall that all the sections of a 2-LFT are 1-LFT’s,
and therefore monotonic by the results above. Hence, every 2-LFT is monotonic
on every rectangle where it is bounded (i.e., its denominator avoids 0).

Proposition 4.1. If F : [u1, u2] × [v1, v2] → IR is continuous and monotonic,
then its image F ([u1, u2] × [v1, v2]) is the interval spanned by the four corner
values F (u1, v1), F (u1, v2), F (u2, v1), and F (u2, v2), i.e., it extends from the
smallest of these values to the largest.

Corollary 4.2. If F : [u1, u2]× [v1, v2] → IR is continuous and monotonic, then
for all intervals J , the inclusion F ([u1, u2]× [v1, v2]) ⊆ J holds if and only if all
the corner values F (u1, v1), F (u1, v2), F (u2, v1), and F (u2, v2) are in J .
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If F : I×J → IR is monotonic, then it may happen that some of the sections
F |y are increasing, while some other sections F |y are decreasing. We say F is
increasing in the first argument if all sections F |y for y ∈ J are increasing.
The properties to be decreasing in the first (or second) argument are defined
analogously. We say F has type (↑, ↓) if F is increasing in the first argument and
decreasing in the second. The 3 other types (↑, ↑), (↓, ↑), and (↓, ↓) are defined
similarly.

Let’s consider some examples. On I0×I0 = [−1, 1]2, addition F (x, y) = x+y
has type (↑, ↑), subtraction F (x, y) = x− y has type (↑, ↓), while multiplication
F (x, y) = x·y is of course monotonic like all other 2-LFT’s, but does not have any
of the four types. For, F |1(x) = x is increasing, but F |−1(x) = −x is decreasing.

5 Bounded and Refining LFT’s

Later, we shall apply LFT’s to arguments given by digit streams. Of course,
this makes only sense if the LFT is well-defined for arguments from the “base
interval” I0 = [−1, 1], i.e., is bounded in the sense that its denominator avoids 0
for arguments from I0. If we want the result to be represented by a digit stream
as well, then the LFT should moreover be refining, i.e., map I0 into itself.

In this section, we shall derive some criteria for LFT’s to be bounded and
refining, and prove some properties of these notions. These proofs involve some
manipulations of absolute values, so that it is worthwhile to establish some
properties of absolute values in the beginning. Recall

|x| = max(x,−x) − |x| = min(x,−x) (13)

for real numbers x. The following lemma will be useful in dealing with sums.

Lemma 5.1.
max(|x+ y|, |x− y|) = |x|+ |y| and |x+ y|+ |x− y| = 2 max(|x|, |y|).

5.1 Bounded 1-LFT’s

A 1-LFT
〈

a
b

c
d

〉
is bounded iff the denominator D(x) = bx+ d is non-zero for all

x ∈ I0. Since I0 is an interval and D is continuous, this means either D(x) > 0
for all x in I0, or D(x) < 0 for all x in I0. Under the general assumption d ≥ 0,
the second case is ruled out because D(0) = d. To check D(x) > 0 for all x ∈ I0,
it suffices to consider the minimal value of D on [−1, 1]. For b ≥ 0, this is
D(−1) = d − b, and for b ≤ 0, it is D(1) = d + b. In any case, the minimum is
d− |b|. Therefore, we obtain:

Proposition 5.2.
〈

a
b

c
d

〉
with d ≥ 0 is bounded if and only if d > |b|. In this

case, the denominator bx+ d is positive for all x in I0.
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5.2 Bounded 2-LFT’s

For a 2-LFT F =
〈

a
b

c
d

e
f

g
h

〉
, the denominator is D(x, y) = bxy+dx+fy+h. We

say F is bounded if D avoids 0 for (x, y) in I2
0 . Under the general assumption

h = D(0, 0) ≥ 0, this is again equivalent to positivity of D on I2
0 . Function

D is monotonic; this is most easily seen by noting that D =
〈

b
0

d
0

f
0

h
1

〉
is a

2-LFT. Hence, the range of possible values of D on I2
0 is spanned by the four

corner values D(±1,±1). Thus, F is bounded iff the four values b + d + f + h,
−b− d+ f + h, −b+ d− f + h, and b− d− f + h are positive. Equivalently, this
means

h > max(b+ d− f, b− d+ f,−b+ d+ f,−b− d− f) . (14)

In case of b = 0, the condition can be simplified to h > |d|+ |f | with the help of
Lemma 5.1.

Proposition 5.3. If
〈

a
b

c
d

e
f

g
h

〉
with h ≥ 0 is bounded, then h >

max(|b|, |d|, |f |).
Proof. We start with (14). Adding the two relations h > b+d−f and h > b−d+f
gives 2h > 2b, and adding h > −b+ d+ f and h > −b− d− f yields 2h > −2b.
Together, h > |b| follows. In a similar way, h > |d| and h > |f | can be derived.

��

5.3 Refining 1-LFT’s

A bounded 1-LFT f =
〈

a
b

c
d

〉
is refining if f(I0) ⊆ I0. Since f is monotonic, this

is equivalent to the two conditions f(−1) ∈ I0 and f(1) ∈ I0, or |f(−1)| ≤ 1
and |f(1)| ≤ 1. With the assumption d ≥ 0, the denominator of f(x) = ax+c

bx+d is
positive. Hence, the two conditions can be reformulated as |c − a| ≤ d − b and
|c+a| ≤ d+ b, or d ≥ max(|c−a|+ b, |c+a|− b) = max(c+a− b, c−a+ b,−c+
a+ b,−c− a− b).

Note the similarity of this condition to the condition for a 2-LFT to be
bounded (14); the only difference lies in the variable names and the relation
symbol. Hence everything what has been said about bounded 2-LFT’s holds
here as well in an analogous way:

Proposition 5.4.
An affine 1-LFT

〈
a
0

c
d

〉
with d > 0 is refining if and only if d ≥ |a|+ |c|.

Proposition 5.5. If
〈

a
b

c
d

〉
with d ≥ 0 is refining, then d ≥ max(|a|, |b|, |c|).

5.4 Refining 2-LFT’s

A bounded 2-LFT F =
〈

a
b

c
d

e
f

g
h

〉
is refining if F (I2

0 ) ⊆ I0. Since F is mono-
tonic, this is equivalent to the condition that all four corner values F (±1,±1)
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are in I0, or |F (±1,±1)| ≤ 1. With the assumption h ≥ 0, all denominators are
positive. Hence, the four conditions can be reformulated as

|a+ c+ e+ g| ≤ b+ d+ f + h

|a− c− e+ g| ≤ b− d− f + h

|−a− c+ e+ g| ≤ −b− d+ f + h

|−a+ c− e+ g| ≤ −b+ d− f + h
(15)

We now show that the lower right entry h of a refining 2-LFT dominates all other
ones (under the assumption h ≥ 0). First, we know from Prop. 5.3 that h >
|b|, |d|, |f |. Adding the two equations in the first column of (15) gives max(|a+
g|, |c + e|) ≤ h + b with the help of Lemma 5.1. Similarly, adding the second
column yields max(|a − g|, |c − e|) ≤ h − b. Next, adding |a + g| ≤ h + b and
|a− g| ≤ h− b gives max(|a|, |g|) ≤ h, and adding the other two relations yields
max(|c|, |e|) ≤ h.

Proposition 5.6. If
〈

a
b

c
d

e
f

g
h

〉
with h ≥ 0 is refining, then h ≥ |a|, |c|, |e|, |g|

and h > |b|, |d|, |f |.

6 LFT’s and Digit Streams

Now we consider the application of (refining) LFT’s to arguments from I0. The
LFT’s will be represented by matrices, and the arguments and results by digit
streams (exponents are handled later). We take the freedom to occasionally iden-
tify LFT’s and their representing matrices, and thus to apply the LFT notions
bounded, refining, monotonic etc. to the representing matrices as well.

6.1 Absorption of Argument Digits

Absorption into Matrices. Let f = 〈M〉 be a 1-LFT to be applied to a digit
stream. Remember that a digit k in base r corresponds to an affine transfor-
mation Ar

k with Ar
k(x) = x+k

r . This is a special case of a 1-LFT, with matrix

Ar
k =

(
1
0

k
r

)
. Using this matrix, we may calculate

〈M〉([k : ξ]r) = 〈M〉(〈Ar
k〉([ξ]r)) = 〈M ·Ar

k〉([ξ]r).
Thus, we may absorb the first digit of the argument stream into the matrix M
by multiplying M with Ar

k from the right:

– Absorption: M(k : ξ) = (M ·Ar
k) (ξ).

An explicit formula for the product M · Ar
k may be obtained by specialising

Equation (1):

M ·Ar
k =

(a
b

c

d

)
·
(

1
0
k

r

)
=
(
a

b

rc+ ka

rd+ kb

)
(16)

For the following, let M =
(

a
b

c
d

)
and M ′ = M ·Ar

k =
(

a′

b′
c′

d′

)
, where the actual

values of a′ etc. are given by (16).
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1. If M is bounded with positive denominator, then so is M ′.
Proof: Let D(x) = bx + d be the denominator of M , and D′(x) = b′x + d′

the denominator of M ′. Both D and D′ are 1-LFT’s, namely D =
(

b
0

d
1

)
and D′ =

(
b
0

rd+kb
1

)
. By (16), D · Ar

k is D′′ =
(

b
0

rd+kb
r

)
. By hypothesis,

D(x) > 0 for all x in I0. Hence, D(x) > 0 for all x ∈ Ar
k(I0) ⊆ I0, and

therefore, D′′(x) = D(Ar
k(x)) > 0 for all x in I0. From this, positivity of

D′(x) = r ·D′′(x) immediately follows.
2. If M is refining, then so is M ′.

Proof: If M(I0) ⊆ I0, then M ′(I0) = M(Ar
k(I0)) ⊆M(I0) ⊆ I0.

3. If M is increasing (decreasing), then so is M ′.
Proof: M ′ is M composed with the increasing function Ar

k.

Absorption into Tensors. The absorption of a digit into a tensor T rests on
a similar semantic foundation. It comes in two versions, depending on whether
the digit is taken from the left or the right argument.

– Left absorption: T (k : ξ, η) = (T L© Ar
k) (ξ, η).

– Right absorption: T (ξ, k : η) = (T R© Ar
k) (ξ, η).

Explicit formulae for the products T L© Ar
k and T R© Ar

k may be obtained by
specialising (8) and (9):

T L© Ar
k =

(
a

b

c

d

e

f

g

h

)
L©
(

1
0
k

r

)
=
(
a

b

c

d

re+ ka

rf + kb

rg + kc

rh+ kd

)
(17)

T R© Ar
k =

(
a

b

c

d

e

f

g

h

)
R©
(

1
0
k

r

)
=
(
a

b

rc+ ka

rd+ kb

e

f

rg + ke

rh+ kf

)
(18)

For the following, let T ′ = T L© Ar
k or T ′ = T R© Ar

k.

1. If T is bounded with positive denominator, then so is T ′.
2. If T is refining, then so is T ′.
3. If T has a monotonicity type, e.g., (↑, ↑), then T ′ has the same type.

The proofs of these statements are analogous to the corresponding ones for
matrices.

6.2 Emission of Result Digits

Of course, absorption is not enough; we also need a method to emit digits of the
output stream representing the result of a computation.
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Emission from Matrices. Let M be a matrix and ξ a digit stream. To emit
a digit k of 〈M〉([ξ]r), we must transform this value into the form [k : η]r =
〈Ar

k〉([η]r). This can be done by writing M as product Ar
k ·M ′ for some matrix

M ′. The equation M = Ar
k ·M ′ yields M ′ = Ar

k
∗ ·M using the inverse of Ar

k.
Thus, emission is performed by M(ξ) = k : (Ar

k
∗ ·M)(ξ).

An explicit formula for the product Ar
k

∗ ·M is obtained by specialising (1):

Ar
k

∗ ·M =
(
r

0
−k
1

)
·
(a
b

c

d

)
=
(
ra− kb

b

rc− kd
d

)
(19)

Of course, we cannot emit an arbitrary digit. If the output stream is to begin
with k, then the result of the computation should be in the corresponding digit
interval [k]r; otherwise the method would be unsound. Thus, we can only emit
k from M(ξ) if we know that its value is contained in [k]r. Without looking into
ξ, we know nothing about it. Thus, the condition M(ξ) ∈ [k]r must hold for all
digit streams ξ, which is equivalent to M(I0) ⊆ [k]r.

– Emission: M(ξ) = k : (Ar
k

∗ ·M)(ξ).
This operation is permitted only if M(I0) ⊆ [k]r.

For the following invariance properties, let M ′ = Ar
k

∗ ·M .

1. If M is bounded with positive denominator, then so is M ′.
Proof: This is obvious since M and M ′ have the same denominator.

2. If M is refining and the emission leading to M ′ was permitted, then M ′ is re-
fining again. Proof: If M(I0) ⊆ [k]r = Ar

k(I0), then M ′(I0) = Ar
k

∗(M(I0))
⊆ Ar

k
∗(Ar

k(I0)) = I0.
3. If M is increasing (decreasing), then so is M ′. Proof: M ′ is M composed

with the increasing function Ar
k

∗.

Emission from Tensors. Emission from a tensor works similar to emission
from a matrix:

– Emission: T (ξ, η) = k : (Ar
k

∗ · T )(ξ, η).
This operation is permitted only if T (I2

0 ) ⊆ [k]r.

An explicit formula for the product Ar
k

∗ · T is obtained by specialising (7):(
r

0
−k
1

)
·
(
a

b

c

d

e

f

g

h

)
=
(
ra− kb

b

rc− kd
d

re− kf
f

rg − kh
h

)
(20)

This variant of emission satisfies invariance properties 1–3 analogous to those
for matrices.

6.3 Sketch of an Algorithm

We are now able to sketch an algorithm for applying a refining 1-LFT given by
a matrix M to a digit stream:



Computing with Real Numbers 213

Algorithm 1
Let M0 = M . Then for every n ≥ 0 do:
If there is a digit k such that Mn(I0) ⊆ [k]r,

then output digit k and let Mn+1 = Ar
k

∗ ·Mn,
else read the next digit k from the input stream and let Mn+1 = Mn ·Ar

k.

The matrices M0, M1, etc. represent the internal state of the algorithm. Hence,
we refer to them collectively as the state matrix. (In an imperative language,
they would all occupy the same variable.)

For tensors an additional problem comes up: if no emission is possible, should
we absorb a digit from the left argument or from the right? A simple strategy
is to alternate between left and right absorption, while a more sophisticated
strategy could look into the tensor to see which absorption is more likely to lead
to a subsequent emission.

6.4 The Emission Conditions

Algorithm 1 was not very specific on how to find a digit k such that the image
of the LFT is contained in [k]r, or to find out that such a digit does not exist.
These questions will be handled for base r = 2 only since this case allows for a
simple solution: try the 3 possibilities k = 1,0, 1̄ in turn. (An idea of what to
do for a general base can be obtained by looking at Section 9.3 below.)

The actual computation is simplified if we know some properties of the state
matrix (or tensor) in question. Remember that some LFT properties are pre-
served by absorptions and permitted emissions. Thus, if the initial matrix is
refining and bounded with positive denominator, then so will be all state ma-
trices encountered in Alg. 1. Moreover, if the initial matrix has some specific
monotonicity property, then all state matrices will have this property. Thus,
for the following, we always assume a refining bounded matrix with positive
denominator, and we shall try to exploit monotonicity as far as possible.

Base 2: Matrices. Let M be a refining bounded matrix with positive de-
nominator. First, we consider the case that M is increasing, so that M(I0) =
[M(−1),M(1)]. Since M is refining, we know M(I0) ⊆ I0, or M(−1) ≥ −1 and
M(1) ≤ 1. Then M(I0) ⊆ [1]2 = [0, 1] iff M(−1) ≥ 0 and M(1) ≤ 1, where the
second condition is redundant. The first condition reads −a+c

−b+d ≥ 0. Since the
denominator is positive, this is equivalent to a ≤ c. Similarly, M(I0) ⊆ [1̄]2 =
[−1, 0] iff M(−1) ≥ −1 and M(1) ≤ 0, where the first condition is redundant.
The second condition reads a+c

b+d ≤ 0. Since the denominator is positive, this is
equivalent to −a ≥ c.

Finally, M(I0) ⊆ [0]2 = [−1
2 ,

1
2 ] iff M(−1) ≥ − 1

2 and M(1) ≤ 1
2 , where no

condition is redundant. The first condition reads −a+c
−b+d ≥ − 1

2 , or 2(c−a) ≥ b−d.
The second condition reads a+c

b+d ≤ 1
2 , or 2(c + a) ≤ b + d. Checking these two

conditions becomes more efficient if they contain common subexpressions that



214 Abbas Edalat and Reinhold Heckmann

can be evaluated ahead. Indeed, the first condition can be transformed into
b− 2c ≤ d− 2a, and the second into 2c− b ≤ d− 2a. Hence, the two conditions
may be even combined into one, namely |2c− b| ≤ d− 2a.

If M is decreasing, the roles of M(1) and M(−1) are interchanged. This
means that in the emission conditions, a and b have to be replaced by −a and
−b, respectively, while c and d remain unchanged. Thus, the condition a ≤ c for
emission of 1 becomes −a ≤ c, the condition −a ≥ c for emission of 1̄ becomes
a ≥ c, and finally, the condition |2c− b| ≤ d− 2a becomes |2c+ b| ≤ d+ 2a. All
conditions are summarised in the following table:

Type 1 1̄ 0
↑ a ≤ c −a ≥ c |2c− b| ≤ d− 2a
↓ −a ≤ c a ≥ c |2c+ b| ≤ d+ 2a

Since the condition for 0 is more complicated than the other two, we propose
to check the conditions in the order 1, 1̄, 0. This has the additional advantage
that there is a situation where some tests can be avoided because they are bound
to fail. Suppose the checks of the emission conditions for 1 and 1̄ both failed, but
the check for 0 succeeded. Then the digit 0 is emitted, and the current matrix(

a
b

c
d

)
is replaced by

( 2a
b

2c
d

)
according to (19). Yet the relationship between

±2a and 2c is the same as between ±a and c, which means that the emission
conditions for 1 and 1̄ will again fail; therefore, only the condition for 0 needs
to be checked again.

Base 2: Tensors. Now let T be a refining bounded tensor with positive de-
nominator. First, we consider the case that T is of type (↑, ↑), so that T (I2

0 ) =
[T (−1,−1), T (1, 1)]. Then T (I2

0 ) ⊆ [1]2 = [0, 1] iff T (−1,−1) ≥ 0; the other con-
dition T (1, 1) ≤ 1 holds anyway since T is refining. The relevant condition reads
a−c−e+g
b−d−f+h ≥ 0. Since the denominator is positive, this is equivalent to c+e ≤ g+a.
Similarly, T (I2

0 ) ⊆ [1̄]2 = [−1, 0] iff T (1, 1) = a+c+e+g
b+d+f+h ≤ 0, which is equivalent

to c+ e ≤ −(g + a).
Finally, T (I2

0 ) ⊆ [0]2 = [− 1
2 ,

1
2 ] iff T (−1,−1) ≥ − 1

2 and T (1, 1) ≤ 1
2 . The

first condition reads a−c−e+g
b−d−f+h ≥ −1

2 , or −2(a− c− e+ g) ≤ b− d− f + h. The
second condition reads a+c+e+g

b+d+f+h ≤ 1
2 , or 2(a + c + e + g) ≤ b + d + f + h. The

first condition can be transformed into d+f −2a−2g ≤ h+ b−2c−2e, and the
second into 2a+ 2g − d− f ≤ h+ b− 2c− 2e. Again, these two conditions can
be combined into one, namely |2(g+a)− (d+ f)| ≤ (h+ b)− 2(c+ e). Note that
g + a and c+ e also occur in the tests for 1 and 1̄; they need only be evaluated
once.

If T is of type (↑, ↓) instead, then T (−1,−1) must be replaced by T (−1, 1),
and T (1, 1) by T (1,−1). This corresponds to negation of a, b, e, f , while the
other four parameters are unchanged. The other two monotonicity types can be
handled by similar negations. The results are collected in the following table:
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Type 1 1̄ 0
(↑, ↑) c + e ≤ g + a c + e ≤ −(g + a) |2(g + a) − (d + f)| ≤ (h + b) − 2(c + e)
(↑, ↓) c − e ≤ g − a c − e ≤ −(g − a) |2(g − a) − (d − f)| ≤ (h − b) − 2(c − e)
(↓, ↑) e − c ≤ g − a e − c ≤ −(g − a) |2(g − a) − (f − d)| ≤ (h − b) − 2(e − c)
(↓, ↓) −c − e ≤ g + a −c − e ≤ −(g + a) |2(g + a) + (d + f)| ≤ (h + b) + 2(c + e)

If T is of unknown monotonicity type or does not have any type at all, then
the conjunction of the four conditions in each column must be considered. The
four conditions for 1 can be combined into the two conditions |c+e| ≤ g+a and
|c− e| ≤ g − a, and similarly for 1̄, while no simplification seems to be possible
in case of 0.

Again, the conditions for 0 are more complicated then the other two. If the
order 1, 1̄, 0 is chosen, then as in the matrix case, 1 and 1̄ need not be checked
again after emission of 0.

6.5 Examples

Example 6.1. Let’s first consider the matrix M =
( 3

0
0
4

)
which means multipli-

cation by 3
4 . The d-entry 4 is positive, and the determinant 12 is positive as

well. The function is bounded (d = 4 > |b| = 0), and refining ([M(−1),M(1)] =
[− 3

4 ,
3
4 ] ⊆ I0). Therefore, we can use the emission conditions in the ↑ row of

the matrix table. Generally, we check the conditions in the order 1, 1̄, 0, except
after emission of 0, where the conditions for 1 and 1̄ are skipped because they
are known to fail as pointed out above. We also take any opportunity to cancel
common factors of the four parameters of the state matrix. Let’s assume the
digit sequence denoting the argument starts with 101.

Start: M =
(3

0
0
4

)
a ≤ c⇔ 3 ≤ 0 fails, −a ≥ c⇔ −3 ≥ 0 fails, |2c− b| ≤ d− 2a⇔ 0 ≤ −2 fails.
Absorb 1 and set M to

( 3
0

3
8

)
.

a ≤ c⇔ 3 ≤ 3 succeeds.
Emit 1 and set M to

(
6
0

−2
8

)
. Cancel a factor of 2 so that M =

(
3
0

−1
4

)
.

a ≤ c⇔ 3 ≤ −1 fails,−a ≥ c⇔ −3 ≥ −1 fails, |2c− b| ≤ d− 2a⇔ 2 ≤ −2 fails.
Absorb 0 and set M to

(
3
0

−2
8

)
.

a ≤ c⇔ 3 ≤ −2 fails, −a ≥ c⇔ −3 ≥ −2 fails, |2c− b| ≤ d− 2a⇔ 4 ≤ 2 fails.
Absorb 1 and set M to

( 3
0

−1
16

)
.

a ≤ c⇔ 3 ≤ −1 fails, −a ≥ c⇔ −3 ≥ −1 fails,
but |2c− b| ≤ d− 2a⇔ 2 ≤ 10 succeeds.
Emit 0 and set M to

( 6
0

−2
16

)
. Cancel a factor of 2 so that M =

(
3
0

−1
8

)
.

|2c− b| ≤ d− 2a⇔ 2 ≤ 2 succeeds.
Emit 0 and set M to

(
6
0

−2
8

)
. Cancel a factor of 2 so that M =

(
3
0

−1
4

)
.

|2c− b| ≤ d− 2a⇔ 2 ≤ −2 fails.
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Now, we should absorb a new digit, but we only assumed the prefix 101 to be
known. Thus, the algorithm transforms the argument prefix 101 into the result
prefix 100. Note that [101] = [ 12 ,

3
4 ] and 100 = [ 38 ,

5
8 ] ⊇ [38 ,

9
16 ] = M([ 12 ,

3
4 ]),

as it should be. In practice, a demand for more output digits will automatically
generate a demand for more input digits, which will be computed by the process
computing the argument.

Example 6.2. Let’s consider another example which involves something more
complicated than multiplication by 3

4 , namely computing 1
x+2 . In contrast to

3
4x, it is not immediate how a digit stream for 1

x+2 can be computed from a digit
stream for x. Yet the algorithm developed above provides the answer.

The function x �→ 1
x+2 is a 1-LFT with matrix

( 0
1

1
2

)
. The entry d = 2 is

positive, but the determinant −1 is negative. The function is bounded (d = 2 >
|b| = 1), and refining ([M(1),M(−1)] = [13 , 1] ⊆ I0). Thus, the algorithm can be
applied—with the emission conditions from the ↓ row of the table for matrices.

Start: M =
( 0

1
1
2

)
−a ≤ c⇔ 0 ≤ 1 succeeds. Emit 1 and set M to

(
−1

1
0
2

)
.

−a ≤ c⇔ 1 ≤ 0 fails, a ≥ c⇔ −1 ≥ 0 fails, |2c+ b| ≤ d+ 2a⇔ 1 ≤ 0 fails.
Absorb 1 and set M to

(
−1

1
−1

5

)
.

−a ≤ c⇔ 1 ≤ −1 fails, a ≥ c⇔ −1 ≥ −1 succeeds.
Emit 1̄ and set M to

(
−1

1
3
5

)
.

−a ≤ c⇔ 1 ≤ 3 succeeds. Emit 1 and set M to
(

−3
1

1
5

)
.

−a ≤ c⇔ 3 ≤ 1 fails, a ≥ c⇔ −3 ≥ 1 fails, |2c+ b| ≤ d+ 2a⇔ 3 ≤ −1 fails.
Absorb 0 and set M to

(
−3

1
2

10

)
.

−a ≤ c⇔ 3 ≤ 2 fails, a ≥ c⇔ −3 ≥ 2 fails, |2c+ b| ≤ d+ 2a⇔ 5 ≤ 4 fails.
Absorb 1 and set M to

(
−3

1
1

21

)
.

−a ≤ c⇔ 3 ≤ 1 fails, a ≥ c⇔ −3 ≥ 1 fails, |2c+ b| ≤ d+ 2a⇔ 3 ≤ 15 succeeds.
Emit 0 and set M to

(
−6

1
2

21

)
.

|2c+ b| ≤ d+ 2a⇔ 5 ≤ 9 succeeds. Emit 0 and set M to
(

−12
1

4
21

)
.

|2c+ b| ≤ d+ 2a⇔ 9 ≤ −3 fails.

Thus, the algorithm maps the input prefix 101, which denotes the interval [ 12 ,
3
4 ],

into the output prefix 11̄100, which denotes the interval [ 1132 ,
13
32 ]. This interval

really contains M([12 ,
3
4 ]) = [ 4

11 ,
2
5 ] as it should be.

Note that in Example 6.1, a common factor of 2 could occasionally be can-
celled, while in Example 6.2, no cancellation was possible. We will return to this
point in Section 8.1. Note further the way in which absorptions (A) and emis-
sions (E) alternate. In the first example, the sequence is AEAAEE, and in the
second, it is EAEEAAEE. In both cases, the next would be an A. There appears
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to be some randomness in these sequences, but it is not too bad; there seem to
be no strings of 3 consecutive A’s or E’s.

The question how many absorptions are needed to achieve a certain number
of emissions is important for the performance of the algorithm. We would not
like situations where a large number of absorptions is needed before the next
emission is possible. The worst possibility were a situation where the algorithm
keeps on absorbing for ever without ever being able to emit something (like in
the problem of computing 3·0.333 · · · in ordinary decimal notation). Fortunately,
we can prove that this cannot happen; apart from some finite start-up phase in
the beginning, absorptions and emissions will approximately alternate. This will
be shown in the next section.

7 Contractivity and Expansivity

Our next goal is to derive bounds for the number of absorptions that are required
to achieve a certain number of emissions. Such bounds can be obtained from
bounds of the derivative(s) of the LFT. In fact, we are able to obtain theoretical
bounds for an even larger class of functions.

7.1 Functions of One Argument

Let I be an interval (as always closed) and F : I → IR a C1-function, i.e., a
continuous function which is differentiable with continuous derivative F ′. The
mean value theorem of analysis states that for all x, y in I, there is some z
between x and y (hence in I) such that F (x) − F (y) = F ′(z) · (x − y). This
property gives bounds for the length of the interval F (I). First, we have for
I = [u, v]

�(F (I)) ≥ |F (v)− F (u)| ≥ inf
z∈I
|F ′(z)| · (v − u) = expI F · �(I) (21)

where expI F = infz∈I |F ′(z)| is the expansivity of F on I.
Second, we have

�(F (I)) = sup
x,y∈I

|F (x)−F (y)| ≤ sup
z∈I

|F ′(z)| · sup
x,y∈I

|x−y| = conI F ·�(I) (22)

where conI F = supz∈I |F ′(z)| is the contractivity of F on I. Since F ′ : I → IR
is continuous, the contractivity is always finite, and so we have 0 ≤ expI F ≤
conI F < ∞ .

Together with Prop. 2.1, the bounds derived above will provide information
about possible emissions. Assume F is a C1-function defined on the base interval
I0 = [−1, 1] with F (I0) ⊆ I0. We now look for theoretical lower and upper bounds
for the number of digits required from a digit stream ξ representing an argument
x if we want to compute a certain number n of digits of a stream representing
the result F (x). We work with a general base r ≥ 2.
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If a prefix δ of length m of the argument stream ξ is known, then x is in
the interval I = [δ]r of length �(I) = 2r−m. Hence, F (x) is in the interval
F (I), whose length l is bounded by expI F · 2r−m ≤ l ≤ conI F · 2r−m. The
dependence on the actual interval I can be removed by replacing expI F by
expI0 F ≤ expI F , and conI F by conI0 F ≥ conI F . Dropping the index I0, we
obtain expF · 2r−m ≤ l ≤ conF · 2r−m. (Yet note for later that we may work
with expJ F and conJ F instead, if we are interested in arguments taken from a
subinterval J ⊆ I0.)

By Prop. 2.1, we know that (at least) n result digits can be emitted if l ≤ r−n.
Hence, n digits can be emitted if conF · 2r−m ≤ r−n, or rm ≥ 2 conF · rn,
or m ≥ logr(2 conF ) + n. Thus, to emit n output digits, we need at most
�logr(2 conF )�+n input digits. This statement even applies to the case conF =
0, where the logarithm is −∞. For, in this case, F is constant, and any number
of output digits can be obtained without looking at the input at all.

By Prop. 2.1, we also know that l ≤ 2r−n if (at least) n result digits can be
emitted. Thus, expF · 2r−m ≤ 2r−n, or m ≥ logr(expF ) + n if n result digits
can be emitted. Hence, we need at least �logr(expF )�+n input digits to obtain
n result digits. In case of expF = 0 where the logarithm is −∞, this statement
still holds (trivially), but does not yield any useful information.

Theorem 7.1. Let F be a C1-function defined on the base interval I0. To obtain
n digits of F (x) for x in I0, one needs at least c< + n and at most c> + n digits
of x, where

c< = �logr(expF )� and c> = �logr(2 conF )�
where r is the base of the number system, expF = infx∈I0 |F ′(x)| and conF =
supx∈I0

|F ′(x)|.
For functions with conF ≥ expF > 0, the theorem implies that asymptot-

ically, the number of absorptions and emissions will be equal, i.e., on the long
run and on average, one absorption is required for every emission. Locally, we
see that for n emissions, at least c< + n absorptions are needed, while for n+ 1
emissions, at most c> + n + 1 are required. Hence, after any emission, we need
at most c> − c< + 1 absorptions, before the next emission is permitted. In par-
ticular, it can never happen that an infinite amount of absorptions does not lead
to any emission.

For affine F , i.e., F (x) = ax + b, F ′ is constant and so expF and conF
coincide. In this case, the two bounds in Theorem 7.1 are close together: For
base 2, they always differ by one, while for large bases, they are even identical
in most cases, allowing the exact prediction of the number of required argument
digits. For non-affine F , expF and conF may differ considerably, leading to less
accurate estimations.

Let’s now consider the case that F is a 1-LFT which is bounded on I0, given
by a matrix M =

(
a
b

c
d

)
with non-negative d. Recall from Section 4 that M is

C1 with M ′(x) = det M
(bx+d)2 . From Prop. 5.2 and its proof, we know that bx+ d is
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positive for x ∈ I0, with least value d− |b|. It is not hard to see that its largest
value is d+ |b|, and therefore

conM =
|detM |
(d− |b|)2 and expM =

|detM |
(d+ |b|)2 . (23)

For affine matrices (b = 0), both expressions simplify to |ad|
d2 = |a|

d .
With these values, Theorem 7.1 not only describes the theoretical complexity

of obtaining M(x), but also the actual complexity of Algorithm 1. For, the
algorithm detects an opportunity for emission as soon as it arises because its
tests are logically equivalent to the emission condition.

In Example 6.1, we have M =
( 3

0
0
4

)
, hence expM = conM = 3

4 , and so
c< = �log2

3
4� = 0 and c> = �log2

3
2� = 1. Hence, between n and n+1 absorptions

are needed for n emissions, and the maximum number of absorptions between
any two emissions is 1− 0 + 1 = 2.

In Example 6.2, we have M =
( 0

1
1
2

)
, hence expM = 1

9 and conM = 1, and
so c< = �log2

1
9� = −3 and c> = �log2 2� = 1. Hence, between n − 3 and n + 1

absorptions are needed for n emissions, and the maximum number of absorptions
between any two emissions is 1− (−3) + 1 = 5.

Note that for 1-LFT’s M , we have expM = 0 iff conM = 0 iff detM = 0
iff M is a constant function. Hence, there are only two cases: if detM �= 0, the
number of absorptions and emissions is asymptotically equal, while for detM =
0, any number of digits can be emitted without absorbing anything.

7.2 Functions of Two Arguments

Let I and J be two intervals (as always closed) and F : I × J → IR a C1-
function, i.e., a continuous function which is differentiable in both arguments
with continuous derivatives ∂F

∂x and ∂F
∂y . Thus, for fixed x in I, F |x : J → IR

with F |x(y) = F (x, y) is a C1-function on J , and for fixed y in J , F |y : I → IR
with F |y(x) = F (x, y) is a C1-function on I.

Let’s first derive a lower bound for �(F (I, J)). For every y in J , (21) implies

�(F (I × J)) ≥ �(F |y(I)) ≥ expI(F |y) · �(I) ≥ expL
I,J F · �(I) (24)

where
expL

I,J F = inf
y∈J

expI(F |y) = inf
x∈I,y∈J

|∂F
∂x (x, y)| (25)

is the left expansivity of F on I × J . Dually, we have

�(F (I×J)) ≥ expR
I,J F · �(J) where expR

I,J F = inf
x∈I,y∈J

|∂F
∂y (x, y)| (26)

is the right expansivity of F on I × J .
For an upper bound, consider x1, x2 ∈ I and y1, y2 ∈ J . With (22), we obtain

|F (x1, y1)− F (x2, y2)| ≤ |F (x1, y1)− F (x2, y1)|+ |F (x2, y1)− F (x2, y2)|
≤ conI(F |y1) · �(I) + conJ(F |x2) · �(J)

≤ conL
I,J F · �(I) + conR

I,J F · �(J) (27)
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where conL
I,J F = sup

y∈J
conI(F |y) = sup

x∈I,y∈J
|∂F

∂x (x, y)|
and conR

I,J F = sup
x∈I

conJ(F |x) = sup
x∈I,y∈J

|∂F
∂y (x, y)|.

Note that these numbers are finite because the partial derivatives are continuous.
Finally, Relation (27) yields �(F (I × J)) =

sup
x1,x2∈I

sup
y1,y2∈J

|F (x1, y1)−F (x2, y2)| ≤ conL
I,J F · �(I) + conR

I,J F · �(J) . (28)

Assume now F is a C1-function defined on I2
0 = [−1, 1]×[−1, 1] with F (I2

0 ) ⊆
I0. Assume further that F (x1, x2) is to be computed where each xi is given by a
digit stream ξi, and we want to find out how many argument digits are needed
to obtain n digits of the result F (x1, x2).

If a prefix δi of length mi of the argument stream ξi is known, then xi is in
the interval Ii = [δi]r of length �(Ii) = 2r−mi . Hence, F (x1, x2) is in the interval
F (I1, I2), whose length l is bounded by l< ≤ l ≤ l>, where

l< = max (expL
I1,I2 F · 2r−m1 , expR

I1,I2 F · 2r−m2)

l> = conL
I1,I2 F · 2r−m1 + conR

I1,I2 F · 2r−m2

Again, the dependence on the actual intervals I1 and I2 can be removed by
enlarging both of them to I0. We call the resulting bounds l� and l�. For ease
of notation, we drop the indices in expL

I0,I0 , etc.
By Prop. 2.1, we know that (at least) n result digits can be emitted if l ≤

r−n, which is the case if l� ≤ r−n. Hence, n digits can be emitted if conL F ·
2r−m1 ≤ 1

2r
−n and conR F · 2r−m2 ≤ 1

2r
−n. The first condition is equivalent to

rm1 ≥ 4 conL F · rn, or m1 ≥ logr(4 conL F ) + n. Thus, to emit n output digits,
�logr(4 conL F )�+n digits from the left argument and �logr(4 conR F )�+n digits
from the right argument are sufficient.

By Prop. 2.1, we also know that l ≤ 2r−n if (at least) n result digits can
be emitted. Thus, if n digits can be emitted, then l� ≤ 2r−n, or expL F ·
2r−m1 ≤ 2r−n and expR F · 2r−m2 ≤ 2r−n, or m1 ≥ logr(expL F ) + n and
m2 ≥ logr(expR F ) + n. These relations indicate how many digits from the two
arguments are at least needed to obtain n result digits.

Theorem 7.2. Let F be a C1-function with two arguments defined on I2
0 . To

obtain n digits in base r of F (x1, x2) for x1, x2 in I0, one needs at least c<L + n
digits of x1 and c<R + n digits of x2, where

c<L = �logr(expL F )� and c<R = �logr(expR F )� .

On the other hand, c>L + n digits of x1 and c>R + n digits of x2 are sufficient to
obtain (at least) n output digits, where

c>L = �logr(4 conL F )� and c>R = �logr(4 conR F )� .
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For functions with expL F > 0 and expR F > 0, the theorem implies that on
the long run and on average, one absorption from each argument is required for
every emission. Analogously to the case of one argument, one can show that it
can never happen that an infinite amount of absorptions from both sides does
not lead to any emission.

Unlike the case of matrices, there are no simple formulae for the left and
right contractivities and expansivities of a general tensor. The reason is that the
general forms of the partial derivatives are too complicated. Yet for some special
tensors, concrete bounds can be obtained easily.

The tensor for addition is not refining, but T =
( 0

0
1
0

1
0

0
2

)
with T (x, y) =

1
2 (x+ y) is refining. Since ∂T

∂x (x, y) = ∂T
∂y (x, y) = 1

2 , we have expL T = expR T =
conL T = conR T = 1

2 . Hence in base 2, at least n − 1 digits and at most n + 1
digits must be absorbed from both sides to obtain n output digits. (In practice,
n− 1 digits are not sufficient.)

The tensor T =
( 1

0
0
0

0
0

0
1

)
with T (x, y) = xy is refining. Since ∂T

∂x (x, y) = y
and ∂T

∂y (x, y) = x, we have expL T = expR T = 0 and conL T = conR T = 1.
Hence in base 2, n + 2 digits from both sides are sufficient to obtain n output
digits, but we do not get useful lower bounds. Indeed, we have (0 : ξ) · η =
0 : (ξ · η), and therefore, an arbitrary number of output digits can be obtained
without looking at the second argument if the first argument is 0ω.

8 The Size of the Entries

When a non-singular refining matrix is applied to a digit stream, we know from
Theorem 7.1 that between c< + 2n and c> + 2n transactions (absorptions plus
emissions) are needed to obtain n output digits. At first glance, these transactions
(and the emission tests) seem to require only constant time (see (16) and (19)),
but we need to take into account the size of the four entries of the state matrix. In
Example 6.2, the entries seem to grow during the course of the computation, and
the time required by the integer operations in the transactions and tests (mainly
addition and comparison) is linear in the bit size of the involved numbers. Thus,
we should try to obtain bounds for the entries of the state matrix (or tensor) in
order to obtain proper complexity results.

8.1 Common Factors

Cancellation of common factors of the entries of the state matrix could help to
keep the entries small. In Example 6.1, a common factor of 2 could occasionally
be cancelled, while there were no common factors at all in Example 6.2.

We first show that the range of possible common factors is quite limited.

Proposition 8.1. Let M be a matrix or tensor in lowest terms (i.e., no non-
trivial common factors in the entries), and let M ′ be the result of performing one
transaction in base r (absorption or emission) at M . Then any common factor
of M ′ divides r.
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Proof. Let M =
(

a
b

c
d

)
as usual. If M ′ results from absorbing digit k, then M ′ =(

a
b

rc+ka
rd+kb

)
. Any common factor g of a, b, rc+ ka, and rd+ kb is also a common

factor of ra, rb, rc, and rd. Since a, b, c, and d are relatively prime by assumption,
g must divide r. The arguments for emission, where M ′ =

(
ra−kb

b
rc−kd

d

)
, and

for tensors are similar. ��
Even the limited amount of cancellation admitted by Prop. 8.1 does not show

up in most cases. Note that without cancellation of common factors, neither
absorption nor emission affect the b-entry of the state matrix or tensor. If b is
odd like in Example 6.2, then it remains odd for ever, and there will never be any
common factors in base 2. If b is even and non-zero, then common factors may
occur, but only as often as the exponent of the largest power of 2 contained in b.
After this amount of common factors has been cancelled out, the resulting value
of b will be odd, and no further cancellations will be possible. Only if b = 0, an
unlimited number of cancellations may occur. In the following two subsections,
we study the two cases b = 0 and b �= 0 for matrices more closely.

8.2 Affine Matrices

For an affine matrix (b = 0), the transactions simplify a bit:(a
0

c

d

)
·Ar

k =
(
a

0
rc+ ka

rd

)
Ar

k
∗ ·
(a

0
c

d

)
=
(
ra

0
rc− kd

d

)
(29)

Hence, the result of first absorbing k and then emitting l, or the other way round,
is

Ar
l
∗ ·
(a

0
c

d

)
·Ar

k =
(
ra

0
r2c+ rka− rld

rd

)
(30)

which has a common factor of r. After cancelling it, we obtain
(

a
0

rc+ka−ld
d

)
,

which is the same as the original matrix, except for the c-entry. Similarly, we
obtain a common factor rk after performing k absorptions and k emissions in
any order, and cancelling rk will produce a matrix with the same a and d entries
as the original one. The d-entry will only increase if there is an excess of absorp-
tions over emissions; this increase consists of a factor of r for every additional
absorption.

By Theorem 7.1, we know that at most c> + n absorptions are needed for n
emissions. Thus, immediately before the last of these n emissions, n−1 emissions
and at most c> + n absorptions have happened; the maximal possible excess is
therefore c> +1. Recall c> = �logr(2 conM)� = �logr(2

|a|
d )�. By Prop. 5.4, |a| ≤

d holds, whence c> ≤ 1. Therefore, the maximal possible excess of absorptions
over emissions is 2.

Theorem 8.2. Let M0 =
(

a0
0

c0
d0

)
be an affine refining matrix with d0 ≥ 0,

and (Mn)n≥0 the sequence of matrices which results from Algorithm 1, with the



Computing with Real Numbers 223

additional provision that after each step, all common factors are cancelled out.
Then all entries of Mn are bounded by r2 · d0.

This bound is sharp as can be seen from Example 6.1: The starting value is
d0 = 4, and so the theoretical upper bound is 22 · 4 = 16, which indeed occurs
after four transactions. But Theorem 8.2 ensures that it cannot get worse.

Because of the constant upper bound in Theorem 8.2, the additions and
comparisons needed to execute the algorithm take only constant time.

Corollary 8.3. If an affine refining 1-LFT is applied to a digit stream, each
transaction (absorption or emission) takes only constant time. Hence, n output
digits can be computed in time O(n).

8.3 Non-affine Matrices

Remember that b in
(

a
b

c
d

)
is invariant under absorptions and emissions. Hence

in case b �= 0, all common factors that may appear during the calculation are
factors of b, and thus, cancellation of common factors can only lead to a constant
size reduction. (In the special case |b| = 1, there will be no non-trivial common
factors at all.)

Let us consider entry d, which is an upper bound for all other entries by
Prop. 5.5. Emission does not affect d, while absorption of Ar

k transforms d into
d′ = rd + kb. Because of |k| ≤ r − 1, one obtains d′ ≤ rd + (r − 1)|b| and
d′ ≥ rd−(r−1)|b|, which lead to d′+|b| ≤ r(d+|b|) and d′−|b| ≥ r(d−|b|). These
estimations can easily be iterated. Taking into account possible cancellations by
common factors in the lower bound, one obtains:

Theorem 8.4. Let M0 =
(

a
b

c
d

)
be a refining matrix with d ≥ 0 and b �= 0,

and let Mm =
(

am

bm

cm

dm

)
be a matrix which results from M0 by m absorptions in

base r, any number of emissions, and cancellation of all common factors. Then
dm ≥ d−|b|

|b| rm + 1 and dm ≤ (d+ |b|)rm − |b| holds (where the coefficients of rm

are positive by Prop. 5.2).

For the matrix
( 0

1
1
2

)
of Example 6.2, we obtain in base 2 the estimations 2m+1 ≤

dm ≤ 3 · 2m − 1. For m = 0, . . . , 3, the lower bounds are 2, 3, 5, 9, the upper
bounds 2, 5, 11, 23, and the observed values of dm are 2, 5, 10, 21, close to the
upper bounds.

On the positive side, Theorem 8.4 ensures that the bit size of the d-entry
(and with it all other entries by Prop. 5.5) is at most linear in the number of
absorptions. On the negative side, it indicates that it really has linear bit size;
the increase of the size of the d-entry cannot be avoided. The a- and c-entries
may grow as well, but they need not, while b is guaranteed to remain small
because it is invariant.

Theorem 8.4 also has a negative effect on efficiency. Remember (Theorem 7.1)
that n emissions require O(n) absorptions, and thus lead to a d-entry of bit size
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O(n). The next execution of the loop in Algorithm 1 will thus need time O(n)
because it requires the calculation of either 2c − d (emission of 1), or 2c + d
(emission of 1̄), or d− 2a (in the test whether 0 can be emitted). Therefore we
obtain:

Theorem 8.5. The calculation of the first n digits of the result of applying a
non-affine refining 1-LFT to a digit stream needs time O(n2) if Algorithm 1 is
used.

8.4 Size Bounds for Tensors

For tensors, similar results hold, but their proofs are much more involved. Here,
we present only the main results.

Proposition 8.6. Let T0 =
(

a
b

c
d

e
f

g
h

)
be a refining tensor with h ≥ 0, and let

Tm be a tensor which results from T0 by m absorptions in base r, any number of
emissions, and cancellation of all common factors. Then all entries of Tm are
bounded by rm(h+ |f |+ |d|+ |b|).

Proposition 8.7. For every refining tensor T0 =
(

a
b

c
d

e
f

g
h

)
with h ≥ 0, there

is an integer m0 ≥ 0 such that after m ≥ m0 absorptions, any number of emis-
sions, but no cancellations, the lower right entry h′ of the resulting tensor sat-
isfies h′ ≥ rm−m0 .

8.5 Cancellation in Tensors

From (17), (18), and (20), it follows that the entry b in
(

a
b

c
d

e
f

g
h

)
is invariant

under emissions and absorptions. Hence, only a finite amount of cancellation is
possible if b �= 0, and so,h will have size Θ(rm) after m absorptions. Only in the
case b = 0, an infinite amount of cancellations is possible. The result of emitting
Ar

k from
(

a
0

c
d

e
f

g
h

)
is(

ra

0
rc−kd
d

re−kf
f

rg−kh
h

)
.

The results of left and right absorption of Ar
k into

(
a
0

c
d

e
f

g
h

)
are the tensors(

a

0
c

d

re+ ka

rf

rg + kc

rh+ kd

)
and

(
a

0
rc+ ka

rd

e

f

rg + ke

rh+ kf

)
.

These three tensors reveal that the three entries a, d, and f either remain the
same or are multiplied by r. Hence—under the condition b = 0—the three condi-
tions a = 0, d = 0, and f = 0 are invariant under absorptions and emissions, i.e.,
zeros at these positions will stay for ever. Yet the three tensors do not exhibit
any opportunity for cancellation in themselves.
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In the case of matrices, the opportunity for cancelling r appears only if an
absorption and an emission are considered together. Analogously, we now con-
sider the combined effect of absorbing k1 from the left and k2 from the right,
and emitting l at

(
a
b

c
d

e
f

g
h

)
(a round). The result, which does not depend on

the temporal order of these three transactions, has a common factor of r in its
8 entries. Cancelling this factor leads to(

a

0
rc+ k2a− ld

d

re+ k1a− lf
f

G

rh+ k1d+ k2f

)
(31)

where G = r2g + rk1c+ rk2e+ k1k2a− rlh− k1ld− k2lf .
Thus, in each round, a factor of r can be cancelled. Yet this is not enough: since
a round contains two absorptions, the lower right entry increases by a factor of
approximately r2 in each round, i.e., with the cancellation, it still increases by
approximately r. At least, it will be only half as big (in terms of bit size) as in
the case b �= 0. Note also thata, d, and f attain their original values after a
round with cancellation. On the positive side, this means that these three entries
are bounded, reducing both space and time complexity of the calculations. On
the negative side, it implies that if at least one of these three values is non-zero,
then only a finite amount of further cancellations is possible (none at all if at
least one of a, d, f is 1 or −1). Thus, we may only hope for a further infinite
amount of cancellations if a = d = f = 0. Under this assumption, there is indeed
another common factor of r in Tensor (31). Its cancellation leads to(

0
0

c

0
e

0
rg + k1c+ k2e− lh

h

)
(32)

Hence, the entries c, e, and h attain their original values. As h is the dominant
entry, one may argue further as in the case of matrices that all entries are
bounded during the calculation. Summarising, we have the following three cases
for
(

a
b

c
d

e
f

g
h

)
if all possible cancellations are performed:

1. If b �= 0, then there are only finitely many cancellations possible. Afterm
rounds, h has bit size 2m+O(1).

2. If b = 0, then it stays 0 for ever, and so do each of a, d, f in this case. If not
all of a, d, f are zero, then a factor of r can be cancelled in each round, but
apart from these, there are only finitely many cancellations possible. After
m rounds, h has bit size m+O(1).

3. If b = a = d = f = 0, then this remains true for ever, and a factor of r2 can
be cancelled in each round. All entries of the tensor have size O(1).

Like in the case of matrices, these results imply that a calculation with a tensor
T needs quadratic time, unless b = a = d = f = 0 or expL T = 0 or expR T = 0.
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9 Handling Many Digits at Once

The complexity analysis given above has shown that apart from some exceptional
cases, the computation of n output digits from M(x) or T (x, y) needs quadratic
time O(n2)—if Algorithm 1 is used which works digit by digit, handling each
individual digit by a transaction. In this section, we show that handling many
digits at once leads to a reduction in the complexity.

9.1 Multi-digits

The key observation is that the product of two (and hence many) digit matrices
is again a digit matrix, in a bigger base. The product of two digit matrices(

1
0
k1

r1

)
·
(

1
0
k2

r2

)
=
(

1
0

k1r2 + k2

r1r2

)
(33)

looks like a digit matrix again; indeed, the conditions |ki| ≤ ri − 1 imply

|k1r2 + k2| ≤ (r1 − 1) r2 + (r2 − 1) = r1r2 − 1

so that the result really is a digit matrix in base r1r2. Iterating (33) yields

Ar
k1
· . . . ·Ar

kn
= AR

K where R = rn and K =
n∑

i=1

kir
n−i . (34)

Thus, instead of considering the digit sequence k1 . . . kn, one may instead con-
sider the single number K and the length n of the sequence. The number K with
|K| ≤ rn − 1 will be called an n-multi-digit in base r.

If a real number x ∈ I0 is given, then we may ask for the first n digits
of a possible digit stream representation of x; this request is written as n?x.
According to the considerations above, we may accept that the answer is not
given as a digit stream of length n, but as an n-multi-digit K. The number K
with |K| ≤ rn − 1 is a correct answer to the request n?x iff x is in [K−1

rn , K+1
rn ].

We write K = n?x if K is a correct answer for n?x (but note that there are
usually two different correct answers, e.g., 1? 1

3 has the correct answers 0 and 1).

9.2 Multi-digit Computation

Assume we are given a refining non-singular matrix M and an argument x in
I0, and we are asked for n digits of M(x) in base 2. Theorem 7.1 provides two
integers c< and c> such that at least c< + n and at most c> + n digits from x
are needed to obtain n digits of M(x). Thus we must ask for some number m of
digits of x, but we only know c< + n ≤ m ≤ c> + n. There are two strategies
that can be used:
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1. Ask for m = c< + n digits from x and let K = m?x. Absorb A2m

K into M
and check whether n digits can be emitted from the resulting matrix M ′. If
yes, then do the emission, but if not, absorb one more digit from x, check
again, etc. Alternatively, one may determine the number c′< belonging to
M ′ and ask for c′<− c< more digits from x, absorb these new digits into M ′

and check again whether n digits can be emitted, etc.

2. Ask for m = c> +n digits from x and let K = m?x. Absorb A2m

K into M and
emit n digits from the resulting matrix (which is guaranteed to be possible).

Strategy (1) ensures that as few as possible digits are read from x, but it is al-
gorithmically more involved than strategy (2) since it involves checking whether
the emission is possible, and if this fails, either degenerates to the old digit-by-
digit algorithm, or involves finding out how many more argument digits are at
least needed. Here, we shall follow strategy (2), which is easier to describe.

Assume M =
(

a
b

c
d

)
is given where the four entries are small. We need to

determine c> = �log2(2 conM)� = �log2(
2| det M |
(d−|b|)2 )�. The rounded logarithm

can be obtained by counting how often the denominator (d − |b|)2 must be
doubled until it is bigger than the numerator, or the other way round, depending
on which is bigger in the beginning. Alternatively, the calculation may be based
on bit sizes. Clearly, it is sufficient to compute c> once for M to serve several
requests n?M(x) with different n and x.

To handle a request n?M(x), we compute m = c> +n and ask for K = m?x.
Then we absorb A2m

K into M :

M ·A2m

K =
(a
b

c

d

)
·
(

1
0

K

2m

)
=
(
a

b

2mc+Ka

2md+Kb

)
(35)

Since the original entries are assumed to be small and 2m and K have a bit size
of O(m) = O(n), the computations in (35) can be done in linear time O(n). Let
the result be M ′ =

(
a
b

C
D

)
with small a and b, and big C and D.

The next step is to find a suitable integer L with |L| ≤ 2n− 1 such that A2n

L

can be emitted from M ′, which is possible iff M ′(I0) ⊆ [L−1
2n , L+1

2n ]. If M and
hence M ′ are increasing, then M ′(I0) = [C−a

D−b ,
C+a
D+b ], and if M is decreasing, then

M ′(I0) = [C+a
D+b ,

C−a
D−b ]. Anyway, we know what M ′(I0) is. In the next subsection,

we shall show how to determine a suitable L from this information.
Before we come to this, we consider the case of tensors. Assume we are given

a refining tensor T and two arguments x1 and x2 in I0, and we are asked to
compute the first n digits of a representation of the result T (x1, x2). Although
we did not show how to do this, it is in principle possible to compute the two
integers c>L = �log2(4 conL T )� and c>R = �log2(4 conR T )� from Theorem 7.2.
Then we may request m1 = c>L + n digits from x1 and m2 = c>R + n digits
from x2 which will be delivered as multi-digits K1 = m1?x1 and K2 = m2?x2.
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Absorbing these multi-digits into T =
(

a
b

c
d

e
f

g
h

)
yields

T ′ =
(
a

b

C

D

E

F

G

H

)
= T L© A2m1

K1
R© A2m2

K2

where T ′ is given by(
a

b

2m2c +K2a

2m2d +K2b

2m1e +K1a

2m1f +K1b

2m1+m2g + 2m1K2e + 2m2K1c +K1K2a

2m1+m2h+ 2m1K2f + 2m2K1d +K1K2b

)
(36)

In contrast to the matrix case, we do not get away with a linear computation. The
product K1K2 is a product of two n-bit integers which needs time ψ(n) > O(n).
Currently, the best known algorithms yield ψ0(n) = O(n log n log log n), but
many software packages for big integer arithmetic come up with a multiplication
which needs more time than ψ0(n), but is still more efficient than O(n2).

Apart from the product K1K2, all other operations, including multiplication
by the powers of 2, can be performed in linear time O(n). Thus we still have
linear time if a = b = 0; in this case, some power of 2 may be cancelled.

Again, the next step is to find a suitable L with |L| ≤ rn − 1 such that
Arn

L can be emitted from T ′, which is possible iff T ′(I2
0 ) ⊆ [L−1

2n , L+1
2n ]. The two

end points of T ′(I2
0 ) are the smallest and the largest of the four corner values

T ′(±1,±1), respectively. If the monotonicity type of T and hence of T ′ is known,
then it is clear which of the corner values are the smallest and the largest.

9.3 Multi-digit Emission

The treatment in the previous section has left us with the following problem:
given an integer n > 0 and a rational interval [u, v] ⊆ I0, which arose as M ′(I0)
or T ′(I2

0 ), find an integer L such that |L| ≤ 2n − 1 and [u, v] ⊆ [L−1
2n , L+1

2n ].
Because we used the upper bounds for absorption, we know that such an L
exists, but for the sake of generality, we also derive a condition for the existence
of L.

The interval inclusion above can be written as u ≥ L−1
2n and v ≤ L+1

2n , which
is equivalent to 2nv− 1 ≤ L ≤ 2nu+1. Since L is required to be an integer, this
in turn is equivalent to v′ ≤ L ≤ u′, where v′ = �2nv − 1� and u′ = �2nu + 1�.
Note that v′ and u′ are integers.

Thus, the following seems to be the appropriate method: Compute the inte-
gers v′ and u′. If v′ > u′, then the emission of n digits is not possible. Otherwise,
any integer L with v′ ≤ L ≤ u′ can be emitted, for instance L = v′ or L = u′.

There is one remaining difficulty though: as an n-multi-digit, the chosen
integer L should satisfy |L| ≤ 2n − 1. Yet if u = 1, then u′ = 2n + 1, and if
1 − 2−n ≤ u < 1, then u′ = 2n; in both cases, the choice L = u′ is forbidden.
Similarly, v′ = −2n− 1 or v′ = −2n may happen if v ≤ −1 + 2−n, rendering the
choice L = v′ unsuitable.
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These problems may be solved as follows: remember u ≥ −1, whence u′ ≥
−2n + 1. Hence, u′ is a suitable choice if u′ ≤ 2n − 1. This condition can be
expressed in terms of u as follows:

u′ = �2nu+ 1� ≤ 2n − 1 ⇐⇒ 2nu+ 1 < 2n ⇐⇒ u < 1− 2−n . (37)

Since n > 0, this is certainly the case if u ≤ 0. Analogously, one may show that
v′ is suitable if v ≥ 0. Since u ≤ v, one of these two conditions is always satisfied.
Actually, the decision which of u′ and v′ to take can be based on the sign of any
element w ∈ [u, v]; for, w ≤ 0 implies u ≤ 0, and w ≥ 0 implies v ≥ 0.

Algorithm 2

Input: An integer n > 0 and a rational interval [u, v] ⊆ I0.

Output: An n-multi-digit L which can be emitted, or the information that such
a digit does not exist.

Method:
u′ = �2nu+ 1�; v′ = �2nv − 1�;
if u′ < v′ then no such digit exists

else if w ≥ 0 then L = v′ else L = u′

(where w is any convenient test value from [u, v]).

This algorithm is sufficient to deal with the various cases of LFT’s which
have been handled in the previous section. Since we followed strategy (2) and
absorbed sufficiently many digits to guarantee the emission, the test u′ < v′ can
be omitted.

In the matrix case, we have [u, v] = M ′(I0) where M ′ =
(

a
b

C
D

)
. If M ′ is

increasing, then u = C−a
D−b and v = C+a

D+b . A simple test value w in-between is
M ′(0) = C/D. The test C/D ≥ 0 is equivalent to C ≥ 0 since D > 0 by
our general assumption. Hence, we obtain the following algorithm (which also
includes the absorption phase):

Algorithm 3

Input: A refining increasing matrix M =
(

a
b

c
d

)
with c>, an argument x, and

the desired number n > 0 of output digits.

Output: An n-multi-digit L = n?M(x).

Method:
m = c> + n;
if m > 0 then K = m?x; C = 2mc+Ka; D = 2md+Kb

else C = c; D = d;
if C ≥ 0 then L =

⌈
2n(C+a)

D+b

⌉
− 1 else L =

⌊
2n(C−a)

D−b

⌋
+ 1 .

For a decreasing matrix, the algorithm has to be suitably modified.
The two numbers

⌊
2n(C−a)

D−b

⌋
and

⌈
2n(C+a)

D+b

⌉
are obtained by integer divisions

of the 2n-bit integers 2n(C ± a) by the n-bit integers D ± b, resulting in n-bit
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integers. The complexity of such a division is the same as the complexity ψ(n) of
multiplying two n-bit integers. Apart from the two divisions, all other operations,
including multiplication by 2n, can be performed in linear time O(n). Thus, we
have managed to decrease the time needed to obtain n output digits from O(n2)
(for non-affine matrices) to ψ(n).

But what about affine matrices (b = 0) where the single digit algorithm
already performed in time O(n)? Well, if b = 0, the fractions 2n(C±a)

D±b simplify to
2n(C±a)

2md , where a power of 2 can be cancelled before the quotients are computed.
After cancellation, these are divisions of an n bit integer by a small integer which
can be done in linear time O(n).

For tensors of known monotonicity type, similar variants of the general Al-
gorithm 2 can be developed. For general tensors, the algorithm becomes more
complicated.

10 Algebraic Operations

These are the basic arithmetic operations like addition and multiplication. For
each operation, we shall show how exponents can be handled, and how its ac-
tion on mantissas can be implemented by LFT’s. The general algorithm for
multi-digits (Alg. 2) can be specialised to the various cases (here only shown
for addition). These specialised multi-digit operations will not depend on LFT’s
any more. Later, we consider transcendental functions like exponential and log-
arithm, where LFT’s will be indispensable.

10.1 Addition x1 + x2

Exponents. If both arguments happen to have the same exponent, it can be taken
out since 2ex1+2ex2 = 2e(x1+x2). If the exponents are different, then the smaller
one can be increased because of [ξ]2 = 2e[0e : ξ]2. If the exponents have been
successfully handled, we are left with adding the mantissas. Unfortunately, the
base interval [−1, 1] is not closed under addition, but writing x1+x2 as 2(x1⊕x2)
with x1 ⊕ x2 = x1+x2

2 solves the problem. Hence the exponent handling can be
done as follows:

(e1 ||ξ1)+ (e2 ||ξ2) = (e+1 || (0e−e1 : ξ1) ⊕ (0e−e2 : ξ2)) where e = max(e1, e2).

Single-digit algorithm. The operation ‘⊕’ is a refining 2-LFT T =
(0
0

1
0

1
0

0
2

)
of

type (↑, ↑). By the analysis in Section 8.5 we know that the zeros written as 0
are persistent, and that there are sufficient opportunities for cancellation so that
the entries remain bounded. Thus, the single-digit algorithm for addition can be
run with tensors of the form

(0
0

c
0

e
0

g
h

)
, i.e., four parameters which are small

integers. Since the entries are bounded, only finitely many tensors may show up
during the single-digit algorithm. Hence, the algorithm can be turned into the
action of a finite state transducer operating on digits as pure symbols.
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Multi-digit algorithm. Algorithm 2 can be adapted to the special case of addition.
Because of ∂T

∂x (x, y) = ∂T
∂y (x, y) = 1

2 , we know conL T = conR T = 1
2 , whence

c>L = c>R = 1. Thus, n+ 1 digits from the two arguments are sufficient to obtain
n result digits. With Ki = (n+ 1)? ξi for i = 1, 2, we have u = K1−1

2n+1 ⊕ K2−1
2n+1 =

K1+K2−2
2n+2 and v = K1+K2+2

2n+2 . A convenient test value w in-between is K1+K2
2n+2 ;

the condition w ≥ 0 is equivalent to K1 +K2 ≥ 0. The two integer candidates
are u′ = �2nu+ 1� = �(K1 +K2 + 2)/4� and v′ = �(K1 +K2 − 2)/4�. Thus, the
algorithm looks as follows:

For L = n? (ξ1 ⊕ ξ2) do:
K1 = (n+ 1)? ξ1; K2 = (n+ 1)? ξ2; K = K1 +K2;
if K ≥ 0 then L = �(K − 2)/4� else L = �(K + 2)/4� .

Subtraction is very similar to addition and not included here.

10.2 Multiplication x1 ∗ x2

Exponents. (e1 || ξ1) ∗ (e2 || ξ2) = (e1 + e2 || ξ1 ∗ ξ2).

Zero Digits. Multiplication ‘∗’ is a refining 2-LFT T =
( 1
0

0
0

0
0

0
1

)
which has no

monotonicity type since ξ1 ∗ ξ2 is increasing in ξ1 for ξ2 ≥ 0, but decreasing for
ξ2 ≤ 0. If ξ2 starts with 1 or 1̄, we are in one of these two cases, but 0 does
not provide the necessary information. Yet we may push out any zero digits
without bothering about monotonicity and without changing the state tensor:
(0 : ξ1) ∗ ξ2 = 0 : (ξ1 ∗ ξ2), ξ1 ∗ (0 : ξ2) = 0 : (ξ1 ∗ ξ2).
This process requires only linear time in the number of emitted digits. It ends if
enough digits have been emitted or both arguments are normalised.

Single-Digit Algorithm. If there are no more zero digits to be emitted, then the
signs of the arguments can be read off from their first non-zero digits. From
these signs, the monotonicity type to be used in the rest of the computation can
be determined, e.g., ξ1 ≥ 0 and ξ2 ≤ 0 implies type (↓, ↑). By the analysis in
Section 8.5 we know that

( 1
0

0
0

0
0

0
1

)
has three persistent zeros and belongs to

the medium class of tensors that permit one cancellation in every round, which
does not suffice to obtain bounded entries. The general form of the state tensor
will be

(
a
0

C
0

E
0

G
H

)
with small a and big C, E, G, and H. The algorithm cannot

be optimised to a finite state transducer, but some optimisations are possible
because of the persistent zero entries. (Konecny [39] characterized the functions
that can be computed by finite state transducers. Multiplication is not among
these functions.)

10.3 Reciprocal 1/x

This operation presents the difficulty that it is undefined for x = 0. To compute
1/x, we first need to normalise the argument x by squeezing out zeros from the
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mantissa and reducing the exponent accordingly (see Section 2.3). This process
does not terminate for x = 0 and may take very long for x ≈ 0. A possible
solution is to provide a lower bound for the exponent and to indicate a “potential
division by 0” if this bound is reached.

If normalisation terminates, we know x �= 0 and1
4 ≤ |ξ| ≤ 1 for the final

mantissa of x. Then 1 ≤ 1
|ξ| ≤ 4, whence | 1

4ξ | ≤ 1. This shows how to proceed
after normalisation:

1/(e || ξ) = (−e+ 2 || R(ξ)) where R(ξ) = 1
4ξ

Function R is a 1-LFT, R =
( 0

4
1
0

)
. It is decreasing, bounded and refining on

the two intervals [ 14 , 1] and [−1,− 1
4 ]. This is sufficient to use the single-digit

algorithm for computing R(ξ). Practically, this can be done by first absorbing
the initial two digits of ξ, which are 11, 10, 1̄0, or 1̄1̄ because of normalisation.
Absorption of 11 leads to

( 0
1

1
3

)
(after cancellation), absorption of 10 leads to( 0

1
1
2

)
etc. These matrices are ordinary decreasing refining matrices as required

by the single-digit algorithm (
( 0

1
1
2

)
is exactly the matrix used in Example 6.2).

11 Infinite LFT Expressions

11.1 Infinite Matrix Products

We shall later see that many familiar constants like π or e can be written as
(formal) infinite products

∏∞
n=0Mn of matrices with integer entries. This is a

generalisation of the infinite sequences (or products) of digit matrices that we
have already seen. Moreover, functions like ex can be realised as infinite products
of matrices whose entries depend on the argument x.

Before we continue, we need to clarify what such an infinite product actually
means. As finite products of matrices are again matrices, one should expect the
same for an infinite product. The standard way to define the infinite product∏∞

n=0Mn would be that it is the limit of the finite products
∏m

n=0Mn as m goes
to infinity. Yet such a definition would involve a notion of limit for matrices,
or rather 1-LFT’s. While it is not impossible to define such a limit notion, it
is beyond the scope of these notes. To avoid this problem, we only define the
results of applying infinite products to arguments (numbers or intervals); the
product itself remains meaningless and is considered mainly as another way to
present a sequence of matrices.

Given a real number argument y0, it is straightforward to define
∏∞

n=0Mn(y0)
as the limit of the sequence of real numbers yn = M0 · · ·Mn−1(y0), provided all
the numbers yn are well-defined (no division by 0) and the limit exists. Using
this new notion, we obtain for instance the real number y =

∑∞
i=1 di2−i de-

noted by the digit stream d1d2 · · · as
∏∞

n=1Adn(0), because Ad1 · · ·Adn(0) =
(
∑n

i=1 di2n−i)/2n converges to y. Actually, the argument 0 can be replaced by
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any real number y0 since Ad1 · · ·Adn(y0) = (y0+
∑n

i=1 di2n−i)/2n also converges
to y.

Now we replace the argument y0 by an interval J0. In analogy to the number
case we consider the intervals

Jn = M0 · · ·Mn−1(J0). (38)

The sequence (Jn)n≥0 of intervals is nested if Jn ⊇ Jn+1 for all n ≥ 1 (this
does not include the inclusion J0 ⊇ J1 which is disregarded deliberately). The
inclusion Jn ⊇ Jn+1 means M0 · · ·Mn−1(J0) ⊇ M0 · · ·Mn(J0). If the matrices
M0, . . . , Mn−1 are non-singular, this is equivalent to Mn(J0) ⊆ J0. Therefore in
the non-singular case, the sequence of intervals is nested iff all LFT’s Mn with
n ≥ 1 are refining w.r.t. the interval J0. Note that M0 need not be refining,
but it should be bounded on J0 so that J1 = M0(J0) and all other intervals are
well-defined.

Following these considerations, an infinite product
∏∞

n=0Mn(J0) is called
refining if M0 is bounded on J0 and all Mn for n ≥ 1 are refining for J0. This
includes the sequences of our signed number representation, where M0 is an
exponent matrix, which is bounded on the base interval I0, and the remaining
matrices are digit matrices, which are refining for I0.

We say that the refining product
∏∞

n=0Mn(J0) has as value the real number
y if the intersection of the nested sequence of intervals J1 ⊇ J2 ⊇ · · · is the sin-
gleton set {y}. For instance, the product Ee

∏∞
n=1Adn(I0) corresponding to the

number representation (e || d1d2 . . .) has as value the real number 2e ·∑∞
i=1 di2−i

denoted by the representation.
Application of an infinite product to a number and to an interval are clearly

related. If y =
∏∞

n=0Mn(J0), then also y =
∏∞

n=0Mn(y0) for all y0 in J0. On
the other hand, the interval notion is more restricted and hence more powerful
than the point notion because it includes the fact that the interval sequence is
nested, which provides lower and upper bounds for all sequences (yn)n≥0 coming
from arguments y0 ∈ J0.

11.2 Convergence Criteria

A nested sequence of intervals Jn = [un, vn] converges to some single point iff
�(Jn) = vn − un → 0 as n → ∞. This single point is then the common limit of
(un)n≥1 and (vn)n≥1. Because of this observation, a convergence criterion may
be obtained from the notion of contractivity. Iterating Relation (22) yields

�(Jn) = �((M0 · · ·Mn−1)(J0)) ≤ conJ0 M0 · . . . · conJ0 Mn−1 · �(J0) .

Thus, we obtain the following:

Theorem 11.1.
A refining infinite product

∏∞
n=0Mn(J0) converges if

∏∞
n=0 conJ0 Mn = 0.

Usually, we shall not directly apply this criterion, but the following corollary:

Corollary 11.2. If
∏∞

n=0Mn(J0) is a refining infinite product with the property
limn→∞ conJ0 Mn < 1, then the product converges to a real number.



234 Abbas Edalat and Reinhold Heckmann

11.3 Transformation of Infinite Products

(Formal) infinite products can be transformed by algebraic manipulation with
the hope that the result of the transformation has better convergence properties
than the original product.

Given
∏∞

n=0Mn, select a sequence (Un)n≥1 of non-singular matrices. Then
finite products can be transformed as follows:

M0 · · ·Mn−1 Un = M0 U1 U
∗
1 M1 U2 · · ·U∗

n−1Mn−1 Un = M̃0 M̃1 · · · M̃n−1

(39)
using the new matrices

M̃0 = M0 U1 and M̃n = U∗
n Mn Un+1 for n ≥ 1. (40)

Because any infinite product
∏∞

n=0Mn of non-singular matrices can be trans-
formed into any other product

∏∞
n=0 M̃n by choosing U1 = M∗

0 M̃0 and Un+1 =
M∗

nUnM̃n, one needs separate arguments for the convergence of the new product
to the same value as the old one.

If the original product is applied to a real number y0, then its value is the
limit of the sequence yn = M0 · · ·Mn−1(y0). If there is a real number ỹ0 such
that Un(ỹ0) = y0 for all n ≥ 1, then the number sequence induced by the new
matrices at ỹ0 is the same as the sequence induced by the old matrices at y0
because of M̃0 · · · M̃n−1(ỹ0) = M0 · · ·Mn−1Un(ỹ0) = yn using (39). Hence
we obtain:

Proposition 11.3. If
∏∞

n=0 M̃n results from transforming
∏∞

n=0Mn with
(Un)n≥1 and y0 and ỹ0 are two real numbers satisfying Un(ỹ0) = y0 for all
n ≥ 1, then

∏∞
n=0 M̃n(ỹ0) =

∏∞
n=0Mn(y0) (this means, the first expression con-

verges if and only if the second converges, and if they converge, they have the
same value).

11.4 Infinite Products from Taylor Series

We want to implement transcendental functions by infinite products, and so
we need methods to obtain such products from more familiar representations.
One such representation is the Taylor power series f(x) =

∑∞
n=0 anx

n, e.g.,
ex =

∑∞
n=0

xn

n! .
There are several ways to transform Taylor series into infinite products.

Among the methods explored so far, the one described in the sequel turned out
to be the most useful one for the intended applications [29]. It can be applied
whenever an �= 0 forn ≥ 1 and uses the matrices

M0 =
(
a1x

0
a0 + a1x

1

)
and Mn =

(
x

0
x

qn

)
for n ≥ 1 (41)
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where qn = an

an+1
. To show that these matrices correspond to the Taylor series,

we claim that their finite products have the following form (up to scaling):

Pn = M0 · · ·Mn−1 =
(
anx

n

0

∑n
i=0 aix

i

1

)
(42)

This claim can be verified by induction. For n = 1, we have P1 = M0, which
clearly has the claimed form. For the step from n to n+ 1, we compute Pn+1 =

PnMn =
(
anx

n

0

∑n
i=0 aix

i

1

)(
x

0
x

qn

)
=
(
anx

n+1

0
anx

n+1 + qn(
∑n

i=0 aix
i)

qn

)
Dividing all four entries by qn �= 0 yields the required form because ofan/qn =
an+1.

From (42), Pn(0) =
∑n

i=0 aix
i follows. Hence, the product

∏∞
n=0Mn(0) con-

verges if and only if the Taylor series converges, and yields the desired value∑∞
i=0 aix

i.
Of course, we do not want to apply the product to the real number 0, but to

the base interval I0 = [−1, 1] of our number representation. Clearly, all matrices
Mn are bounded (under the assumption an �= 0 forn ≥ 1). The matrices

(
x
0

x
qn

)
are refining iff |x| + |x| ≤ |qn| (Prop. 5.4). Hence,

∏∞
n=0Mn(I0) is refining for

|x| ≤ q/2, where q = infn≥1 |qn|. The contractivity of Mn is |x|/|qn| ≤ |x|/q,
which is at most 1/2 for |x| ≤ q/2. Thus, for |x| ≤ q/2,

∏∞
n=0Mn(I0) is a refining

convergent product. Since I0 contains 0, its value coincides with
∏∞

n=0Mn(0) =∑∞
n=0 anx

n as desired.

11.5 Infinite Products from Continued Fractions

Another, less familiar source of infinite products are continued fraction expan-
sions. A continued fraction is an infinite expression

a0 +
b1

a1 + b2
...

(43)

parameterised by numbers (an)n≥0 and (bn)n≥1. It denotes the limit of the se-
quence of partial continued fractions

a0, a0 +
b1
a1
, a0 +

b1

a1 + b2
a2

, . . .

provided that this limit exists. For ease of notation, the infinite expression (43)
is written as 〈a0; b1, a1; b2, a2; . . .〉.

Like for Taylor series, there are several ways to turn a continued fraction into
an infinite product. We use the following:

M0 =
(

1
0
a0

1

)
and Mn =

(
0
1

bn
an

)
for n ≥ 1. (44)
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Since M0(y) = a0 + y and Mn(y) = bn

an+y , the partial products M0 · · ·Mn−1(0)
are exactly the partial continued fractions so that

∏∞
n=0Mn(0) converges if and

only if the continued fraction converges, and yields the same value.
In practical applications, this infinite product must usually be transformed

into a more appropriate one before the argument can successfully be extended
to the base interval I0. Often, the transformation matrices are chosen as Un =(

1
0

0
un

)
. Since 0 is a fixed point of these matrices (Un(0) = 0), the transformed

infinite product still has the value of the continued fraction when applied to 0
by Prop. 11.3. For the actual transformation, it is useful to note that(a

b

c

d

)(1
0

0
un+1

)
=
(
a

b

c un+1

d un+1

)
(45)

(
1
0

0
un

)∗ (a
b

c

d

)(1
0

0
un+1

)
=
(
un a

b

un c un+1

d un+1

)
(46)

11.6 The Evaluation of Infinite Products

Before we come to the implementation of the various transcendental functions
by infinite products, we give hints on how to use the products in a practical
implementation. For simplicity, we only consider refining products applied to
the base interval [−1, 1].

If all the matrices in
∏∞

n=0Mn(I0) have integer entries, there is a choice of
several different evaluation algorithms. We only consider single digit approaches,
but corresponding multi-digit realisations do exist. Generally, one has to assume
that a matrix Mn can be created from its index n. First, the matrices may be put
into a list which initially contains only M0. In this list, each matrix absorbs the
digits that are emitted from its right neighbour. Whenever the rightmost matrix
Mn needs to absorb a digit, the next matrix Mn+1 is created and appended to
the list.

Second, the algorithm may be run with a state matrix which initially is M0.
Whenever the state matrix cannot emit a digit, it absorbs the next matrix Mn

down the list of matrices which has not been absorbed before. This next matrix
is created on the fly from its index n. Thus, only one matrix must be stored (and
the index of the next one to be absorbed), while in the first method, a whole
list of matrices must be maintained. On the other hand, the upper bounds for
space and time complexity of the ordinary single-digit algorithm do not hold
here, since the matrices that are absorbed are usually much more complicated
than the simple digit matrices.

Usually, the matrices in the infinite product depend on an argument x, like
in the product derived from the Taylor series expansion. If the argument is a
given rational, the matrices can be converted into integer matrices by suitable
scaling, and we are back to the previous case. In the general case of an arbitrary
real argument, this cannot be done; instead, the matrices must be converted
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into tensors. This is always possible if their four entries depend linearly on x, by
using (6): (

ax+ e

bx+ f

cx+ g

dx+ h

)
=
(
a

b

c

d

e

f

g

h

)∣∣∣∣
x

If Tn is the tensor belonging to Mn, the product f(x) =
∏∞

n=0Mn(I0) becomes
the infinite tensor expression f(x) = T0(x, T1(x, . . .)). Such an expression can
only be evaluated by the first method indicated above: a list of tensors must
be maintained which initially consists of T0 only. Each tensor absorbs argument
digits from the left, and from the right the digits emitted from the next tensor.
If the last tensor needs a digit from its right argument, a new tensor is created
and added to the list. This algorithm works if the tensors are sufficiently con-
tractive so that (almost) each tensor needs strictly less than n digits from its
right argument to emit n digits.

12 Transcendental Functions

12.1 Exponential Function

Argument Reduction. The infinite products derived below will only behave well
for |x| ≤ 1, which is equivalent to the exponent of x being at most 0. Yet an
arbitrary real argument can be brought into this region by exploiting the fact
e2x = (ex)2. Hence, an exponent n ≥ 0 may be handled by e(n||ξ) = Sn(eξ)
where Sn means n applications of the squaring operation S. (Admittedly, this
can become quite inefficient for larger exponents.) Negative exponents n < 0 can
be handled by putting the corresponding number of zero digits in front of the
mantissa: e(n||ξ) = eξ′

where ξ′ = 0|n| : ξ.

Taylor Series Realisation. The well-known Taylor series for ex is
∑∞

n=0
xn

n! . All
coefficients an = 1/n! are non-zero, so that the method of Section 11.4 can be
applied. The quotient qn = an/an+1 is n+ 1, so that q = infn≥1 |qn| = 2. Thus
we have

ex =
(
x

0
x+ 1

1

) ∞∏
n=1

(
x

0
x

n+ 1

)
(I0) for |x| ≤ 1. (47)

All Mn with n ≥ 1 have contractivity |x|
n+1 ≤ 1

n+1 .
As already mentioned, a representation such as (47) is open to two different

interpretations. For rational arguments x, it is (equivalent to) an infinite prod-
uct of integer matrices, e.g., e =

( 1
0

2
1

)∏∞
n=1

(
1
0

1
n+1

)
(I0). For general (real)

arguments however, representation (47) should be turned into the infinite tensor
expression ex = T0(x, T1(x, T2(x, . . .))) with

T0 =
(

1
0

1
0

0
0

1
1

)
and Tn =

(
1
0

1
0

0
0

0
n+ 1

)
where each tensor has 3 persistent zeros, indicated by 0 .
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The tensors Tn for n ≥ 0 realise the functions Tn(x, y) = x(y + 1)/(n + 1)
which are increasing in x because y + 1 ≥ 0 for y ∈ I0, but are not monotonic
in y. They can be handled similar to multiplication: leading zero digits of x can
be pushed out without changing the tensor, and then the first non-zero digit
decides the monotonicity behaviour.

The front tensor T0(x, y) = x(y + 1) + 1 has the same monotonicity be-
haviour, but cannot be handled immediately in the same way; notice also that
it is bounded, but not refining, so that it must emit an exponent matrix first.

– For x ∈ [0, 1] (leading digit 1), T0 has type (↑, ↑) and image [1, 3], so that
the appropriate exponent is 2 (and 10 can be emitted after emitting the
exponent matrix).

– For x ∈ [−1, 0] (leading digit 1̄), T0 has type (↑, ↓) and image [−1, 1], so that
the appropriate exponent is 0.

– For x ∈ [− 1
2 ,

1
2 ] (leading digit 0), T0 has image [0, 2], so that the appropriate

exponent is 1, and 1 can be emitted after the exponent matrix. The ten-
sor resulting from these emissions is (up to scaling) T ′

0 =
( 1

0
1
0

0
0

0
1

)
with

T ′
0(x, y) = x(y + 1). Hence, all leading zeros of x can be pushed out with-

out modifying T ′
0, and the first non-zero digit decides the monotonicity be-

haviour.

Continued Fraction Realisation. A continued fraction for the exponential func-
tion is

ex = 〈1; x, 1− x

2
;

x2

16 · 12 − 4
, 1;

x2

16 · 22 − 4
, 1; . . .〉.

It corresponds to the product representation

ex =
(

1
0

1
1

)(
0
1

x

1− x/2
) ∞∏

n=1

(
0
1

x2/(16n2 − 4)
1

)
(0).

The product of the first two matrices is (up to scaling) M0 =
(

2
2

2+x
2−x

)
. The

infinite product cannot directly be extended to the base interval I0 = [−1, 1]
since the denominators of the matrices Mn =

(
0
1

x2/(16n2−4)
1

)
become 0 at −1.

This problem is solved by transforming the product with the matrices Un =(
1
0

0
4(2n−1)

)
(n ≥ 1), which have the form considered in Section 11.5. By (45),

the new front matrix is

M̃0 =
(

2
2

4(2 + x)
4(2− x)

)
∼=
(

1
1

4 + 2x
4− 2x

)
which is bounded on I0 for |x| ≤ 1. By (46), the other matrices are

M̃n =

(
0
1

x2 16(2n−1)(2n+1)
4(2n−1)(2n+1)

4(2n+ 1)

)
=
(

0
1

4x2

4(2n+ 1)

)
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These matrices are refining on I0 for |x| ≤ 1. By (23), the contractivity of M̃n is
4x2

(8n+3)2 ≤ x2

16n2 which is better (i.e., smaller) than the value |x|
n+1 ≤ 1

n+1 achieved

by the Taylor expansion. Therefore,
∏∞

n=0 M̃n(I0) converges, and since 0 ∈ I0,
it converges to

∏∞
n=0 M̃n(0) =

∏∞
n=0Mn(0) = ex.

Like the Taylor product, the continued fraction product consists of integer
matrices for rational arguments, e.g., e =

( 1
1

6
2

)∏∞
n=1

(
0
1

4
8n+4

)
(I0). In contrast

to the Taylor case, these matrices are not affine and hence more difficult to
handle, but they have better contractivity.

For general (real) arguments, the representation must be turned into the
infinite tensor expression ex = T0 (x, T1 (x2, T2 (x2, . . .))) which uses both x
and x2. The tensors are

T0 =
(

0
0

2
−2

1
1

4
4

)
and Tn =

(
0
0

4
0

0
1

0
8n+ 4

)
where each tensor except T0 has 3 persistent zeros, indicated by 0 . Taking into
account that their left argument x2 is ≥ 0, the tensors Tn for n ≥ 1 have type
(↑, ↓). Leading zero digits of x are doubled by squaring and can be pushed out
of Tn without modifying it. Moreover, each Tn can emit 1 after reading 1 from
x2. The front tensor T0 is a bit more complicated, but can be handled essentially
like the front tensor of the Taylor expansion.

12.2 Logarithm

Definition. Natural logarithm lnx is the inverse of the exponential function.
Thus it is only defined for arguments x > 0. To deal with negative arguments,
we propose to actually compute the function f(x) = ln |x|, which is the anti-
derivative (indefinite integral) of the reciprocal function 1/x.

Argument Normalisation. Like the reciprocal itself, f is still undefined for 0. The
handling of this special case is similar to the handling of 1/0 in Section 10.3:
To compute f(x), we first normalise the argument x by squeezing out zeros
from the mantissa and reducing the exponent accordingly (see Section 2.3). If
normalisation terminates, we know x �= 0 and14 ≤ |ξ| ≤ 1 for the final mantissa
of x. This mantissa will start with the digit 1 or 1̄. The following description
tells what to do in the positive case; the negative case is dual.

Argument Reduction. Here, we use the fact that a (positive) normalised mantissa
starts with 10 or 11: ln(e || 1 : ξ) = ln(2e ·(ξ+1)/2) = (e−1)·ln 2 + ln(1+ξ).
For the constant ln 2 see below. The first digit of ξ is 0 or 1; hence ξ ∈ [− 1

2 , 1].

Continued Fraction Expansion. A continued fraction for the function ln(1 + x)
is

〈0; x, 1; x/2, 1; v1, 1; w1, 1; v2, 1; w2, 1; . . .〉
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where vn = nx
4n+2 and wn = (n+1)x

4n+2 . We now write this continued fraction as an
infinite product like in Section 11.5, and immediately transform this product by
Un =

( 1
0

0
4

)
, using (45) and (46) in the step marked by ‘T=’. In the last step, the

matrices are converted into tensors.

ln(1 + x) =
(

1
0

0
1

)(
0
1
x

1

)(
0
1
x/2
1

) ∞∏
n=1

(
0
1
vn

1

)(
0
1
wn

1

)
(0)

=
(
x

1
x

x/2 + 1

) ∞∏
n=1

(
vn

1
vn

wn + 1

)
(0)

=
(

2x
2

2x
x+ 2

) ∞∏
n=1

(
nx

4n+ 2
nx

(n+ 1)x+ 4n+ 2

)
(0)

T=
(

2x
2

2x · 4
(x+ 2) · 4

) ∞∏
n=1

(
4 · nx
4n+ 2

4 · nx · 4
((n+ 1)x+ 4n+ 2) · 4

)
(0)

=
(
x

1
4x

2x+ 4

) ∞∏
n=1

(
2nx

2n+ 1
8nx

(2n+ 2)x+ 8n+ 4

)
(0)

=
(

1
0

4
2

0
1

0
4

)∣∣∣∣
x

∞∏
n=1

(
2n
0

8n
2n+ 2

0
2n+ 1

0
8n+ 4

)∣∣∣∣
x

(0)

The tensors in the last line will be called Tn (n ≥ 0), and the corresponding
matrices in the second but last line Mn (n ≥ 0). All tensors Tn exhibit one
persistent zero, in the lower left corner. They are bounded on I2

0 since the right
entry in their second line is bigger than the sum of the two middle entries. The
determinants of the matrices are detM0 = 2x2 ≥ 0 and detMn = 4n(n+1)x2 ≥
0 for n ≥ 1. Hence, all tensors are increasing in their second argument, for any
x. For y ∈ I0, one may also verify det(Tn|y) ≥ 0, i.e., all the tensors have type
(↑, ↑) in I2

0 . They are not refining for I0, but remember that we only consider
x ∈ [− 1

2 , 1]. For such x, the matrices Mn with n ≥ 1 are refining. By (23), the
contractivity of these matrices is

4n(n+ 1)x2

((2n+ 2)x+ 6n+ 3)2
n→∞−→ 4x2

(2x+ 6)2
=
(

x

x+ 3

)2

For x = − 1
2 , 0,

1
2 , 1, this gives 1

25 , 0,
1
49 ,

1
16 , respectively.

The Constant ln 2 can be derived from the general case as

ln(1 + 1) =
(

1
1

4
6

) ∞∏
n=1

(
2n

2n+ 1
8n

10n+ 6

)
(I0)

with contractivity 1
16 (in the limit). Another possibility is to exploit the fact

ln 2 = − ln(1
2 ) = − ln(1− 1

2 ), which leads to a product with contractivity 1
25 (in

the limit):
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ln 2 =
(

1
2

4
6

) ∞∏
n=1

( −n
2n+ 1

−4n
7n+ 3

)
(I0) .

Part II:
A Domain Framework for Computational Geometry

13 Introduction

In Part I we presented a framework for exact real number computation, where we
developed a data type for real numbers and presented algorithms for computing
elementary functions. We now turn our attention to computational geometry,
where we are interested in computing geometric objects, such as lines, curves,
planes, surfaces, convex hulls and Voronoi diagrams. In a broad sense, we can
say that this represents an extension of exact arithmetic in that we now need
to compute a subset of the Euclidean space rather than just a real number. In
fact, the undecidability of comparison of real numbers in exact arithmetic has
a close counterpart in computational geometry, namely the undecidability of
the membership predicate for proper subsets of the Euclidean space. Thus, in
computational geometry one has to deal with somewhat similar problems as in
exact arithmetic. However, there are some other fundamental new issues which
are not encountered in exact arithmetic, making computational geometry an
independent subject of its own.

Computational geometry and solid modelling, as in Computer Aided Design
(CAD), are fundamental in the design and manufacturing of all physical objects.
However, these disciplines suffer from the lack of a proper and sound data-
type. The current frameworks in these subjects are based, on the one hand, on
discontinuous predicates and Boolean operations, and, on the other hand, on
comparison of real numbers, which is undecidable. These essential foundations
of the existing theory and implementations are both unjustified and unrealistic;
they give rise to unreliable programs in practice.

Topology and geometry, as mainstream mathematical disciplines, have been
developed to study continuous transformations on spaces. It is therefore an irony
that the main building blocks in these subjects, namely the membership pred-
icate of a set, the subset inclusion predicate, and the basic operations such as
intersection are generally not continuous and therefore non-computable.

For example, in any Euclidean space IRn the membership predicate ∈S of
any subset S ⊆ IRn defined as

∈S : IRn → {tt,ff}
x �→

{
tt if x ∈ S
ff if x /∈ S

with the discrete topology on {tt,ff} is continuous if and only if S is both open
and closed, i.e. if S is either empty or the whole space. In fact, the membership
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predicate of any proper subset of IRn is discontinuous at the boundary of the
subset.

Similarly, consider the intersection operator as a binary operator on the col-
lection C(IRn) of compact subsets of IRn equipped with the Hausdorff distance
dH defined on closed subsets by

dH(C,D) = max (sup
d∈D

inf
c∈C

|c− d|, sup
c∈C

inf
d∈D

|c− d|),

with the convention that dH(∅, ∅) = 0 and for C �=∅, dH(∅, C) = ∞:

− ∩− : C(IRn)× C(IRn) → C(IRn)
(A,B) �→A ∩B

Then, − ∩− is discontinuous whenever A and B just touch each other.
The non-continuity of the basic predicates and operations creates a founda-

tional problem in computation, which has so far been essentially neglected. In
fact, in order to construct a sound computational model for solids and geometry,
one needs a framework in which these elementary building blocks are continuous
and computable.

In practice, correctness of algorithms in computational geometry is usually
proved using the Real RAM machine model of computation, in which comparison
of real numbers is considered to be decidable. Since this model is not realistic,
correct algorithms, when implemented, turn into unreliable programs.

A simple example is provided by computing, in any floating point format,
first the intersection point x in the plane of two straight lines L1 and L2 meeting
under a small angle, and then computing the minimum distance d(x, L1) and
d(x, L2) from x to each of the two lines. In general, d(x, L1) and d(x, L2) are
both positive and distinct.

A more sophisticated example is given by the implementation in floating
point of any algorithm to compute the convex hull of a finite number of points
in the plane. If there are three nearly collinear points A,B,C as in the picture,
then depending upon the floating point format, the program can give, instead
of the two edges AB and BC, any of the following:

(i) AB only.
(ii) AC only.
(iii) BC only.
(iv) none of them.

In any of the above four cases, we get a logical inconsistency as the edges
returned by the program do not give the correct convex hull and in the cases (i),
(iii) and (iv) do not give a closed polygon at all.

In CAGD modelling operators, the effect of rounding errors on consistency
and robustness of actual implementations is an open question, which is handled
in industrial software by various heuristics.
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Fig. 1. The convex hull of a finite number of points (top picture) and four possible
errors arising from floating point implementations.

The solid modelling framework provided by classical analysis, which allows
discontinuous behaviour and comparison of exact real numbers, is not realistic
as a model of our interaction with the physical world in terms of measurement
and manufacturing. Nor is it realistic as a basis for the design of algorithms im-
plemented on realistic machines, which can only deal with finite data. Industrial
solid modelling software used for CAGD (Computer Aided Geometric Design),
CAM (Computer Aided Manufacturing) or robotics is therefore infected by the
disparity between the classical analysis paradigm and feasible computations.
This disparity, as well as the representation of uncertainties in the geometry of
the solid objects, is handled case by case, by various expensive and unsatisfac-
tory “up to epsilon” ad-hoc heuristics. It is difficult, if at all possible, to improve
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and generalise these techniques, since their relatively poor success depends on
the skill and experience of software engineers rather than on a well formalised
methodology. In practice, the maintenance cost of some central geometric oper-
ators such as the Boolean operations or some specific variants of the Minkowski
sum has always remained critical.

A robust algorithm is one whose correctness is proved with the assumption
of a realistic machine model. Recursive analysis defines precisely what it means,
in the context of the realistic Turing machine model of computation, to compute
objects belonging to non-countable sets such as the set of real numbers.

Here, we use a domain-theoretic approach to recursive analysis to develop
the foundation of an effective framework for solid modelling and computational
geometry. It is based on the work of the second author with André Lieutier. In
fact these notes form an abridged version of two papers [14, 15]; full details of
proofs and many other results can be obtained from these papers.

We present the continuous domain of solid objects which gives a concrete
model of computation on solids close to the actual practice of CAD engineers.
In this model, the basic predicates, such as membership and subset inclusion,
and operations, such as union and intersection, are continuous and computable.
The set-theoretic aspects of solid modelling are revisited, leading to a theoreti-
cally motivated model. Within this model, some unavoidable limitations of solid
modelling computations are shown and a sound framework to design specifica-
tions for feasible modelling operators is provided. Moreover, the model is able
to capture the uncertainties of input data in actual CAD situations.

We need the following requirements for the mathematical model:

1. the notion of computability of solids has to be well defined,
2. the model has to reflect the observable properties of real solids,
3. it has to be closed under the Boolean operations and all basic predicates and

operations have to be computable,
4. non-regular sets1 have to be captured by the model as well as regular solids,
5. the model has to support a design methodology for actual robust algorithms.

A general methodology for the specification of feasible operators and the
design of robust algorithms should rely on a sound mathematical model. This
is why the domain-theoretic approach is a powerful framework both to model
partial or uncertain data and to guide the design of robust software.

14 The Solid Domain

In this section, we introduce the solid domain, a mathematical model for repre-
senting rigid solids. The reader should refer to the Appendix for a basic introduc-
tion to the domain-theoretic notions required in the rest of this article. We focus

1 An open set is regular if it is the interior of its closure.
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here on the set-theoretic aspects of solid modelling. Our model is motivated by
requirements 1 to 5 given above.

We first recall some basic notions in topology. For any subset A of a topolog-
ical space X, the closure, A, of A is the intersection of all closed sets containing
A, the interior, A◦, of A is the union of all open sets contained in A and the
boundary, ∂A, of A is the set of points x ∈ X such that any neighbourhood of x
(i.e. any open set containing x) intersects both A and its complement Ac. Recall
that an open set is regular if it is the interior of its closure; dually, a closed set
is regular if it is the closure of its interior. The complement of a regular open
set then is a regular closed set and vice versa. A subset C ⊆ X is compact if for
every collection of open subsets 〈Oi〉i∈I with C ⊆ ⋃i∈I Oi there exists a finite
set J ⊆ I with C ⊆ ⋃i∈J Oi. A subset of IRd is compact iff it is bounded and
closed.

Given any proper subset S ⊆ IRn, the classical membership predicate ∈S :
IRn → {tt,ff} is continuous except on ∂S. Recall that a predicate is semi-
decidable if there is an algorithm to confirm in finite time that it is true whenever
the predicate is actually true. For example, membership of a point in an open
set in IRn is semi-decidable, since if the point is given in terms of a shrinking
sequence of rational rectangles, then in finite time one such rational rectangle
will be completely inside the open set. On the other hand, if S is an open or
closed set, then its boundary has empty interior and it is not semi-decidable that
a point is on the boundary. For example if n = 1 and S is the set of positive
numbers, then a real number x ∈ IR is on the boundary of S iff x = 0 which is not
decidable in computable analysis. It therefore makes sense from a computational
viewpoint to redefine the membership predicate as the continuous function:

∈′
S : IRn → {tt,ff}⊥

x �→


tt if x ∈ S◦

ff if x ∈ Sc◦

⊥ otherwise.

Here, {tt,ff}⊥ is the three element poset with least element ⊥ and two incom-
parable elements tt and ff. In the Scott topology {tt} and {ff} are open sets but
{⊥} is not open. We call this the continuous membership predicate. Then, two
subsets, or two solid objects, are equivalent if and only if they have the same con-
tinuous membership predicate, i.e. if they have the same interior and the same
exterior (interior of complement). By analogy with general set theory for which
a set is completely defined by its membership predicate, we can define a solid
object in IRn to be any continuous map of type IRn → {tt,ff}⊥. The definition
of the solid domain is then consistent with requirement 1 since a computable
membership predicate has to be continuous.

Note that a solid object, given by a continuous map f : IRn → {tt,ff}⊥,
is determined precisely by two disjoint open sets, namely f−1(tt) and f−1(ff).
Moreover, the interior (f−1(tt) ∪ f−1(ff))c◦ of the complement of the union of
these two open sets can be non-empty. If we now consider a second continuous
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function g : IRn → {tt,ff}⊥ with f  g, then we have f−1(tt) ⊆ g−1(tt) and
f−1(ff) ⊆ g−1(ff). This means that a more defined solid object has a larger inte-
rior and a larger exterior. We can think of the pair f−1(tt), f−1(ff) as the points
of the interior and the exterior of a solid object as determined at some finite
stage of computation. At a later stage, we obtain a more refined approximation
g which gives more information about the solid object, i.e. more points of its
interior and more points of its exterior.

Definition 14.1. The solid domain (SIRn, ) of IRn is the set of ordered pairs
(A,B) of disjoint open subsets of IRn endowed with the information order:
(A1, B1)  (A2, B2) ⇐⇒ A1 ⊆ A2 and B1 ⊆ B2.

An element (A,B) of SIRn is called a partial solid. The sets A and B are
intended to capture, respectively, the interior and the exterior (interior of the
complement) of a solid object, possibly, at some finite stage of computation.
Note that (SIRn, ) is a directed complete partial order with

⊔
i∈I(Ai, Bi) =

(
⋃

i∈I Ai,
⋃

i∈I Bi) and is isomorphic with the function space IRn → {tt,ff}⊥. By
duality of open and closed sets, (SIRn, ) is also isomorphic with the collection
of ordered pairs (A,B) of closed subsets of IRn with A ∪ B = IRn with the
information ordering: (A1, B1)  (A2, B2) ⇐⇒ A2 ⊆ A1 and B2 ⊆ B1.

Proposition 14.2. The partial solid (A,B) ∈ (SIRn, ) is a maximal element
iff A = Bc◦ and B = Ac◦.

Proof. Let (A,B) be maximal. Since A and B are disjoint open sets, it follows
that A ⊆ Bc◦. Hence, (A,B)  (Bc◦, B) and thus A = Bc◦. Similarly, B = Ac◦.
This proves the “only if” part. For the “if” part, suppose that A = Bc◦ and
B = Ac◦. Then, any proper open superset of A will have non-empty intersection
with B and any proper open superset of B will have non-empty intersection with
A. It follows that (A,B) is maximal. ��
Corollary 14.3. If (A,B) is a maximal element, then A and B are regular
open sets. Conversely, for any regular open set A, the partial solid (A,Ac◦) is
maximal.

Proof. For the first part, note that A is the interior of the closed set Bc and
is, therefore, regular; similarly B is regular. For the second part, observe that
Ac◦c◦ = (A)◦ = A. ��
We define (A,B) ∈ SIRn to be a classical solid object if A ∪B = IRn.

Proposition 14.4. Any maximal element is a classical solid object.

Proof. Suppose (A,B) is maximal. Then IRn = A ∪ ∂A ∪ Ac◦ = A ∪ B, since
A = A ∪ ∂A and Ac◦ ⊆ Ac◦ = B. ��
Classical solid objects form a larger family than the maximal elements, i.e. regu-
lar solids. For example, if A = {z ∈ IR2 | |z| ≤ 1} ∪ {(x, 0) ∈ IR2 | |x| ≤ 2}, then
A is represented in our model by the classical (non-regular) object (A◦, Ac).
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Theorem 14.5. The solid domain (SIRn, ) is a bounded complete ω-continu-
ous domain and (A1, B1) ! (A2, B2) iff A1 and B1 are compact subsets of A2

and B2 respectively.

Proof. To characterise the way-below relation, first assume that A1 and B1 are
compact subsets of A2 and B2 respectively. If A2 ⊆

⋃
i∈I Ui and B2 ⊆

⋃
i∈I Vi,

where the unions are assumed to be directed, then we get A1 ⊆ A2 ⊆
⋃

i∈I Ui

and B1 ⊆ B2 ⊆
⋃

i∈I Vi. By compactness of A1 and B1 it follows that there exists
i ∈ I with B1 ⊆ Ui and B2 ⊆ Vi. Conversely, assume that (A1, B1) ! (A2, B2).
There exist directed collections of open sets (Ui)i∈I and (Vi)i∈I with union A2

and B2 respectively such that Ui and Vi are compact subsets of A2 and B2

for each i ∈ I. By the definition of the way-below relation, there exists i ∈ I
with A1 ⊆ Ui and B1 ⊆ Vi from which it follows that A1 and B1 are compact
subsets of A2 and B2 respectively. Every open subset of IRn can be obtained as
the union of an increasing sequence of open rational polyhedra (i.e. polyhedra
whose vertices have rational coordinates) way-below the open set. The collection
of all pairs of disjoint open rational polyhedra thus provides a countable basis
for SIRn. ��

In practice, we are often interested in the subdomain SbIRn of bounded partial
solids which is defined as SbIRn = {(A,B) ∈ SIRn | Bc is bounded} ∪ {(∅, ∅)},
ordered by inclusion. It is easy to see that SbIRn is a subdcpo of SIRn. Moreover,
it is left as an exercise to show that:

Proposition 14.6. The dcpo SbIRn is ω-continuous with the way-below relation
given by (A1, B1) ! (A2, B2) iff A1 ⊆ A2 and Bc

2 ⊆ B1
c◦.

We say (A,B) ∈ S[−a, a]n is a proper element if (A,B) �= (∅, [−a, a]n) and
(A,B) �= ([−a, a]n, ∅). Consider the collection R([−a, a]n) of non-empty regular
closed subsets of [−a, a]n with the metric given by,

d(A,B) = max(dH(A,B), dH(Ac, Bc),

where dH is the Hausdorff metric.

Theorem 14.7. The collection of proper maximal elements of S[−a, a]n is the
continuous image of the space (R([−a, a]n), d) of the non-empty regular closed
subsets of [−a, a]n.

Proof. It is convenient to work with the representation of S[−a, a]n by pairs
(A,B) of closed subsets of [−a, a]n, with A ∪ B = [−a, a]n, ordered by reverse
inclusion. Any pair of open sets (U, V ) of [−a, a]n provides a basic Scott open set
O(U,V ) of S[−a, a]n given by O(U,V ) = {(A,B) ∈ S[−a, a]n | A ⊂ U &B ⊂ V }.
Now consider the map Γ : R([−a, a]n) → S[−a, a]n defined by Γ (A) = (A,Ac).
Clearly, Γ is a function onto the set of proper maximal elements of S[−a, a]n.
To show that it is continuous, suppose (A,Ac) ∈ O(U,V ), i.e. A ⊂ U and Ac ⊂
V . Let k = min(r(A,U c), r(Ac, V c)) where r(Y,Z) is the minimum distance
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between compact sets Y and Z. Then for D ∈ R([−a, a]n) with d(C,D) < k,
the inequalities dH(C,D) < k and dH(Cc, Dc) < k imply D ⊂ U and Dc ⊂ V .
This shows that Γ is continuous. ��

We can define a metric on the non-empty closed subsets of IRn by putting:
d′

H(A,B) = max(dH(A,B), 1). We leave it as an exercise for the reader to show
that the collection of proper maximal elements of SIRn is the continuous image
of the space (R(IRn), d′) of the non-empty regular closed subsets of IRn with the
metric defined by

d′(A,B) = max(d′
H(A,B), d′

H(Ac, Bc)). (48)

15 Predicates and Operations on Solids

Our definition is also consistent with requirement 2 in a closely related way.
We consider the idealisation of a machine used to measure mechanical parts.
Two parts corresponding to equivalent subsets cannot be distinguished by such
a machine. Moreover, partial solids, and, more generally, domain-theoretically
defined data types allow us to capture partial, or uncertain input data encoun-
tered in realistic CAD situations. In order to be able to compute the continu-
ous membership predicate, we extend it to the interval domain IIRn and define
− ∈ − : IIRn × SIRn → {tt,ff}⊥ with:

C ∈ (A,B) =


tt if C ⊆ A
ff if C ⊆ B
⊥ otherwise

(see Figure 2). Note that we use the infix notation for predicates and Boolean
operations.

(A,B)

B

A

 ff

 ⊥

 tt

 ⊥

 ⊥

Fig. 2. The membership predicate of a partial solid object of the unit square.
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(A,B)

A B

Fig. 3. Representation of a non-regular solid.

We define the predicate − ⊆ − : SbIRn × SIRn → {tt,ff}⊥, by

(A,B) ⊆ (C,D) =


tt if B ∪ C = IRn

ff if A ∩D �=∅
⊥ otherwise

The restriction to SbIRn will ensure that − ⊆ − is continuous, as we will see in
one of the exercises below. Starting with the continuous membership predicate,
the natural definition for the complement would be to swap the values tt and ff.
This means that the complement of (A,B) is (B,A), cf. requirement 3.

As for requirement 4, Figure 3 represents a subset S of [0, 1]2 that is not reg-
ular. Its regularization removes both the external and internal “dangling edge”.
Here and in subsequent figures, the two components A and B of the partial solid
are, for clarity, depicted separately below each picture.

Bearing in mind that for a partial solid object (A,B), the open sets A and
B respectively capture the interior and the exterior of the solid, we can deduce
the definition of Boolean operators on partial solids:

(A1, B1) ∪ (A2, B2) = (A1 ∪A2, B1 ∩B2)

(A1, B1) ∩ (A2, B2) = (A1 ∩A2, B1 ∪B2).

One can likewise define the m-ary union and the m-ary intersection of partial
solids. Note that, given two partial solids representing adjacent boxes, their
union would not represent the set-theoretic union of the boxes, as illustrated in
Figure 4.

Theorem 15.1. The following maps are continuous:

(i) The predicate − ∈ − : IIRn × SIRn → {tt,ff}⊥.
(ii) The binary union − ∪ − : SIRn × SIRn → SIRn and more generally the

m-ary union
⋃

: (SIRn)m → SIRn.
(iii) The binary intersection − ∩ − : SIRn × SIRn → SIRn and more generally

the m-ary intersection
⋂

: (SIRn)m → SIRn.
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(A2,B2)

A2 B2

(A1,B1)

A1 B1

(A1,B1)∪(A2,B2)

A1∪A2
B1∩B2

Fig. 4. The union operation on the solid domain.

Proof. (i) A function of two variables on domains is continuous iff it is continuous
in each variable separately when the other variable is fixed. From this, we obtain
the required continuity by observing that a non-empty compact set is contained
in the union of an increasing sequence of open sets iff it is contained in one such
open set.

(ii) This follows from the distributivity of ∪ over ∩.
(iii) Follows from (ii) by duality. ��

15.1 The Minkowski Operator

We now introduce the Minkowski sum operation for partial solids of IRn. Recall
that the Minkowski sum of two subsets S1, S2 ⊆ IRn is defined as

S1 ⊕ S2 = {x+ y | x ∈ S1, y ∈ S2}
where x+ y is the vector addition in IRn. For convenience we will use the same
notation ⊕ for the Minkowski sum on the solid domain, which is defined as a
function −⊕− : (SbIRn)× (SIRn) → SIRn by:

(A1, B1)⊕ (A2, B2) = ((A1 ⊕A2), (Bc
1 ⊕Bc

2)
c).

It can be shown that − ⊕ − : (SbIRd) × (SIRd) → SIRd is well-defined and
continuous.

16 Computability on the Solid Domain

We can provide an effective structure for SIRn as follows. Consider the collection
of all pairs of disjoint open rational polyhedra of the form K = (L1, L2). Take
an effective enumeration (Ki)i∈ω with Ki = (π1(Ki), π2(Ki)) of this collection.

We say (A,B) is a computable partial solid if there exists a total recursive
function β : IN → IN such that (A,B) = (

⋃
n∈ω π1(Kβ(n)),

⋃
n∈ω π2(Kβ(n))).

One can similarly define an effective structure on IIRn, by taking an effective
enumeration of rational intervals.



Computing with Real Numbers 251

It follows from the general domain-theoretic definition (see the Appendix)
that a function F : (SIRn)2 → SIRn is computable if the relation {(i, j, k) | Kk !
F (Ki,Kj)} is r.e.. The definition extends in the natural way to functions of other
types. A sequence ((An, Bn))n∈ω of partial solids is computable if there exists
a total recursive function α : IN × IN → IN such that (An, Bn) =

⊔
i∈ω Kα(n,i),

with (Kα(n,i))i∈ω an increasing chain for each n ∈ ω. For domains in general, it
can be shown that a function is computable iff it sends computable sequences to
computable sequences.

Proposition 16.1. The following functions are computable with respect to the
effective structures on IIRn, SIRn and S[−a, a]n.

(i) − ∈ − : IIRn × SIRn → {tt,ff}⊥.
(ii) − ∪− : SIRn × SIRn → SIRn.
(iii) − ∩− : SIRn × SIRn → SIRn.
(iv) − ⊆ − : S[−a, a]n × S[−a, a]n → {tt,ff}⊥.

Proof. We show (ii) and leave the rest as exercise. We have to show that the
relation Kk ! Ki ∪Kj is r.e. Writing this relation in detail, it reduces to

(π1(Kk), π2(Kk)) ! (π1(Ki) ∪ π1(Kj), π2(Ki) ∩ π2(Kj)),

i.e. π1(Kk) ⊆ π1(Ki) ∪ π1(Kj) and π2(Kk) ⊆ π2(Ki) ∩ π2(Kj), which are both
decidable. ��

17 Lebesgue and Hausdorff Computability

Our domain-theoretic notion of computability so far has the essential weakness
of lacking a quantitative measure for the rate of convergence of basis elements
to a computable element. This shortcoming can be redressed by enriching the
domain-theoretic notion of computability with an additional requirement which
allows a quantitative degree of approximation. We will see in this section that
this can be done in at least two different ways. The reader should refer to the
appendix for various notions of computability in this section.

17.1 Lebesgue Computability

The Lebesgue measure µ in IRn, which measures the volume of subsets of IRn,
gives us a notion of approximation which is stable under Boolean operations. For
simplicity, we confine ourselves to the solid domain of a large cube in IRn. We say
that (A,B) ∈ S[−a, a]n is Lebesgue computable if there exists a total recursive
function β : IN → IN such that (A,B) = (

⋃
n∈ω π1(Kβ(n)),

⋃
n∈ω π2(Kβ(n))) with

µ(A) − µ(π1(Kβ(n))) < 2−n and µ(B) − µ(π2(Kβ(n))) < 2−n. The definition
extends naturally to computable elements of (SX)m for any positive integer m.
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Proposition 17.1. If a is a computable real number and (A,B) ∈ S[−a, a]n is
a computable maximal element with µ(∂A) = 0, then (A,B) is Lebesgue com-
putable.

The sequence ((An, Bn))n∈ω is said to be Lebesgue computable if it is com-
putable and if (µ(An))n∈ω and (µ(Bn))n∈ω are computable sequences of real
numbers. As for computable elements, the definition extends naturally to com-
putable sequences of (SX)m for any positive integer m.

A computable function f : (SX)m → SX is said to be Lebesgue computable
if it takes any Lebesgue computable sequence of m-tuples of partial solids to
a Lebesgue computable sequence of partial solids. The main result here is the
following.

Theorem 17.2. Boolean operations are Lebesgue computable.

17.2 Hausdorff Computability

Another appropriate form for the quantitative degree of approximation of solids
is provided by the Hausdorff distance. We say (A,B) ∈ S[−a, a]n is Hausdorff
computable if there exists a total recursive function β : IN → IN such that
(A,B) = (

⋃
n∈ω π1(Kβ(n)),

⋃
n∈ω π2(Kβ(n))) with dH(π1(Kβ(n)), A) < 2−n and

dH(π2(Kβ(n)), B) < 2−n.
We can define the notion of a Hausdorff computable map similar to the way

we defined a Lebesgue computable map. The Hausdorff distance provides a good
way of approximating solids; in fact, objects with small Hausdorff distance with
each other are visually close. However, it can be shown by a non-trivial example
that the binary Boolean operations do not preserve Hausdorff computability.
The main positive result is the following.

Theorem 17.3. A computable maximal element of S[−a, a]n is Hausdorff com-
putable.

18 The Convex Hull

We have already seen that points of IRn can be modelled using the domain IIRn

of the compact rectangles in IRn ordered by reverse inclusion. Using the domain-
theoretic model, one can construct other basic notions in geometry, such as line
segments, lines and hyperplanes. We demonstrate this by describing the simplest
non-trivial geometric object, namely a line segment.

We define the partial line segment map f : (IIRn)2 → SIRn with f(x1, x2),
called the partial line segment through the partial points x1 and x2, given by
f(x1, x2) = (∅, E) where the exterior E is the empty set if x1 ∩ x2 �=∅ and is
otherwise the complement of the convex hull of the 2 × 2n vertices of x1 and
x2; see Figure 5. It is easy to check that f is Scott continuous and computable.
Likewise, one can define Scott continuous maps for partial lines through two
partial points, and other basic geometric objects.
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Fig. 5. A partial line segment.

We will now describe an algorithm to compute the convex hull of a finite
number of points in the plane in the context of the solid domain. Assume we
have m points in the plane. Each of these points is approximated by a shrinking
nested sequence of rational rectangles; at each finite stage of computation we
have approximations to the m points by m rational rectangles, considered as
imprecise points, as in Figure 6.

Fig. 6. The convex hull problem for rectangles.

For these m rational rectangles we obtain a partial solid object with an
interior open rational polygon, which is contained in the interior of the convex
hull of the m points, and an exterior open rational polygon, which is contained
in the exterior of the convex hull of the m points. The union of the interior
(respectively, the exterior) open rational polygons obtained for all finite stages
of computation gives the interior (respectively, the exterior) of the convex hull
of the m points.

More formally, we define a map Cm : (IIR2)m → SIR2, where IIR2 is the
domain of the planar rectangles, the collection of all rectangles of the plane
partially ordered by reverse inclusion. Let C(IR2) be the collection of non-empty
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compact subsets of IR2 with the Hausdorff metric and let Hm : (IR2)m → C(IR2)
be the classical function which sends any m-tuple of planar points to its convex
hull regarded as a compact subset of the plane.

We first define Cm on the basis (IQ2)m of (IIR2)m consisting of m-tuples
of rational rectangles. Let x = (R1, R2, · · · , Rm) ∈ (IQ2)m be an m-tuple of
rational rectangles. Each rectangle Ri has four vertices denoted, anti-clockwise
starting with the bottom left corner, by R1

i , R
2
i , R

3
i and R4

i . We define Cm(x) =
(Im(x), Em(x)) with

Em(x) = (H4m((R1
i , R

2
i , R

3
i , R

4
i ))

m
i=1)

c, Im(x) = (
⋂

1≤j≤4

Hm(Rj
i )

m
i=1)

◦.

In words, Em(x) is the complement of the convex hull of the 4m vertices of all
rectangles (Figure 7), whereas Im(x) is the interior of the intersection of the
4 convex hulls of the bottom left, bottom right, top right and top left vertices
(Figure 8). Since the intersection of convex sets is convex, Im(x) as well as Em(x)
are both convex open rational polygons.

Fig. 7. The exterior convex hull of rectangles.

With more accurate input data about the planar points, the boundaries of
the inner and outer convex hulls get closer to each other as in Figure 9. In the
limit, the inner and outer convex hulls will be simply the interior and the exterior
of the convex hull of the planar points (Figure 10).

Since we work completely with rational arithmetic, we will not encounter any
round-off errors and, as comparison of rational numbers is decidable, we will not
get inconsistencies.

Clearly the complexity of these algorithms to compute Im(x) and Em(x) is
O(m logm) each. We have therefore obtained a robust algorithm for the convex
hull which has the same complexity as the non-robust classical algorithm. More-
over, the algorithm extends in the obvious way to IRd. In 3d, we still have the
complexity O(m logm); see [15] for the complexity in higher dimension.
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Fig. 8. The interior convex hull of rectangles.

Fig. 9. Convergence of the interior and exterior convex hulls.

We now define Ĉm : (IIR2)m → SIR2 on tuples of rectangles y ∈ (IIR2)m

by putting Ĉm(y) =
⊔{C(x) | x ∈ (IQ)m with x ! y}. It can be checked that

Ĉm(x) = Cm(x) for x ∈ (IQ2)m, and that, therefore, we can simply write Ĉm as
Cm which will be a continuous function between domains.

The map Cm computes the convex hull of m planar points as follows. Note
that a maximal element x = (Ri)m

i=1 of (IIR2)m consists of an m-tuple of de-
generate rectangles, i.e., an m-tuple of planar points (ri)m

i=1, where Rj
i = ri,

for j = 1, 2, 3, 4. It can be shown that, for such maximal x, we have Cm(x) =
(Im(x), Em(x)) where Im(x) = (Hm((ri)m

i=1))
◦ and Em(x) = (Hm((ri)m

i=1))
c.

Theorem 18.1. The map Cm is Lebesgue computable and Hausdorff compu-
table.
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Fig. 10. Limit of interior and exterior convex hulls.

We can also study the domain-theoretic version of the following classical
question: Given N points x1, . . . , xN in IR2, does xk, for 1 ≤ k ≤ N , lie on the
boundary of the convex hull of these N points? With imprecise input, i.e. for N
input rectangles, the answer is either “surely yes”, or “surely not” or “cannot
say”. More precisely, we define the boundary rectangle predicate Pk : (IIR2)N →
{tt,ff}⊥. For R = (R1, . . . , RN ) ∈ (IIR2)N , let R(k) ∈ (IIR2)N−1 be the ordered
list of the N − 1 dyadic interval vertices: R(k) = (R1, . . . , Rk−1, Rk+1, . . . , RN ).
We have:

Pk(R) =


tt if Rk ⊆ E(R(k)),
ff if Rk ⊆ I(R),
⊥ otherwise.

(49)

Theorem 18.2. The predicate Pk is Scott continuous and computable for each
k = 1, . . . , N .

Finally, we note that domain-theoretic algorithms for Voronoi diagram and De-
launay triangulation have also been developed; see [38].

19 Historical Remarks and Pointers to Literature

19.1 Real Number Computation

In the late 1980’s, two frameworks for exact real number computation were
proposed. In the approach of Boehm and Cartwright [5, 6], a computable real
number is approximated by rational numbers of the form K/rn where r is the
base and K is a (usually big) integer. This approach was further developed and
implemented by Valérie Ménissier-Morain [40]. For any basic function in analysis
a feasible algorithm has been presented in order to produce an approximation to
the value of the function at a given computable real number up to any threshold
of accuracy. However, the computation is not incremental in the sense that to
obtain a more accurate approximation one has to compute from scratch. Fur-
thermore, the algorithms are constructed using various ad-hoc techniques and
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therefore, except for the simplest arithmetic operations, it is rather difficult to
verify their correctness. Actually, this method is not so different from the multi-
digit approach presented here, except that our transcendental operations are
based on LFT’s, which provide a general underlying framework that simplifies
the finding of the algorithms and makes the proofs of their correctness automatic.

Vuillemin [57] proposed a representation of computable real numbers by con-
tinued fractions and presented various incremental algorithms for basic arith-
metic operations using the earlier work of Gosper [24], and for some transcen-
dental functions. However, this representation is rather complicated and the
resulting algorithms are relatively inefficient.

Plume [42] studied and implemented Exact Real Arithmetic based on the
number representation of Section 2 (exponent plus a stream of signed binary
digits). His division algorithm employs an auxiliary representation with dyadic
rationals as digits. Transcendental functions are based on an auxiliary function
computing the real number defined by a (computable) nested sequence of real
intervals whose lengths tend to 0.

In the early and mid 90’s Di Gianantonio [12, 13] and Escardó [20] studied
extensions of the theoretical language PCF with a real number data type based
on domain theory. At Imperial College, a new approach was then developed
which is almost entirely based on LFT’s and combines domain theory and the
digit approach with continued fraction algorithms [45, 16, 46, 43, 44]. Within this
approach, Peter Potts derived algorithms for transcendental functions from con-
tinued fraction expansions. He also developed the single-digit approach with the
absorption and emission of digit matrices, and made first steps towards a multi-
digit approach. The approach was implemented in functional languages such as
Miranda, Haskell and CAML, and in imperative languages such as C. The LFT
framework for real number computation has also been studied in the context of
extensions of PCF with a real number data type by Edalat, Escardó, Potts and
Sünderhauf [47, 17].

In contrast to the notes at hand, Potts and Edalat used the base interval
[0,∞], and accordingly, digit matrices which were different from the ones pre-
sented here. This approach includes ∞ with the same rights as any finite real
number. The number ∞ represents both +∞ and −∞. Its presence makes the
reciprocal function total by 1

0 = ∞ and 1
∞ = 0. Yet on the other hand, addition

and multiplication, which are total if ∞ is excluded, become partial with ∞
since ∞+∞ and 0 · ∞ are not defined.

In this approach, exponent matrices cannot be used. Instead, each number
representation begins with a sign matrix. There are four sign matrices, for num-
bers in the intervals [0,∞], [−1, 1], [∞, 0], and [1,−1] = {x||x| ≥ 1}. Edalat
and Potts name two advantages of [0,∞]: First, the image M [0,∞] of [0,∞]
under a non-singular LFT M =

(
a
b

c
d

)
can be easily obtained from the entries

of M : M [0,∞] = [ c
d ,

a
b ] if detM > 0, and [a

b ,
c
d ] if detM < 0. In contrast, the

calculation of M [−1, 1] requires some additions. Second, a matrix or tensor is
refining for [0,∞] iff all its entries are non-negative and all its column sums are
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positive (if the matrix or tensor is weakly normalised so that the sum of its
entries is non-negative). This condition is much simpler than the conditions we
have derived for refinement w.r.t. [−1, 1] in Section 5. The emission conditions
for the two base intervals are similar, but the actual emissions and absorptions
are simpler in [−1, 1]. A huge practical advantage of [−1, 1] are the persistent
zeros which can be found in basically all the tensors for the standard opera-
tions. With [0,∞], there are no persistent zeros at all, and no entries which are
invariant under absorption and emission.

On the theoretical side as well, the base interval [−1, 1] has clear advantages.
It avoids the troublesome value∞ that poses difficulties in algebraic transforma-
tions and size estimations. Furthermore, one may work with the standard metric
(�([u, v]) = v− u) and standard derivatives in [−1, 1], while working with [0,∞]
excludes the standard metric. In fact, [16, 43, 28] use a metric on [0,∞] that is
derived from the standard metric on [−1, 1]. Here, working in [−1, 1] directly
drastically simplifies the reasoning.

Results on the growth of the entries of matrices and tensors were presented
in [26, 27]—for the base interval [0,∞]. With this base interval, matrices

(
a
b

c
d

)
cannot be classified according to b = 0 and b �= 0 as in Section 8; the crucial
value is instead (c+ d)− (a+ b). Given this, it is not surprising that a complete
classification of tensors w.r.t. the opportunities for cancellations was never found
under the reign of [0,∞]. The classification presented in Section 8.5 of these notes
was recently found by Reinhold Heckmann and never published before.

The contractivity was already studied by Potts, and considered in greater
detail by Heckmann in [28] (for [0,∞]). In [30], Heckmann switched over to
[−1, 1] and studied contractivity there.

Peter Potts was a master in the derivation of infinite products from continued
fractions (for [0,∞]). The few derivations presented here are new because of
the new base interval. They start from the same continued fractions, but are
generally shorter. The derivation of products from Taylor series is taken from
[29].

19.2 Computational Geometry

The quest for reliable geometric algorithms in recent years has been a most
challenging problem. In the words of C. M. Hoffmann, a leading expert in com-
putational geometry: “Despite the pressing need, devising accurate and robust
geometric algorithms has proved elusive for many important science and engi-
neering applications”[31].

In the existing frameworks and implementations of geometric algorithms,
great efforts are required to use various, often ad hoc, techniques in order to
avoid potential inconsistencies and degeneracies. These methods include: (i) the
so-called exact arithmetic approach [41, 37, 51, 23, 52, 3, 61, 9, 8, 22, 11], combined
with lazy implementation [4, 53] and symbolic perturbation [19, 51, 60] in which
numerical computations are performed to a high degree of accuracy in order to
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ensure the correct logical and topological decisions; (ii) the logical and topolog-
ical oriented technique [52, 55, 56], which seeks to place the highest priority on
the consistency of the logical and topological properties of geometric algorithms,
using numerical results only when they are consistent with these properties; and,
(iii) the intermediate methods, such as ε-geometry [25], the interval arithmetic
technique [49, 32–34] and the tolerance approach [50, 21, 36], which determine
an upper bound for the numerical error whenever a computation takes place in
order to decide if a computation is reliable or not. While there are pros and cons
for each of these methods in any given category of algorithms [54]; no single
method gives an overall satisfactory solution for geometric modelling as a whole.

The traditional frameworks for geometric modelling are not founded on com-
putable analysis: there is no reference to a notion of data type or computability
in the standard literature of computational geometry or geometric modelling. In-
deed, these frameworks are all based on classical topology and geometry in which
the basic predicates and Boolean operations are not continuous, and hence not
computable, the source of non-robustness of the resulting algorithms.

Brattka and Weihrauch [7] have studied the question of computability of
classical subsets of the Euclidean space in the type two theory of computabil-
ity [59] but it is not at all clear how their framework can be used in any practical
geometric computation.

The domain-theoretic framework for solid modelling and computational ge-
ometry was first formulated in [14] and algorithms for the convex hull and for
Voronoi diagram/Delaunay triangulation in the domain-theoretic setting were
presented in [15] and [38] respectively. Continuous geometric operations have
also been discussed in [35].

20 Exercises

20.1 Real Arithmetic

Exercise 20.1. Implement addition x+y directly on the number representations
by exponents and signed binary digit streams (cf. Section 2.4). Deal first with
exponents and use the mean value operation x⊕ y = x+y

2 on mantissas.

Exercise 20.2. Prove Prop. 3.1 (using Equation (1)).

Exercise 20.3. Let M0 =
( 0

1
1
3

)
.

a) What is the function represented by M0?
b) Compute detM0 (Equation (2)) and deduce the monotonicity type of M0

(Section 4).
c) Check that M0 is bounded (Prop. 5.2) and refining (Section 5.3) on I0.
d) Assuming that the digit stream ξ starts with 101, determine the first four

digits of M0(ξ) as in Section 6.5.
e) Compute expM0 and conM0 (23) and derive the numbers c< and c> of

Theorem 7.1.



260 Abbas Edalat and Reinhold Heckmann

f) Redo part (d) in the multi-digit approach, i.e., answer the request 4?M0(ξ).
Run Algorithm 3, but consider the monotonicity type of M0. Use the fact
that ξ begins with 101 to find the answer of the required request to ξ.

g) Compare the results of parts (d) and (f), but remember that there are often
two possible answers to a request, differing by 1.

Exercise 20.4. Let T =
( 0

0
1
0

0
1

1
3

)
.

a) What is the function represented by T?
b) Compute det(T |x) and det(T |y) (Equations (6)) and deduce the monotonic-

ity type of T for arguments x, y ∈ I0 (Section 4).
c) Check that T is bounded (14) and refining on I0. For the latter, you may

use (15) or Cor. 4.2, taking the monotonicity type into account.
d) Determine conL T and conR T and derive the numbers c>L and c>R of Theo-

rem 7.2.

Exercise 20.5. Let T =
( 0

0
1
0

1
1

0
1

)
. Given x ≥ 0, solve the equation y = T (x, y)

for y ≥ 0. (Thus you see how an important function can be implemented. The
equation y = T (x, y) can be considered as an infinite product y = T (x, T (x, . . .)),
or more efficiently, as a feed-back loop where everything emitted from T is fed
back into T via its right argument.)

Exercise 20.6. (Taylor series)
Use the method presented in Section 11.4 to derive an infinite product for the
cosine function from the Taylor series cosx =

∑∞
n=0

(−1)n

(2n)! (x2)n. (By writing this
in terms of x2 instead of x, zero coefficients are avoided.) Determine for which
x this product is valid, and calculate the contractivities of its matrices.

20.2 Computational Geometry and Solid Modelling

Exercise 20.7. Show that the map − ⊆ − : SbIRn ×SIRn → {tt,ff}⊥ is continu-
ous.

Exercise 20.8. Prove Proposition 14.6.

Hint: Use the following fact for Euclidean spaces. For an open set O and a
decreasing sequence of compact subsets 〈Ci〉iω, the relation

⋂
i∈ω Ci ⊆ O implies

the existence of i ∈ ω with Ci ⊆ O.

Exercise 20.9. Show that the collection of proper maximal elements of SIRn is
the continuous image of the space (R(IRn), d′) of the non-empty regular closed
subsets of IRn with the metric defined by Equation 48.

Hint: Follow the steps of proof in Theorem 14.7 and note that in the represen-
tation of SIRn by closed sets ordered by reverse inclusion we have: (A1, B1) !
(A2, B2) iff A2 and B2 are compact subsets of A◦

1 and B◦
1 respectively.
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Exercise 20.10. Draw the inner and outer convex hulls of the following three
rectangles.

R1 = {(−2, 0), (−1, 0), (−1,−1), (−2,−1)}
R2 = {(−1, 3), (0, 3), (0, 2), (−1, 2)}
R3 = {(1, 1), (2, 1), (2, 0), (1, 0)}.

Exercise 20.11. In the domain-theoretic convex hull algorithm, compute the
boundary rectangle predicate Pk for 1 ≤ k ≤ 11.

R1 = {(−7/2,−3), (−7/2,−2), (−5/2,−2), (−5/2,−3)}
R2 = {(−7/2,−1), (−7/2,−1/2), (−3,−1/2), (−3,−1)}
R3 = {(−4, 4/3), (−4, 5/3), (−3, 5/3), (−3, 4/3)}
R4 = {(−2,−4), (−2,−7/2), (−3/2,−7/2), (−3/2,−4)}
R5 = {(−2, 3), (−2, 7/2), (−3/2, 7/2), (−3/2, 3)}
R6 = {(0,−4), (0,−7/2), (1/2,−7/2), (1/2,−4)}
R7 = {(0, 0), (0, 1), (1, 1), (1, 0)}
R8 = {(0, 4), (0, 5), (1, 5), (1, 4)}
R9 = {(4,−3), (4,−2), (5,−2), (5,−3)}
R10 = {(5,−1), (5,−1/2), (27/5,−1/2), (27/5,−1)}
R11 = {(5, 2), (5, 3), (6, 3), (6, 2)}.

Hint: Note that a rectangle is a boundary rectangle if it lies completely inside
the exterior convex hull of the other rectangles.

Appendix: Basic Domain Theory

We give here the formal definitions of a number of notions in domain theory
used in these notes; see [1, 2, 18] for more detail. We think of a partially ordered
set (poset) (P, ) as the set of output of some computation such that the partial
order is an order of information: in other words, a  b indicates that a has
less information than b. For example, the set {0, 1}∞ of all finite and infinite
sequences of bits 0 and 1 with a  b if the sequence a is an initial segment
of the sequence b is a poset and a  b simply means that b has more bits of
information than a. A non-empty subset A ⊆ P is directed if for any pair of
elements a, b ∈ A there exists c ∈ A such that a  c and b  c. A directed
set is therefore a consistent set of output elements of a computation: for every
pair of output a and b, there is some output c with more information than a
and b. A directed complete partial order (dcpo) or a domain is a partial order in
which every directed subset has a least upper bound (lub). We say that a dcpo
is pointed if it has a least element which is denoted by ⊥ and is called bottom.
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For two elements a and b of a dcpo we say a is way-below or approximates b,
denoted by a! b, if for every directed subset A with b  ⊔A there exists c ∈ A
with a  c. The idea is that a is a finitary approximation to b: whenever the lub
of a consistent set of output elements has more information than b, then already
one of the input elements in the consistent set has more information than a. In
{0, 1}∞, we have a! b iff a  b and a is a finite sequence. The closed subsets of
the Scott topology of a domain are those subsets C which are downward closed
(i.e. x ∈ C & y  x ⇒ y ∈ C) and closed under taking lub’s of directed subsets
(i.e. for every directed subset A ⊆ C we have

⊔
A ∈ C).

A basis of a domain D is a subset B ⊆ D such that for every element x ∈ D
of the domain the set Bx = {y ∈ B | y ! x} of elements in the basis way-
below x is directed with x =

⊔
Bx. An (ω)-continuous domain is a dcpo with

a (countable) basis. In other words, every element of a continuous domain can
be expressed as the lub of the directed set of basis elements which approximate
it. In a continuous dcpo D, subsets of the form ↑↑a = {x ∈ D | a ! x}, for
a ∈ D, form a basis for the Scott topology. A domain is bounded complete if
every bounded subset has a lub; in such a domain every non-empty subset has
an infimum or greatest lower bound.

It can be shown that a function f : D → E between dcpo’s is continuous
with respect to the Scott topology if and only if it is monotone (i.e. a  b ⇒
f(a)  f(b)) and preserves lub’s of directed sets i.e. for any directed A ⊆ D, we
have f(

⊔
a∈A a) =

⊔
a∈A f(a). Moreover, if D is an ω-continuous dcpo, then f

is continuous iff it is monotone and preserves lub’s of increasing sequences (i.e.
f(
⊔

i∈ω xi) =
⊔

i∈ω f(xi), for any increasing (xi)i∈ω).
The collection, D → E, of continuous functions f : D → E between dcpo’s D

and E can be ordered pointwise: f  g iff ∀x ∈ D. f(x)  g(x). With this partial
order, D → E becomes a dcpo with

⊔
i∈I fi given by (

⊔
i∈I fi)(x) =

⊔
i∈I fi(x).

Moreover, if D and E are bounded complete ω-continuous dcpo’s, so is D → E.
The interval domain I[0, 1]n of the unit box [0, 1]n ⊆ IRn is the set of all

non-empty n-dimensional sub-rectangles in [0, 1]n ordered by reverse inclusion.
A basic Scott open set is given, for every open subset O of IRn, by the collection
of all rectangles contained in O. The map x �→ {x} : [0, 1]n → I[0, 1]n is an
embedding onto the set of maximal elements of I[0, 1]n. Every maximal element
{x} can be obtained as the least upper bound (lub) of an increasing chain of
elements, i.e. a shrinking, nested sequence of sub-rectangles, each containing {x}
in its interior and thereby giving an approximation to {x} or equivalently to x.
The set of sub-rectangles with rational coordinates provides a countable basis.
One can similarly define, for example, the interval domain IIRn of IRn.

An important feature of domains, in the context of these notes, is that they
can be used to obtain computable approximations to operations which are clas-
sically non-computable. For example, comparison of a real number with 0 is not
computable. However, the function N : I[−1, 1] → {tt,ff}⊥ with
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N([a, b]) =


tt if b < 0
ff if 0 < a
⊥ otherwise

is the computable approximation to the comparison predicate. Here, {tt,ff}⊥ is
the lift of {tt,ff}, i.e. the three element pointed domain with two incomparable
maximal elements tt and ff.

An ω-continuous domain D with a least element ⊥ is effectively given wrt
an effective enumeration b : IN → B of a countable basis B if the set {〈m,n〉 |
bm ! bn} is recursive, where 〈., .〉 : IN× IN → IN is the standard pairing function
i.e. the isomorphism (x, y) �→(x+y)(x+y+1)

2 + x. This means that for each pair
of basis elements (bm, bn), it is possible to decide in finite time whether or not
bm ! bn. We say x ∈ D is computable if the set {n|bn ! x} is r.e. This is
equivalent to say that there is a master program which outputs exactly this set.
It is also equivalent to the existence of a recursive function g such that (bg(n))n∈ω

is an increasing chain in D with x =
⊔

n∈ω bg(n). If D is also effectively given
wrt to another basis B′ = {b′0, b′1, b′2, · · ·} such that the sets {〈m,n〉 | bm ! b′n}
and {〈m,n〉 | b′m ! bn} are both decidable, then x will be computable wrt B iff
it is computable wrt B′. We say that B and B′ are recursively equivalent.

We can define an effective enumeration ξ of the set Dc of all computable
elements of D. Let θn, n ∈ ω, be the nth partial recursive function. It can be
shown [18] that there exists a total recursive function σ such that ξ : IN → Dc

with ξn :=
⊔

i∈ω bθσ(n)(i), with (bθσ(n)(i))i∈ω an increasing chain for each n ∈ ω, is
an effective enumeration of Dc. A sequence (xi)i∈ω is computable if there exists
a total recursive function h such that xi = ξh(i) for all i ∈ ω.

We say that a continuous map f : D → E of effectively given ω-continuous
domains D (with basis {a0, a1 · · ·}) and E (with basis {b0, b1 · · ·}) is computable
if the set {〈m,n〉 | bm ! f(an)} is r.e. This is equivalent to say that f maps
computable sequences to computable sequences. Computable functions are stable
under change to a recursively equivalent basis. Every computable function can
be shown to be a continuous function [58, Theorem 3.6.16]. It can be shown [18]
that these notions of computability for the domain IIR of intervals of IR induce
the same class of computable real numbers and computable real functions as in
the classical theory [48].

We also need the following classical definitions for sequences of real numbers.
A sequence (ri)i∈ω of rational numbers is computable if there exist three total
recursive functions a, b, and s such that b(i) �= 0 for alli ∈ ω and

ri = (−1)s(i) a(i)
b(i)

.

A computable double sequence of rational numbers is defined in a similar way.
A sequence (xi)i∈ω of real numbers is computable if there exists a computable
double sequence (rij)i,j∈ω of rational numbers such that

|rij − xi| ≤ 2−j for all i and j
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A computable double sequence of real numbers is defined analogously. If
(xnk)n,k∈ω is a computable double sequence of real numbers which converges
to a sequence (xn)n∈ω effectively in k and n (i.e. there exists a total recursive
function e : IN× IN → IN such that |xnk − xn| ≤ 2−N for all k ≥ e(n,N)), then
the sequence (xn)n∈ω is computable [48, Page 20].

References

1. S. Abramsky and A. Jung. Domain theory. In S. Abramsky, D. M. Gabbay, and
T. S. E. Maibaum, editors, Handbook of Logic in Computer Science, volume 3.
Clarendon Press, 1994.

2. R. M. Amadio and P.-L. Curien. Domains and Lambda-Calculi. Cambridge Tracts
in Theoretical Computer Science, 1998.

3. F. Avnaim, J. D. Boissonnat, O. Devillers, F. Preparata, and M. Yvinec. Evalua-
tion of a new method to compute signs of determinants. In Proc. Eleventh ACM
Symposium on Computational Geometry, June 1995.

4. M. Benouamer, D. Michelucci, and B. Peroche. Error-free boundary evaluation
using lazy rational arithmetic - a detailed implementation. In Proceeding of the
2nd Symposium on Solid Modeling and Applications, pages 115–126, 1993.

5. H. J. Boehm and R. Cartwright. Exact real arithmetic: Formulating real numbers
as functions. In Turner. D., editor, Research Topics in Functional Programming,
pages 43–64. Addison-Wesley, 1990.

6. H. J. Boehm, R. Cartwright, M. Riggle, and M. J. O’Donnell. Exact real arithmetic:
A case study in higher order programming. In ACM Symposium on Lisp and
Functional Programming, 1986.

7. V. Brattka and K. Weihrauch. Computability on subsets of Euclidean space I:
Closed and compact subsets. Theoretical Computer Science, 219:65–93, 1999.

8. H. Brönimann, J. Emiris, V. Pan, and S. Pion. Computing exact geometric pred-
icates using modular arithmetic with single precision. ACM Conference on Com-
putational Geometry, 1997.
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Abstract. In these notes, we give an overview of the join calculus, its
semantics, and its equational theory. The join calculus is a language that
models distributed and mobile programming. It is characterized by an
explicit notion of locality, a strict adherence to local synchronization, and
a direct embedding of the ML programming language. The join calculus is
used as the basis for several distributed languages and implementations,
such as JoCaml and functional nets.
Local synchronization means that messages always travel to a set des-
tination, and can interact only after they reach that destination; this
is required for an efficient implementation. Specifically, the join calcu-
lus uses ML’s function bindings and pattern-matching on messages to
program these synchronizations in a declarative manner.
Formally, the language owes much to concurrency theory, which provides
a strong basis for stating and proving the properties of asynchronous
programs. Because of several remarkable identities, the theory of process
equivalences admits simplifications when applied to the join calculus.
We prove several of these identities, and argue that equivalences for the
join calculus can be rationally organized into a five-tiered hierarchy, with
some trade-off between expressiveness and proof techniques.
We describe the mobility extensions of the core calculus, which allow the
programming of agent creation and migration. We briefly present how
the calculus has been extended to model distributed failures on the one
hand, and cryptographic protocols on the other.
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Introduction

Wide-area distributed systems have become an important part of modern pro-
gramming, yet most distributed programs are still written using traditional lan-
guages, designed for sequential architectures. Distribution issues are typically
relegated to libraries and informal design patterns, with little support in the
language for asynchrony and concurrency. Conversely, distributed constructs are
influenced by the local programming model, with for instance a natural bias to-
wards RPCs or RMIs rather than asynchronous message passing.

Needless to say, distributed programs are usually hard to write, much harder
to understand and to relate to their specifications, and almost impossible to
debug. This is due to essential difficulties, such as asynchrony or partial failures.
Nonetheless, it should be possible to provide some high-level language support
to address these issues.

The join calculus is an attempt to provide language support for asynchronous,
distributed, and mobile programming. While it is clearly not the only approach,
it has a simple and well-defined model, which has been used as the basis for
several language implementations and also as a specification language for study-
ing the properties of such programs. These notes give an overview of the model,
with an emphasis on its operational semantics and its equational theory.

JoCaml [30] is the latest implementation of the join calculus; it is a dis-
tributed extension of Objective Caml [32], a typed high-level programming lan-
guage with a mix of functional, object-oriented, and imperative features. OCaml
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already provides native-code and bytecode compilers, which is convenient for
mobile code. The JoCaml language extends OCaml, in the sense that OCaml
programs and libraries are just a special kind of JoCaml programs and libraries.
JoCaml also implements strong mobility and provides support for distributed
execution, including a dynamic linker and a garbage collector. The language
documentation includes extensive tutorials; they can be seen as a concrete coun-
terpart for the material presented in these notes (Sect. 1 and 5) with larger
programming examples.

In these notes, we present a core calculus, rather than a full-fledged lan-
guage. This minimalist approach enables us to focus on the essential features
of the language, and to develop a simple theory: the calculus provides a precise
description of how the distributed implementation should behave and, at the
same time, it yields a formal model that is very close to the actual programming
language. Thus, one can directly study the correctness of distributed programs,
considering them as executable specifications. Ideally, the model should provide
strong guiding principles for language design and, conversely, the model should
reflect the implementation constraints.

The join calculus started out as an attempt to take the models and methods
developed by concurrency theory, and to adapt and apply them to the program-
ming of systems distributed over a wide area network. The plan was to start
from Milner’s pi calculus [36, 35, 49], extend it with constructs for locality and
mobility, and bring to bear the considerable body of work on process calculi
and their equivalences on the problem of programming mobile agents. During
the course of this work, the implementation constraints of asynchronous systems
suggested changing the pi calculus’s CCS-based communication model. The idea
was that the model had to stick to what all basic protocol suites do, and decouple
transmission from synchronization, so that synchronization issues can always be
resolved locally.

To us, the natural primitives for doing this in a higher-order setting were
message passing, function call, and pattern-matching, and these suggested a
strong link with the programming language ML. This connection allowed us to
reuse a significant portion of the ML programming technology—notably the ML
type system—for the “programming” part of our project. Thus the join calculus
was born out of the synergy between asynchronous process calculi and ML.

Many of the ideas that we adapted from either source took new meaning
in the location-sensitive, asynchronous framework of the join calculus. The con-
nection with ML illuminates the interaction between functional and imperative
features, down to their implications for typing. The highly abstract chemical ab-
stract machine of Berry and Boudol [10] yields a much more operational instance
for the join calculus. The intricate lattice of equivalences for synchronous and
asynchronous calculi [21] simplifies remarkably in the pure asynchronous setting
of the join calculus, to the point that we can reasonably concentrate on a single
five-tiered hierarchy of equivalences, where each tier can be clearly argued for.
These lecture notes contain a summary of these results, as well as much of the
rationale that joins them into a coherent whole.
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These notes are organized as follows. In Sect. 1, we gradually introduce the
join calculus as a concurrent extension of ML, describe common synchronization
patterns, and give its chemical semantics. In Sect. 2, we define and motivate
our main notions of observational equivalences, and illustrate the main proof
techniques for establishing equivalences between processes. In Sect. 3, we refine
our framework for reasoning about processes. We introduce intermediate notions
of equivalence that account for fairness and gradual commitment, and organize
all our equivalences in a hierarchy, according to their discriminating power. In
Sect. 4, we supplement this framework with labeled semantics, and discuss their
relation. In Sect. 5, we finally refine the programming model to account for
locality information and agent migration.

1 The Core Join Calculus

Although the join calculus was designed as a process calculus for distributed
and mobile computation, it turned out to be a close match to ML-style (impure)
functional programming. In these notes we will use this connection to motivate
and explain the computational core of the calculus.

First we will introduce the primitives of the join calculus by showing how
they mesh in a typical ‘mini-ML’ lambda-like calculus. At a more concrete level,
there is a similar introduction to the JoCaml language as an extension of the
OCaml programming language [30].

We will then show how a variety of synchronization primitives can be easily
encoded in the join calculus and argue that the general join calculus itself can
be encoded by its “asynchronous” fragment, i.e., that function calls are just a
form of message passing. This allows us to limit the formal semantics of the join
calculus to its asynchronous core.

We conclude the section by exposing the computational model that underlies
the formal semantics of the join calculus. This simple model guarantees that
distributed computation can be faithfully represented in the join calculus.

1.1 Concurrent Functional Programming

Our starting point is a small ML-like syntax for the call-by-value polyadic lambda
calculus:

E,F ::= expressions
x, y, f variable

|| f(Ẽ) function call
|| let x = E in F local value definition
|| let f(x̃) = E in F local recursive function definition

The notation x̃ stands for a possibly empty comma-separated tuple x1, x2, . . . , xn
of variables; similarly Ẽ is a tuple of expressions. We casually assume that the
usual Hindley-Milner type system ensures that functions are always called with
the proper number of arguments.
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We depart from the lambda calculus by taking the ML-style function defi-
nition as primitive, rather than λ-expressions, which can be trivially recovered
as λx.E def= let f(x) = E in f . This choice is consistent with the usual ML
programming practice, and will allow us to integrate smoothly primitives with
side effects, such as the join calculus primitives, because the let provides a syn-
tactic “place” for the state of the function. An immediate benefit, however, is
that values in this calculus consist only of names: (globally) free variables, or
let-defined function names. This allows us to omit altogether curried function
calls from our syntax, since the function variable in a call can only be replaced
by a function name in a call-by-value computation.

We are going to present the join calculus as an extension of this functional
calculus with concurrency. The most straightforward way of doing this would
be to add a new run E primitive that returns immediately after starting a
concurrent evaluation of E. However, we want to get a model in which we can
reason about concurrent behavior, not just a programming language design. In
order to develop an operational semantics, we also need a syntax that describes
the situation after run E returns, and the evaluation of E and the evaluation
of the expression F that contained the run E proceed concurrently. It would
be quite awkward to use run for this, since it would force us to treat E and F
asymmetrically.

It is more natural to denote the concurrent computation of E and F by E | F ,
using a symmetric operator ‘|’ for parallel composition. However, E | F is not
quite an “expression”, since an expression denotes a computation that returns
a result, and there is no natural way of defining a unique “result” for E | F .
Therefore, we extend our calculus with a second sort for processes, i.e., compu-
tations that aren’t expected to produce a result (and hence, don’t terminate).
In fact, the operands E and F of E | F should also be processes, rather than
expressions, since they aren’t expected to return a result either. Thus, ‘|’ will
simply be an operation on processes.

We will use the letters P,Q,R for processes. We still need the run P primitive
to launch a process from an expression; conversely, we allow let constructs in
processes, so that processes can evaluate expressions.

P,Q,R ::= processes
let x = E in P compute expression

|| let f(x̃) = E in P local recursive function definition
|| P |Q parallel composition
|| 0 inert process

E,F ::= expressions
. . .

|| run P spawn process

In this minimal syntax, invoking an abstraction for a process P is quite awk-
ward, since it involves computing an expression that calls a function whose body
will execute run P . To avoid this, we also add a “process abstraction” construct
to mirror the function abstraction construct; besides, we use a different keyword
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‘def’ and different call brackets ‘〈 〉’ to enforce the separation of expressions and
processes:

P,Q,R ::= processes
. . .

|| p〈Ẽ〉 execute abstract process
|| def p〈x̃〉 � P in Q process abstraction

E,F ::= expressions
. . .

|| def p〈x̃〉 � P in E process abstraction

Operationally, “executing” an abstract process really means computing its pa-
rameters and shipping their values to the ‘def’, where a new copy of the process
body can be started. Hence, we will use the term channel for the “abstract
process” defined by a def, and message send for a “process call” p〈Ẽ〉.

Our calculus allows the body E of a function f to contain a subprocess P .
From P ’s point of view, returning the value for f ’s computation is just sending
data away on a special “channel”; we extend our calculus with a return primitive
to do just that. Since messages carry a tuple of values, the return primitive also
gives us a notation for returning several values from a function; we just need to
extend the let so it can bind a tuple of variables to the result of such tuple-
valued functions.

P,Q,R ::= processes
. . .

|| return Ẽ to f return value(s) to function call
|| let x̃ = E in P compute expression

E,F ::= expressions
. . .

|| let x̃ = E in F local definition(s)

Note that the tuple may be empty, for functions that only perform side effects;
we write the matching let statement E;P (or E;F ) rather than let = E in P .
Also, we will omit the to part for returns that return to the closest lexically
enclosing function.

With the E;P and return statements, it is now more convenient to write
function bodies as processes rather than expressions. We therefore extend the
def construct to allow for the direct definition of functions with processes.

P,Q,R ::= processes
. . .

|| def f(x̃) � P in Q recursive function definition

E,F ::= expressions
. . .

|| def f(x̃) � P in E recursive function definition
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Hence def f(x̃) � P is equivalent to let f(x̃) = run P . Conversely, let f(x̃) = E
is equivalent to def f(x̃) � return E, so, in preparation for the next section,
we take the def form as primitive, and treat the let f(x̃) = . . . form as an
abbreviation for a def.

1.2 Synchronization by Pattern-Matching

Despite its formal elegance, the formalism we have developed so far has limited
expressiveness. While it allows for the generation of concurrent computation, it
provides no means for joining together the results of two such computations, or
for having any kind of interaction between them, for that matter. Once spawned,
a process will be essentially oblivious to its environment.

A whole slew of stateful primitives have been proposed for encapsulating vari-
ous forms of inter-process interaction: concurrent variables, semaphores, message
passing, futures, rendez-vous, monitors, . . . just to name a few. The join calculus
distinguishes itself by using that basic staple of ML programming, definition
by pattern-matching, to provide a declarative means for specifying inter-process
synchronization, thus leaving state inside processes, where it rightfully belongs.

Concretely, this is done by allowing the joint definition of several functions
and/or channels by matching concurrent call and message patterns; in a nutshell,
by allowing the ’|’ operator on the left of the ‘�’ definition symbol. The syntax
for doing this is a bit more complex, partly because we also want to allow for
multiple patterns, so we create new categories for definitions and join patterns.

P,Q,R ::= processes
. . .

|| def D in P process/function definition

E,F ::= expressions
. . .

|| def D in E process/function definition

D ::= definitions
J � P execution rule

|| D ∧ D′ alternative definitions
|| � empty definition

J ::= join patterns
x〈ỹ〉 message send pattern

|| x(ỹ) function call pattern
|| J |J ′ synchronization

Definitions whose join pattern consists of a single message pattern (or a single
call pattern) correspond to the abstract processes (or functions) presented above.
More interestingly, the meaning of a joint definition p〈x〉 |q〈y〉 � P is that, each
time messages are concurrently sent on both the p and q channels, the process P
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is run with the parameters x and y set to the contents of the p and q messages,
respectively. For instance, this two-message pattern may be used to join the
results of two concurrent computations:

def jointCall(f1, f2, t) �
def p〈x〉 |q〈y〉 � return x, y in
p〈f1(t)〉 | q〈f2(t)〉 in

let x, y = jointCall(cos, sin, 0.1) in . . .

In this example, each call to jointCall(f1, f2, t) starts two processes p〈f1(t)〉 and
q〈f2(t)〉 that compute f1(t) and f2(t) in parallel and send their values on the
local channels p and q, respectively. When both messages have been sent, the
inner def rule joins the two messages and triggers the return process, which
returns the pair f1(t), f2(t) to the caller of jointCall(f1, f2, t).

If there is at least a function call in the pattern J of a rule J � P , then the
process body P may contain a return for that call, as in the functional core.
We can thus code a local asynchronous pi calculus “channel” x as follows

def x〈v〉 |x() � return v in
. . . x〈E〉 . . . | let u = x() in P

Since a pi calculus channel x supports two different operations, sending and
receiving, we need two join calculus names to implement it: a channel name x
for sending, and a function name x for receiving a value. The meaning of the joint
definition is that a call to x() returns a value v that was sent on an x〈〉 message.
Note that the pi calculus term x〈v〉, which denotes a primitive “send” operation
on a channel x, gets encoded as x〈v〉, which sends a message on the (ordinary)
channel name x in the join calculus. The primitive pi calculus reception process
x(u).P , which runs P{v/u} after receiving a single x〈v〉 message, gets encoded as
let u = x() in P . Finally, the two names x and x are bound by their definition,
hence the example above implements a restricted pi calculus channel (νx. . . . ).

In the example above, u will be thus bound to the value of E for the execution
of P—if there are no other x() calls or x〈v〉 messages around. If there are, then
the behavior is not deterministic: the join calculus semantics does ensure that
each x() call grabs at most one x〈v〉 message, and that each x〈v〉 message fulfills
at most one x() call (the def rule consumes its join pattern), but it does not
specify how the available x() and x〈v〉 are paired. Any leftover calls or messages
(there cannot be both1) simply wait for further messages or calls to complete;
however the calculus makes no guarantee as to the order in which they will
complete. To summarize, running

x〈1〉 | x〈2〉 | x〈3〉 | (print(x()); print(x());0)

can print 1 2 and stop with a leftover x〈3〉 message, or print 3 2 and stop with
a leftover x〈1〉 message, etc. The join calculus semantics allows any of these
possibilities. On the other hand,
1 Under the fairness assumptions usually provided by implementations, and implied

by most process equivalences (see Sect. 3.2).
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x〈1〉 |
(
print(x()); (x〈2〉 | print(x());0)

)

can only print 1 2, as the x〈2〉 message is sent only after the first x() call has
completed.

We can use higher-order constructs to encapsulate this encoding in a single
newChannel function that creates new channels and returns their interface:

def newChannel() �
def send〈v〉 | receive() � return v in
return send , receive in

let x, x = newChannel() in
let y, y = newChannel() in . . .

(Because the join calculus has no data structures, we encode the channel “ob-
jects” by the tuple of join calculus names send , receive that implement their
operations. In JoCaml, we would return a record.)

This kind of higher-order abstraction allows us to return only some of the
names that define an object’s behavior, so that the other names remain private.
An especially common idiom is to keep the state of a concurrent object in a
single private message, and to use function names for the methods. Since the
state remains private, it is trivial to ensure that there is always exactly one state
message available. For example, here is the join calculus encoding of a “shared
variable” object.

def newVar(v0) �
def put(w) | val〈v〉 � val〈w〉 | return
∧ get() | val〈v〉 � val〈v〉 | return v in

val〈v0〉 | return put , get in . . .

The inner definition has two rules that define three names—two functions put
and get , and a channel val . The val name remains private and always carries a
single state message with the current value; it initially carries the value v0 passed
as a parameter when the shared variable is created. Note that since the state
must be joined with a call to run a method, it is easy to ensure that at most one
method runs at a time, by reissuing the state message only when the method
completes. This is the classical monitor construct (also known as a synchronized
object).

It is often natural to use different channel names to denote different synchro-
nization states of an object. Compare, for instance, the encoding for a shared
variable above with the encoding for a one-place buffer:

def newBuf () �
def put(v) | empty〈〉 � full〈v〉 | return
∧ get() | full〈v〉 � empty〈〉 | return v in

empty〈〉 | return put , get in . . .

The join calculus gives us considerably more flexibility for describing the
synchronization behavior of the object. For instance, the state may at times
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be divided among several concurrent asynchronous state messages, and method
calls may be joined with several of these messages. In short, we may use a Petri
net rather than a finite state machine to describe the synchronization behavior.
For example, a concurrent two-place buffer might be coded as

def newBuf2 () �
def put(v) | emptyTail〈〉 � fullTail〈v〉 | return
∧ emptyHead〈〉 | fullTail〈v〉 � fullHead〈v〉 | emptyTail〈〉
∧ get() | fullHead〈v〉 � emptyHead〈〉 | return v in

emptyHead〈〉 | emptyTail〈〉 | return put , get in . . .

Note that these concurrent objects are just a programming idiom; there is
nothing specific to them in the join calculus, which can accommodate other
programming models equally well. For instance, we get the actors model if we
make the “methods” asynchronous, and put the methods’ code inside the state,
i.e., the state contains a function that processes the method message and returns
a function for processing the next message:

def newActor(initBehavior) �
def request〈v〉 | state〈behavior〉 � state〈behavior(v)〉 in
state〈initBehavior〉 | return request in . . .

We can also synchronize several calls, to model for instance the CCS syn-
chronous channels. (In this case, we have to specify to which calls the return
statements return).

def newCCSchan() �
def send(v) | receive() � return to send | return v to receive in

return send , receive in
. . .

The Ada rendez-vous can be modeled similarly; in this case, the “acceptor”
task sends a message-processing function, and the function result is returned to
the “caller” task:

def newRendezVous() �
def call(v) | accept(f) �

let r = f(v) in (return r to call | return to accept) in
return call , accept in . . .

The let ensures that the acceptor is suspended until the rendez-vous process-
ing has completed, so that the message-processing “function” can freely access
the acceptor’s imperative variables without race conditions. An accept e(x) do
E end Ada statement would thus be modeled as accepte(λx.E).

In theory, adding any of the above constructs—even the imperative variable—
to the concurrent lambda calculus of Sect. 1.1 gives a formalism equivalent to
the join calculus in terms of expressiveness. What are, then, the advantages
of the join pattern construct? If a specific synchronization device is taken as
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primitive (say, the one-place buffer), other devices must be coded in terms of that
primitive. These encodings are usually abstracted as functions (often the only
available form of abstraction). This means that the synchronization behavior
of an application that relies mostly on non-primitive devices is mostly hidden
in the side effects of functions. On the contrary, the join calculus encodings we
have presented above make the synchronization behavior of the encoding devices
explicit. The join calculus gives us a general language for writing synchronization
devices; devices are just common idioms in that language. This makes it much
easier to turn from one type of device to another, to use several kinds of devices,
or even to combine devices, e.g., provide method rendez-vous for a synchronized
object.

Also, the join calculus syntax favors statically binding code to a synchro-
nization event. This increases the “referential transparency”2 of join calculus
programs, because this code is easily found by a lexical lookup of the functions
and channels involved in the event. In other words, this code gives a first ap-
proximation of what happens when the corresponding functions are called, and
the corresponding messages are sent. The longer the code in the definition, the
better the approximation. It should be noted that for most of the devices we
have presented here this static code is very short. The pi calculus asynchronous
channel encoding is probably a worst case. It only says “a value sent on x can
be returned by an x() call”, so that any other properties of the channel have to
be inferred from the dynamic configuration of the program.

Finally—and this was actually the main motivation for the join calculus
design—the join calculus synchronization can always be performed locally. Any
contention between messages and/or calls is resolved at the site that holds their
joint definition. The transmission of messages, calls, and returns, on the other
hand, can never cause contention. As we will see in section 4, this property is
required if the calculus is to be used for modeling distributed systems, and a
fortiori mobility.

This property is the reason for which the CCS (or pi calculus) “external
choice” operator is conspicuously absent from our list of encodings : this device
can express an atomic choice between communication offers on arbitrary chan-
nels, and thus intrinsically creates non-local contention. Its join calculus encoding
would necessarily include some rather cumbersome mechanism for resolving this
contention (see [41]). We should however point out that global atomic choice is
a rarely needed device, and that the join calculus provides versatile local choice
in the form of alternative rules.

Even without choice, the pi calculus does not enjoy the locality property
(unlike many other models, such as monitors or actors, which do exhibit local-
ity). This is because the contention between senders on one hand, and receivers
on the other hand, cannot be both resolved simultaneously and locally at a
sender or at a receiver site. Typical implementations of the pi calculus, such as
PICT [45], eventually map channels to local data structures, but this mapping is
not reflected in the language. Similarly, the join calculus encoding introduces an

2 A misnomer, of course, since a language with synchronization must have side effects.
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explicit “channel definition” for every pi calculus channel, in which the resolution
can take place.

1.3 The Asynchronous Core

In spite of some simplifications at the end of Sect. 1.1, the syntax of the general
join calculus is rather large and complex. It would be preferable to carry out a few
other simplifications before trying to formulate a precise operational semantics
for the calculus. In particular, the semantics of rendez-vous type definitions,
where two calls are synchronized, is going to be painful to describe formally.

A standard trick in operational semantics is to use Q{E/f(ṽ)} to denote
a state where Q is computing an expression E for the function call f(ṽ). This
neatly averts the need for a new syntax for such states, but clearly does not work
if E is run by a rendez-vous between two calls f(ṽ) and g(w̃); we would need new
syntax for that. For that matter, we would also need new syntax for the case
where E has forked off a separate process P that contains some return F to f
primitives. We would also need special rules to allow messages (and possibly
definitions) to move in and out of such “inner processes”.

Fortunately, we can avoid these complications by defining function calls by
a message protocol. We will take literally the analogy we used to introduce
the return primitive, and actually implement the return with a message send
on a continuation channel. The function call will be implemented by a message
carrying both the arguments and the continuation channel. The precise “wiring”
of the continuations will specify exactly the evaluation order.

We assume that, for each function name f , we have a fresh channel name κf
for the return channel of f (we will reuse the function name f for the call
channel). Then the continuation-passing style (CPS) encoding of function calls
in the join calculus can be specified by the equations:

f(x̃) def= f〈x̃, κf 〉 (in join patterns J)
return Ẽ to f

def= κf 〈Ẽ〉
p〈E1, . . . , En〉

def= let v1 = E1 in
...
let vn = En in p〈v1, . . . , vn〉
(when at least one Ei is not a variable)

let v = u in P
def= P{u/v}

let x̃ = f(Ẽ) in P def= def κ〈x̃〉 � P in f〈Ẽ, κ〉
let x̃ = def D in E in P

def= def D in let x̃ = E in P

let x̃ = let ỹ = F in E in P
def= let ỹ = F in let x̃ = E in P

let = run P in Q
def= P | Q

The equations above make the general assumption that there are no spurious
variable captures : the names κ and v1, . . . , vn are fresh, and the names defined
by D or bound by ỹ are not free in P in the let-def and let-let equations.
Expanded repeatedly, these definitions translate up to alpha-conversion any full
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P, Q, R ::= processes
x〈ỹ〉 asynchronous message

|| def D in P local definition
|| P | Q parallel composition
|| 0 inert process

D ::= definitions
J � P reaction rule

|| D ∧ D′ composition
|| � void definition

J ::= join patterns
x〈ỹ〉 message pattern

|| J | J ′ synchronization

Fig. 1. Syntax for the core join calculus

join calculus process into an equivalent asynchronous join calculus process—one
that does not involve function calls or let, return, or run primitives.

In addition to choosing an evaluation order, the translation assigns a “con-
tinuation capture” semantics to multiple returns: if several returns are executed
for the same function call, then the calling context will be executed several times
with different return values. While this feature may be useful for implementing,
e.g., a fail-retry construct, it is not really compatible with the stack implemen-
tation of function calls, so JoCaml for instance puts severe syntactic restrictions
on the use of return statements to rule out multiple returns.

We could apply further internal encodings to remove other “complex” fea-
tures from the join calculus: alternative definitions, n-way join patterns for n �= 2,
n-ary messages for n �= 1, even0. . . However, none of these “simplifications”
would really simplify the operational semantics, and the behavior of the encod-
ing would be significantly more complex than behavior of the encoded term. This
is not the case for the CPS encoding presented above; we are simply providing,
within the asynchronous join calculus, the “extra syntax” that was called for at
the top of this section.

1.4 Operational Semantics

Since in the asynchronous join calculus the only expressions are variables, we
can altogether do away with the “expressions” syntactic class. The remaining
syntax, summarized in Fig.1, is quite regular: messages and parallel composition
in both processes and patterns, plus definitions in processes.

The precise binding rules for the asynchronous join calculus are those of
mutually-recursive functions in ML:

(i) A rule x1〈ỹ1〉 | · · · | xn〈ỹn〉 � P binds the formal parameters ỹ1, . . . , ỹn
with scope P ; the variables in each tuple ỹi must be distinct, and the
tuples must be pairwise disjoint. Also, the rule defines the channel names
x1, . . . , xn.
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(ii) A definition def J1 � P1 ∧ . . . ∧ Jk � Pk in Q recursively binds in
Q,P1, . . . , Pk all the channel names defined in J1 � P1, . . . , Jk � Pk.

We will denote rv(J) the set of variables bound by a join-pattern J in (i),
and dv(D) the set of channel names defined by a definition D in (ii). We will
denote fv(P ) the set of free names or variables in a process P . Similarly, fv(D)
will denote the set of free variables in a definition D; by convention we take
dv(D) ⊆ fv(D). The inductive definition for rv(J), dv(D), fv(D), and fv(P )
appears in Fig. 5 page 313.

Since we have eliminated all the synchronous primitives by internal transla-
tion, our operational semantics only needs to define two operations:

(a) sending a message on a channel name
(b) triggering a definition rule whose join pattern has been fulfilled.

Operation (a) means moving the message from its sending site to its definition
site. This operation is not quite as trivial as it might first appear to be, because
this move might conflict with the scoping rules of the join calculus: some of the
message’s arguments might be locally defined channel names, as in

def p〈x〉 � P in (def q〈y〉 � Q in p〈q〉)

In the lambda calculus, this problem is solved by combining the sending
and triggering operations, and directly replacing p〈q〉 by P{q/x} in the process
above. This solution does not work for the join calculus in general, however,
since a rule might need several messages from several sites to trigger, as in

def p〈x〉 | p′〈x′〉 � P in (def q〈y〉 � Q in p〈q〉) | (def q〈y〉 � Q′ in p′〈q〉)

The solution, which was first discovered for the pi calculus [37], lies in doing
things the other way around: rather than moving the contents of the outer defi-
nition inside the inner one, we extend the scope of the argument’s definition to
include that of the message’s channel. This operation is called a scope extrusion.
This is a fairly complex operation, since it involves doing preliminary alpha-
conversion to avoid name captures, and moving a full definition, along with all
the messages associated with it.

In contrast, the trigger operation (b) means selecting a particular rule J � P ,
assembling a group M of messages that match the rule’s join pattern J , and
simply replacing M with an appropriate instance of P (with the arguments
of M substituted for the parameters rv(J) of the rule).

Although it might seem much simpler, only operation (b) has real computa-
tional contents in the core join calculus (for the distributed join calculus, moving
a message across sites does impact computation in subtle ways—see Sect. 5).
Operation (a) only rearranges the order of subterms in a way that preserves all
bindings. The selecting and assembling steps of operation (b) can also be viewed
as similar rearrangements. Finally, we note that such rearrangements never take
place in guarded subterms (subterms of a process P that appears on the right
hand side of a definition rule J � P ).
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Thus, if we denote by P ≡ Q the structural equivalence relation “P and Q are
the same up to alpha-conversion and rearrangement of unguarded subterms that
preserve bindings”, then the entire operational semantics of the join calculus can
be expressed by a single rule:

R ≡ def J � P ∧ D in Jρ | Q
R′ ≡ def J � P ∧ D in Pρ | Q

ρ maps variables in rv(J) to channel names
R −→ R′

where the process R is decomposed as follows: J � P is the active rule, Jρ are the
messages being consumed, andD and Q collect all other rules and processes of R.
The ‘≡’ in the second premise could be replaced by ‘=’ since it is only necessary
to shift messages and definitions around before the trigger step. However, this ‘≡’
gives us additional flexibility in writing series of reduction steps, since it allows
us to keep the syntactic shape of the term by undoing the “rule selection” steps,
and moving back the process Pρ to the original place of one of the triggering
messages.

The structural equivalence relation ≡ itself is easily (but tediously) axioma-
tized as the least equivalence relation such that:

P ≡ P ′ if P and P ′ are alpha-equivalent
D ≡ D′ if D and D′ are alpha-equivalent

P | Q ≡ P ′ | Q′ if P ≡ P ′ and Q ≡ Q′

def D in P ≡ def D′ in P ′ if D ≡ D′ and P ≡ P ′

D1 ∧ D2 ≡ D′
1 ∧ D′

2 if D1 ≡ D′
1 and D2 ≡ D′

2
P | 0 ≡ P

P | (Q | R) ≡ (Q | P ) | R
D ∧ � ≡ D

D1 ∧ (D2 ∧ D3) ≡ (D2 ∧ D1) ∧ D3
def � in P ≡ P

(def D in P ) | Q ≡ def D in (P | Q) provided dv(D) ∩ fv(Q) = ∅
def D1 in def D2 in P ≡ def D1 ∧ D2 in P provided dv(D2) ∩ fv(D1) = ∅

1.5 The Reflexive Chemical Abstract Machine

The operational semantics we just described may be technically sound and conve-
nient to manipulate, but it does not quite give an intuitively satisfying account
of the execution of processes. The reason is that, in order to simplify the ex-
position, we have lumped together and hidden in the “trivial rearrangements”
equivalence ‘≡’ a number of operations that must occur in a real implementation:

1. Programmed parallelism (the ‘|’ operator) must be turned into runtime par-
allelism (multiple kernel or virtual machine threads) and, conversely, threads
must terminate with either the null process 0 or with a message send.

2. The alpha-conversions required for scope extrusion are usually implemented
by dynamically allocating a new data structure for the names of each local
definition.
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3. The selection of the definition containing the next rule to be triggered is
done by thread scheduling.

4. The selection of the actual rule within the definition is done by a finite
state automaton that tracks the names of messages that have arrived. This
automaton also enables the scheduling of the definition in 3.

5. Messages must be routed to their definition, where they are sorted by name
and queued.

All this should concern us, because there might be some other implementation
issue that is hidden in the use of ‘≡’ and that could not be resolved like the above.
For instance, the asynchronous pi calculus has an equivalence-based semantics
that is very similar to that of the join calculus. It has a single reduction rule, up
to unguarded contexts and ‘≡’:

x〈ṽ〉 | x(ỹ).P −→ P{ṽ/ỹ}

As we have seen in Sect. 1.2, despite the similarities with the join calculus,
this semantics does not possess the important locality property for communi-
cations on channel x and, in fact, cannot be implemented without global syn-
chronization. Term-based operational semantics may mask such implementation
concerns, because by essence they can only describe global computation steps.

In this section, we address this issue by exhibiting a computational model
for the join calculus, called the reflexive chemical abstract machine (rcham),
which can be refined into an efficient implementation. Later, we will also use the
rcham and its extensions to explicitly describe distributed computations. Our
model addresses issues 1 and 2 directly, and resorts to structural (actually, de-
notational) equivalence for issues 3–5, which are too implementation-dependent
to be described convincingly in a high-level model: issue 3 would require a model
of thread scheduling, and issue 5 would require a model of the data structures
used to organize threads; without 3 and 5, issue 4 is meaningless. However, we
will show that the structural properties of the rcham ensure that issues 3–5 can
be properly resolved by an actual implementation.

The state of the rcham tracks the various threads that execute a join cal-
culus program. As is apparent from the discussion of 1–5, the rcham should
contain two kinds of (virtual) threads:

– process threads that create new channels and end by sending a message;
they will be represented by join calculus processes P .

– definition threads that monitor queued messages and trigger reaction rules;
they will be represented by join calculus definitions D.

We do not specify the data structures used to organize those terms; instead, we
just let the rcham state consist of a pair of multisets, one for definition threads,
one for process threads.

Definition 1 (Chemical Solutions). A chemical solution S is a pair D 
 P
of a multiset D = {|D1, . . . , Dm|} of join calculus definitions, and a multiset
P = {|P1, . . . , Pn|} of join calculus processes.
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Str-Null � 0 � �
Str-Par � P | P ′ � � P, P ′

Str-Top � � � �
Str-And D ∧ D′ � � D, D′ �
Str-Def � def D in P � Dσ � Pσ

React J � P � Jρ → J � P � Pρ

Side conditions:
in Str-Def, σ substitutes distinct fresh names for the defined names dv(D);
in React, ρ substitutes names for the formal parameters rv(J).

Fig. 2. The reflexive chemical abstract machine (rcham)

The intrinsic reordering of multiset elements is the only structural equiv-
alence we will need to deal with issues 3–5. The operational semantics of the
rcham is defined up to this reordering. Chemical solutions and the rcham de-
rive their names from the close parallel between this operational semantics and
the reaction rules of molecular chemistry. This chemical metaphor, first coined
by Banâtre and Le Métayer [9] and applied to operational semantics by Berry
and Boudol [10], can be carried out quite far:

– a message M = x〈v1, . . . , vn〉 is an atom, its channel name x is its valence.
– a parallel composition M1 | · · · |Mn of atoms is a simple molecule; any other

process P is a complex molecule.
– a definition rule J � P is a reaction rule that specifies how a simple molecule

may react and turn into a new, complex molecule. The rule actually specifies
a reaction pattern, based solely on the valences of the reaction molecule.
(And of course, in this virtual world, there is no conservation of mass, and
P may be arbitrarily large or small.)

– the multisets composing the rcham state are chemical solutions; multiset
reordering is “Brownian motion”.

The rcham is “reflexive” because its state contains not only a solution of
molecules that can interact, but also the multiset of the rules that define those
interactions; furthermore, this multiset can be dynamically extended with new
rules for new valences (however, the rules for a given set of valences cannot be
inspected, changed, or extended).

Computation on the rcham is compactly specified by the six rules given in
Fig. 2. By convention, the rule for a computation step shows only the processes
and definitions that are involved in the step; the rest of the solution, which
remains unchanged, is implicit. For instance, Rule Str-Par can be stated more
explicitly as, for all multisets D and P, and for all processes P and P ′,

D 
 P ∪ {| P |P ′ |}� D 
 P ∪ {| P, P ′ |}

Rule Str-Def is a bit of an exception: its side condition formally means that
σ(dv(D)) ∩ (fv(D) ∪ fv(P)) = ∅, where D 
 P is the global state of the rcham.
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(There are several ways to make this a local operation, such as address space
partitioning or random number generation, and it would be ludicrous to hard
code a specific implementation in the rcham.)
Figure 2 defines two different kinds of computation steps:

– reduction steps ‘→’ describe actual “chemical” interactions, and correspond
to join calculus reduction steps;

– heating steps ‘⇀’ describe how molecules interact with the solution itself, and
correspond in part to join calculus structural equivalence. Heating is always
reversible; the converse ‘⇁’ steps are called cooling steps; the Str-rules in
Fig. 2 define both kinds of steps simultaneously, hence the ‘�’ symbol.

There is not a direct correspondence between ‘�’ and ‘≡’: while scope extrusion
is obviously linked to Str-Def, commutativity-associativity of parallel com-
position is rather a consequence of the multiset reordering. Unlike structural
equivalence, heating rules have a direct operational interpretation:

– Str-Par
⇀ and Str-Null

⇀ correspond to forking and ending process threads (issue 1).
– Str-Def

⇀ corresponds to allocating a new address for a definition (issue 2), and
forking a new definition thread there.

– Str-And
⇀ and Str-Top

⇀ correspond to entering rules in the synchronization automa-
ton of a definition (issue 4 in part).

With one exception, cooling steps do not have a similar operational inter-
pretation; rather, they are used to tie back the rcham computation to the join
calculus syntax. The exception is for Str-Par

⇁ steps that aggregate simple molecules
whose names all appear in the same join pattern; there Str-Par

⇁ steps model the
queuing and sorting performed by the synchronization automaton of the defini-
tion in which that pattern appears (again, issue 4 in part). We will denote such
steps by Join

⇁.
These observations, and the connection with the direct join calculus opera-

tional semantics are supported by the following theorem (where the reflexive-
transitive closure of a relation R is writtten R∗, as usual).

Theorem 2. Let P, P ′ and S,S ′ be join calculus processes and rcham solu-
tions, respectively. Then

1. P ≡ P ′ if and only if 
 P �∗ 
 P ′

2. P → P ′ if and only if 
 P �∗→�∗ 
 P ′

3. S �∗ S ′ if and only if S ⇀∗⇁∗ S ′

4. S �∗→�∗ S ′ if and only if S ⇀∗ Join
⇁

∗
→⇁∗ S ′

Corollary 3. If P0 → P1 → · · · → Pn is a join calculus computation sequence,
then there exist chemical solutions S1, . . . ,Sn such that


 P0 ⇀∗ Join
⇁ ∗→ S1 ⇀∗ Join

⇁ ∗→ · · · ⇀∗ Join
⇁ ∗→ Sn

with Si ⇁∗ 
 Pi for 1 ≤ i ≤ n.
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We still have to examine issues 3–5, which we have deliberately abstracted.
The rcham, and chemical machines in general, assumes that the atoms that
interact are brought together by random motion. This is fine for theory, but a
real implementation cannot be based only on chance. In our case, by Theorem 2,
an rcham computation relies on this “magical mixing” only for Join

⇁ and React→
steps. In both cases, we can show that no magic needs to be invoked:

– Join
⇁ steps only brings together atoms that have been routed to the definition of
their valence, and then only if these valences match one of the finite number
of join patterns of that definition.

– React→ simply selects one matching in the finite set of completed matches that
have been assembled at that definition.

Because synchronization decisions for a definition are always based on a finite
fixed set of valences, they can be compiled into a finite state automaton; this is
the compilation approach used in JoCaml—see [31] for an extensive discussion
of this implementation issue.

To keep up with the chemical metaphor, definitions are very much like the
enzymes of biochemistry: they enable reactions in a sparse solution, by providing
a fixed reaction site on which reactants can assemble. It is interesting to note
that the chemical machine for the pi calculus, which is in many aspects very
similar to the rcham, fails the locality property on exactly this count: it relies
solely on multiset reordering to assemble senders and receivers on a channel.

2 Basic Equivalences

So far, the join calculus is a calculus only by name. We have argued that it is
a faithful and elegant model for concurrent programming. A true calculus im-
plies the ability to do equational reasoning—i.e., to calculate. To achieve this
we must equip the join calculus with a proper notion of “equality”; since join
calculus expressions model concurrent programs, this “equality” will be a form
of program equivalence. Unfortunately, finding the “right” equivalence for con-
current programs is a tall order:

1. Two programs P and Q should be equivalent only when they have exactly
the same properties; in particular it should always be possible to replace one
with the other in a system, without affecting the system’s behavior in any
visible way. This is a prerequisite, for instance, to justify the optimizations
and other program transformations performed by a compiler.

2. Conversely, if P and Q are not equivalent, it should always be possible to
exhibit a system for which replacing P by Q results in a perceivable change
of behavior.

3. The equivalence should be tractable: at least, we need effective proof tech-
niques for establishing identities, and these techniques should also be reason-
ably complete (from a practical, in not complexity-theoretical viewpoint).
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4. The equivalence should generate a rich set of identities, otherwise there won’t
be much to “calculate” with. We would at least expect some identities that
account for asynchrony, as well as some counterpart of the lambda calculus
beta equivalence.

Unfortunately, these goals are contradictory. Taken literally, goal 1 would all
but force us to use syntactic equality, which certainly fails goal 4. We must thus
compromise. We give top priority to goal 4, because it wouldn’t make much sense
to have a “calculus” without equations. Goal 3 is our next priority, because a
calculus which requires an inordinate amount of efforts to establish basic identi-
ties wouldn’t be too useful. Furthermore, few interesting program equivalences
can be proven from equational reasoning alone, even with a reasonable set of
identities; so it is important that reasoning from first principles be tractable.

Goal 1 thus only comes in third position, which means that we must com-
promise on the definition of soundness: we will consider equivalences that do not
preserve all observable properties, i.e., that only work at a certain level of ab-
straction. Common examples of such abstractions, for sequential programs, are
observing runtime only up to a constant factor (O(·) complexity), not observing
runtime at all (only termination), or even observing only return values (partial
correctness). Obviously, we must very carefully spell out the set of properties
that are preserved, for it determines how the equations of calculus (and to some
extent, the calculus itself) can be used.

Even though it comes last on our priority list, we should not neglect goal 2.
Because of the abstractions it involves, a correctness proof based on a formal
model provides only a relative guarantee. Hence such a proof is often more
useful when if fails, because this allows one to find errors in the system. Goal 2
is to make sure that all such failures can be traced to actual errors, and not to
some odd technical property of the equivalence that is used. The reason goal 2
comes last is that the proof process has to be tractable in the first place for this
“debugging” approach to make any practical sense3.

The priorities we have set are not absolute, and therefore it makes sense to
consider several equivalences, that strike different compromises between goals
1–4. We will study two of them in subsections 2.1 and 2.4: may testing, which
optimizes goals 4 and 2, at the expense of goals 1 and 3, and bisimilarity equiv-
alence (which we will often simplify to bisimilarity in the following), which sac-
rifices goal 2 to get a better balance between the other goals. May testing is in
fact coarser than bisimilarity, so that in practice one can attempt to prove a
bisimilarity, and in case of failure “degrade” to may testing to try to get a good
counterexample. In sections 3 and 4 we will study three other equivalences; the
complete hierarchy is summarized in Fig. 3 on page 311.

2.1 May Testing Equivalence

The first equivalence we consider follows rigidly from the priorities we set above:
it is the coarsest equivalence that reasonably preserves observations, and it also
3 Also, a clear successful proof will identify the features that actually make the system

work, and often point out simplifications that could be made safely.
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turns out to have reasonable proof techniques, which we will present in sub-
sections 2.2 and 2.3. Moreover, may testing fulfills goal 2: when may testing
equivalence fails, there exists a finite counter-example trace.

May testing is the equivalence that preserves all the properties that can be
described in terms of a finite number of interactions (convergence in the lambda
calculus [39], message exchanges in the join calculus), otherwise known as safety
properties. This restriction may seem severe, but it follows rather directly from
the choice of the syntax and semantics of the join calculus. As we noted in
Sect. 1.5, we deliberately chose to abstract away the scheduling algorithm. In
the absence of any hypothesis on scheduling, it is in practice impossible to de-
cide most complexity, termination, or even progress properties. Moreover, such
liveness properties are just abstractions of the timing properties which the sys-
tem really needs to satisfy; and timing properties can be obtained fairly reliably
by measuring the actual implementation. So, it makes practical sense for now to
exclude liveness properties; but we will reconsider this decision in sections 2.4
and 3.2, using abstract scheduling assumptions.

The “testing” in may testing refers to the way safety properties are charac-
terized in the formal definition of the may testing equivalence. We represent a
safety property P by a test T (·), such that a process P has property P if and
only if T (P ) succeeds. Hence, P and Q will be equivalent if, for any test T , T (P )
succeeds iff T (Q) succeeds.

To make all this formal, we need to fix a formal syntax for tests, and a
formal semantics for “succeeds”. We restricted ourselves to properties that can
be described in terms of finite message exchanges, which can certainly be carried
out by join calculus programs, or rather contexts. Since the join calculus contains
the lambda calculus, we can boldly invoke Church’s thesis and assume that a
test T (·) can always be represented by a pair (C[·], x) of a join calculus evaluation
context, and channel name x, which C[·] uses to signal success: T (P ) succeeds
iff C[P ] may send an x〈. . . 〉 message.

Evaluation Contexts. Evaluation contexts are simply join calculus processes
with a “hole” [·]S that is not inside a definition (not guarded)—they are called
static contexts in [35]. They are defined by the following grammar:

C[·]S ::= evaluation contexts
[·]S hole

|| P | C[·]S left parallel composition
|| C[·]S | P right parallel composition
|| def D in C[·]S process/function definition

Formally, a context and its hole are sorted with a set S of captured names.
If P is any process, C[P ]S is the process obtained by replacing the hole in C[·]S
by P , after alpha converting bound names not in S of C[·]S that clash with fv(P ).
Provided S contains enough channel names, for example all the channel names
bound in C[·]S , or all the channel names free in P , this means replacing [·]S by P
without any conversion whatsoever. We will often drop the S subscript in this
common case.
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The structural equivalence and reduction relations are extended to con-
texts C[·]S of the same sort S, with the proviso that alpha conversion of names
in S is not allowed. The substitution relation is similarly extended to contexts:
C[C ′[·]S′ ]S is a context of type S′.

By convention, we only allow ourselves to write a reduction C[P ]S → C ′[P ′]S′

when the identity of the hole is preserved—that is, when in fact we have

C[P | [·]S∩S′ ]S → C ′[P ′ | [·]S∩S′ ]S′

Similarly, C[P ]→ C ′[P ′] really means that C[P ]S → C ′[P ′]S′ for some suitably
large sets S and S′.

Evaluation contexts are a special case of program contexts P [·], which are
simply process terms with a (possibly guarded) hole. An equivalence relation R
such that Q R Q′ implies P [Q] R P [Q′] for any program context P [·] is called a
congruence; ifR is only a preorder then it is called a precongruence. A congruence
can be used to describe equations between subprograms. All of our equivalences
are congruences for evaluation contexts, which means they can describe equations
between subsystems, and most are in fact congruences (the exception only occurs
for an extension of the join calculus with name testing).

Output Observation. The success of a test is signaled by the output of a
specific message; this event can be defined syntactically.

Definition 4 (Output predicates). Let P be a join calculus process and x be
a channel name.

– P ↓x iff P = C[x〈ṽ〉]S for some tuple ṽ of names and some evaluation
context C[·]S that does not capture x—that is, such that x �∈S.

– P ⇓x iff P →∗ P ′ for some P ′ such that P ′ ↓x .

The predicate ↓x tests syntactically for immediate output on x, and is called the
strong barb on x. The (weak) barb on x predicate ⇓x only tests for the possibility
of output.

The notions of barbs as minimal observations of processes were introduced by
Milner and Sangiorgi [38]. The strong barb can also be defined using structural
equivalence, as P ↓x if and only if P ≡ def D in Q | x〈ṽ〉 for some D,Q, ṽ such
that x �∈dv(D).

We say that a relation R preserves barbs when, for all x, P R Q and P ⇓x
implies Q ⇓x . By the above, structural equivalence preserves barbs.

May Testing. With the preceding definitions, we can easily define may testing:

Definition 5 (May testing preorder and equivalence). Let P,Q be join
calculus processes, and let C[·]S range over evaluation contexts.

– P �may Q when, for any C[·]S and x, C[P ]S ⇓x implies C[Q]S ⇓x .
– P �may Q when, for any C[·]S and x, C[P ]S ⇓x iff C[Q]S ⇓x .

The preorder �may is called the may testing preorder, and the equivalence �may
is called the may testing equivalence.
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The may testing preorder P �may Q indicates that P ’s behaviors are included
in those of Q, and can thus be used to formalize “P implements Q”. Clearly, the
equivalence �may = �may ∩ �may is the largest symmetric subrelation of �may.

As an easy example of may testing, we note that structural equivalence is finer
than may testing equivalence: P ≡ Q implies C[P ]S ≡ C[Q]S , and ≡ preserves
barbs. By the same token, we note that we can drop the S sorts in the definition
of �may: C[·]S , x, C ′[·]S , x test the same property if C[·]S ≡ C ′[·]S , so it is enough
to consider contexts where no alpha conversion is needed to substitute P or Q.

As a first non-trivial example, let us show a simple case of beta conversion:

def x〈y〉 � P in C[x〈u〉]u �may def x〈y〉 � P in C[P{u/y}]u

For any test C ′[·]S , t we let S′ = S ∪ {x, u} and define

C ′′[·]S′
def= C ′[def x〈y〉 � P in C[[·]S′ ]u]S

then we show that C ′′[x〈u〉]S′ ⇓t iff C ′′[P{u/y}]S′ ⇓t . The “if” is obvious, since
C ′′[x〈u〉]S′ → C ′′[P{u/y}]S′ . (More generally, we have → ⊂ �may.) For the
converse, suppose that C ′′[x〈u〉]S′ →∗ Q ↓t . If the reduction does not involve
the x〈u〉 message, then C ′′[R]S′ ⇓t for any R—including R = P{u/y}. Otherwise,
the definition that uses x〈u〉 can only be x〈y〉 � P , hence we have

C ′′[x〈u〉]S′ →∗ C ′′′[x〈u〉]S′ → C ′′′[P{u/y}]S′ →∗ Q ↓t

whence we also have C ′′[P{u/y}]→∗ C ′′′[P{u/y}]S′ ⇓t .
The same proof can be carried out if x〈u〉 appears in a general context

Q[x〈u〉], using the notion of general context reduction from Sect. 2.3. This gives
strong beta equivalence, for we have

let f(x) = E in Q[let z = f(u) in R]
def= let f(x) = E in Q[def κ〈z〉 � R in f〈u, κ〉]
�may let f(x) = E in Q[def κ〈z〉 � R in let v = E{u/x} in κ〈v〉]
�may let f(x) = E in Q[def κ〈z〉 � R in let v = E{u/x} in R{v/z}]
≡ let f(x) = E in Q[(def κ〈z〉 � R in 0) | let z = E{u/x} in R]
�may let f(x) = E in Q[let z = E{u/x} in R]

since obviously def D in 0 �may 0 for any D.

2.2 Trace Observation

We defined may testing in terms of evaluation contexts and barbs. This allowed
us to stay as close as possible to our intuitive description, and exhibit compliance
with goals 4 and 1. However, this style of definition does not really suit our other
two goals.

In general, proving that P �may Q can be quite intricate, because it involves
reasoning about C[P ]S ⇓x—an arbitrary long reduction in an arbitrarily large
context. This double quantification may not be much of an issue for showing
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simple, general reduction laws such as the above, but it can quickly become
unmanageable if one wants to show, say, the correctness of a given finite-state
protocol. Moreover it all but precludes the use of automated model-checking
tools.

If P �may Q fails, then there must be a test C[·]S , x that witnesses this
failure. However the existence of this C[·]S , x only partly fulfills goal 2, because
it illustrates the problem with the programs P and Q only indirectly, by the
means of a third, unrelated program. Moreover, the definition of �may gives no
clue for deriving this witness from a failing proof attempt.

In this section we present an alternative characterization of �may and �may
that mitigates the proof problem, and largely solves the counter-example prob-
lem. This characterization formalizes the fact, stated in Sect. 2.1, that �may
preserves properties based on finite interaction sequences. We formalize such se-
quences as traces, define the trace-set of a process P , and then show that �may
corresponds to the inclusion of trace-sets, and �may to their equality.

Informally, a trace is simply an input/output sequence; however we must
account for the higher-order nature of the join calculus, and this makes the
definition more involved.

Definition 6 (Traces). A trace T is a finite sequence J0 � M0, . . . , Jn � Mn

such that

1. For each element Ji � Mi of the trace, Mi is a single message xi〈yi1, . . . , yili〉,
and Ji is either 0 or a join pattern.

2. The variables yik and in rv(Jj) are all pairwise distinct.
3. Each channel name defined by Jj is a yik for some i < j (hence, J0 = 0).
4. Dually, xi �=yjk for any j, k, and xi �∈rv(Jj) for any j > i.

We set TI(i) = {yjk | 0 ≤ j < i, 1 ≤ k ≤ lj}, so that condition 3 can be stated
as dv(Ji) ⊆ TI(i).

Intuitively, to each element Ji � Mi of a trace should correspond a reduction
that behaves (roughly) as the join definition Ji � Mi: that is, the reduction
should input Ji and output Mi. The names in the TI(i) and the rv(Ji) are
formally bound in the trace. In matching a process run, the rv(Ji) names should
be substituted by fresh names, and the yjk by the arguments of the actual
outputs.

Definition 7 (Trace sets). A trace T = J0 � M0, . . . , Jn � Mn is allowed by
a process P (notation P |= T ), if there is a substitution σ that maps names in
the rv(Ji) to distinct names not in fv(P ), and names in the TI(i) to channel
names, and a sequence Ci[·]Si of evaluation contexts of sort Si = σ(TI(i)), such
that P ≡ C0[0]∅ and

Ci[Jiσ]Si →∗ Ci+1[Miσ]Si+1

for each i, 0 ≤ i ≤ n. Note that according to the convention we set in 2.1, this
notation implies that the identity of the hole is preserved during the reduction.

The trace-set Tr(P ) of P is the set of all its allowed traces.

Tr(P ) = {T | P |= T}
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The main motivation for this rather complex set of definitions is the following
result (see also [28]).

Theorem 8 (Trace equivalence). For any two processes P and Q, we have
P �may Q if and only if Tr(P ) ⊆ Tr(Q), and consequently P �may Q if and only
if Tr(P ) = Tr(Q).

This theorem allows us to reach goal 2: if P �may Q fails, then there must be
some finite input/output trace that is allowed by P but that is barred by Q. In
principle, we can look for this trace by enumerating all the traces of P and Q.
This search can also be turned into a proof technique for P �may Q that does
not involve trying out arbitrary large contexts, and may be more amenable to
model-checking. Note, however, that the technique still involves arbitrary long
traces, and in that sense fails to meet goal 3.

As an application, let us prove the correctness of the compilation of a three-
way join into two two-way joins:

def x〈〉 | y〈〉 � t〈〉 ∧ t〈〉 | z〈〉 � u〈〉 in v〈x, y, z〉
�may def x〈〉 | y〈〉 | z〈〉 � u〈〉 in v〈x, y, z〉

For either terms, a trace must start with 0 � v〈x, y, z〉, and thereafter consist
of outputs of u〈〉 after inputs of x〈〉, y〈〉, z〈〉. In either case, there must be at
least n x〈〉s, y〈〉s, and z〈〉s in J1, . . . , Jn, so both terms have exactly the same
set of traces.

2.3 Simulation and Coinduction

While in many respects an improvement over the basic definition of �may, the
trace sets do not really help with the real difficulty of �may proofs—the quan-
tification over arbitrary long reduction sequences that is hidden in the definition
of barbs ⇓x . Because the shape of a term changes during a reduction step, it is
very hard to reason on the effect of several successive reduction steps. The kind
of offhand argument we used for our first examples often turn out to be incorrect
in more complex cases.

To do a rigorous equivalence proof, it is necessary to analyze reduction steps
one case at a time. In many calculi this analysis is based on structural induction
on the syntax, but in the join calculus this would be inappropriate because of
structural equivalence. Hence we base our analysis on the triggered rule and the
set of messages that match its pattern, since those are invariant under structural
equivalence.

In this section we will present yet another characterization of may testing,
which this time will be appropriate for step-by-step analysis. To avoid the com-
plexity of higher-order traces, we will revert to modeling interaction with arbi-
trary evaluation contexts; those barely add to the overall complexity of a proof
because interaction with them can be highly stylized, as Theorem 8 shows.

In order to formulate our new characterization, we turn to the technique
of coinductive definition, which has been the power horse of most concurrent
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program equivalences. This simply means that we invoke Tarski’s theorem to
define an equivalence E as the greatest fixed point of a monotonic functional F .
The beauty of this definition is that it immediately gives us a generic method
for proving P E Q: P E Q iff we can find some subfixpoint relation R such that
P R Q, and that for any P ′, Q′, P ′ R Q′ implies P ′ F(R) Q′.

To get a monotonic F , we rely on definitions of the form “P F(R) Q iff
P(P,Q,R)” where R appears only in positive P ′ R Q′ subformulas in
P(P,Q,R). In this case a relation R is a subfixpoint of F iff P R Q implies
P(P,Q,R), a property which we will denote by P∗(R). As ·∗ distributes over
conjunction, we will generally define our equivalences by a conjunction of such
properties: “E is the coarsest relation such that P∗

1 (E) and . . . and P∗
n(E)”. In

fact, we have already encountered such P∗
i s:

1. Barb preservation: “if P R Q then for any x, P ⇓x implies Q ⇓x”.
2. Symmetry: “if P R Q then Q R P”.
3. Precongruence for evaluation contexts:

“if P R Q then for any C[·]S , C[P ]S R C[Q]S”.

From this observation, we get our first coinductive definition of �may: it is the
greatest symmetric relation that preserves barbs and is a congruence for evalu-
ation contexts. Note that property 1 really means that R is contained in a fixed
relation, in this case the barb inclusion relation �⇓ , defined by “P �⇓ Q iff for
any x P ⇓x implies Q ⇓x”.

This first characterization of �may merely rephrases Definition 5. To improve
on this, it will prove extremely convenient to introduce diagrammatic notation.
To describe a property P∗, we lay out the relations occurring in P∗ in a two-
dimensional diagram. We indicate negatively occurring, universally-quantified
relations by solid lines, and positively occurring, existentially quantified relations
by dashed lines. For instance, property 3 is expressed by the diagram

P
R

Q

CS [P ] R
CS [Q]

The main property that we are interested in is commutation with the reduc-
tion relation →∗, which is called simulation. (Simulations were introduced by
Park [42] and applied to CCS by Milner [34]; see also [49].)

Definition 9 (Simulation). A relation R between join calculus terms is a sim-
ulation if for any P, P ′, Q, if P →∗ P ′ and P R Q, there is a term Q′ such that
Q→∗ Q′ and P ′ R Q′. In a diagram:

P

∗
��

R
Q

∗
��

P ′ R
Q′
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What we call here simulation is often called the weak simulation property in the
literature, a simulation being a relation that commutes with single-step reduc-
tions. Counting steps makes no sense in the abstract, asynchronous setting of
the join calculus, so we simply drop the “weak” adjective in the rest of these
notes.

Let us say that a relationR preserves immediate barbs if P R Q and P ↓x im-
plies Q ⇓x . We can now use the simulation property to replace barb preservation
by immediate barb preservation in the coinductive characterization of �may.

Theorem 10. May testing preorder is a simulation, hence it is also the great-
est simulation that is an evaluation context precongruence and that preserves
immediate barbs.

This is an improvement, since to consider immediate barbs it is not neces-
sary to consider reduction steps. It would appear that we have only pushed the
problem over to the simulation property, but this is not the case, as by a simple
tiling argument we have

Theorem 11. A relation R is a simulation iff

P

��

R
Q

∗
��

P ′ ≡R
Q′

We consider a single step, rather than a series of steps on the left. The ‘≡’ allows
us to study reductions only up to structural equivalence. To illustrate the power
of this new characterization, we establish a simple context lemma:

Theorem 12. May testing preorder is a precongruence, and may-testing equiv-
alence is a (full) congruence.

We begin with the following lemma

Lemma 13. For any (well-typed) P , x, y, and any tuple ṽ of distinct variables
that matches the arity of both x and y, we have:

def x〈ṽ〉 � y〈ṽ〉 in P �may P{y/x}

Hence, both �may and �may are closed under substitution.

The conclusion of lemma 13 also holds without the arity assumption, but with
a more involved proof. Here, we just take a candidate relation S consisting of
all pairs of processes structurally equivalent to C[def x〈ṽ〉 � y〈ṽ〉 in P ]S or
C[P{y/x}]S , for some P, x, y, ṽ satisfying the hypotheses of the lemma. Now S
is obviously a congruence for evaluation contexts. It trivially preserves strong
barbs ↓z in C[·]S or even in P if z �=x, and if P{y/x} ↓y because P ↓x , then
(def x〈ṽ〉 � y〈ṽ〉 in P ) ⇓y .

To show that S is a simulation, consider a reduction C[def x〈ṽ〉 � y〈ṽ〉 in
P ]S → Q; we must have Q ≡ C ′[def x〈ṽ〉 � y〈ṽ〉 in P ′]S′ . If the rule used is
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x〈ṽ〉 � y〈ṽ〉, then C ′[P ′{y/x}]S′ = C[P{y/x}]S , else C[P{y/x}]S → C ′[P ′{y/x}]S′ .
Conversely, if C[P{y/x}]S → Q, and we are not in the first case above, then it
can only be because the rule used matches some ys that have replaced xs. But
then the x〈ṽ〉 � y〈ṽ〉 can be used to perform these replacements, and bring us
back to the first case. Thus S ⊆ �may, from which we deduce lemma 13.

To establish theorem 12, we need a careful definition of a multi-holed general
context. A general context P [·]S of sort S is a term which may contain several
holes [·]σ, where σ is a substitution with domain S; different holes may have
different σs. Bindings, alpha conversion, structural equivalence, and reduction
are extended to general contexts, by taking fv([·]σ) = σ(S). The term P [Q]S
is obtained by replacing every hole [·]σ in P [·]S by Qσ, after alpha converting
bound names in P [·]S to avoid capturing names in fv(Q) \ S.

Consider the candidate relation

R def= {(P [Q]S , R) | Q �may Q
′ and P [Q′]S �may R}

The relation R is trivially closed under evaluation contexts. Let P ′[·]S be ob-
tained by replacing all unguarded holes [·]σ in P [·]S withQσ, and similarly P ′′[·]S
be obtained by replacing [·]σ with Q′σ. Then P ′[Q′]S �may P

′′[Q′]S = P [Q′]S
by several applications of Lemma 13, hence P ′[Q′]S �may R.

If P [Q]S = P ′[Q]S ↓x , the x〈· · · 〉 is in P ′[·]S , so P ′[Q′]S ↓x , hence R ⇓x .
Similarly, any reduction step in P ′[Q]S must actually take place in P ′[·]S , i.e.,
it must be a P ′[Q]S → P ′′′[Q]S step with P ′[·]S → P ′′′[·]S . Thus we have
P ′[Q′]S → P ′′′[Q′]S , hence R →∗ R′ for some R′ such that P ′′′[Q′]S �may R

′,
hence such that P ′′′[Q]S R R′. So R is also a simulation, hence R ⊂ �may.

2.4 Bisimilarity Equivalence

Despite our success with the proofs of Lemma 13 and Theorem 12, in general
the coinductive approach will not always allow us to avoid reasoning about
arbitrarily long traces. This line of reasoning has only been hidden under the
asymmetry of the simulation condition. This condition allows us to prove that
P �may Q with the candidate relation R = {(P ′, Q) | P →∗ P ′}, which is
a simulation iff P �may Q. But of course, proving that R is a simulation is
no easier than proving that P �may Q—it requires reasoning at once about
all sequence P →∗ P ′. So to really attain goal 3 we need to use a different
equivalence.

There is, however, a more fundamental reason to be dissatisfied with �may: it
only passes goal 1 for a very restrictive notion of soundness, by ignoring any sort
of liveness properties. Thus it can label as “correct” programs that are grossly
erroneous. For example, one can define in the join calculus an “internal choice”
process

⊕
i∈I Pi between different processes Pi, by

def
∧
i∈I(τ〈〉 � Pi) in τ〈〉

Let us also write P1 ⊕ P2 for
⊕2

i=1 Pi. Then we have the following for any P :

P ⊕ 0 �may P
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This equation states that a program that randomly decides whether to work at
all or not is equivalent to one that always works! In this example, the “error” is
obvious; however, may testing similarly ignores a large class of quite subtle and
malign errors called deadlock errors. Deadlocks occur when a subset of compo-
nents of a system stop working altogether, because each is waiting for input from
another before proceeding. This type of error is rather easy to commit, hard to
detect by testing, and often has catastrophic consequences.

For nondeterministic sequential system, this problem is dealt with by com-
plementing may testing with a must testing, which adds a “must” predicate to
the barbs:

P �↓x
def= if P →∗ P ′ �→, then P ′ ↓x

However, must testing is not very interesting for asynchronous concurrent com-
putations, because it confuses all diverging behaviors. We refer to [28] for a
detailed study of may and must testing in the join calculus.

It turns out that there is a technical solution to both of these problems, if
one is willing to compromise on goal 2: simply require symmetry and simulation
together.

Definition 14. A bisimulation is a simulation R whose converse R−1 is also
a simulation.

The coarsest bisimulation that respects (immediate) barbs is denoted
.≈.

The coarsest bisimulation that respects (immediate) barbs and is also a con-
gruence for evaluation context is called bisimilarity equivalence, and denoted ≈.

When no confusion arises, we will simply refer to ≈ as “bisimilarity”. The
definition of bisimilarity avoids dummy simulation candidates : since R−1 is also
a simulation, P R Q implies that P and Q must advance in lockstep, making
exactly the same choices at the same time. The erroneous P ⊕ 0 ≈ P is avoided
in a similar way. This equation can only hold if P →∗ Q ≈ 0, that is, if P is
already a program that may not work at all.

In fact, we will show in Sect. 3.2 that under a very strong assumption of
scheduling fairness, ≈ preserves liveness properties, so we meet goal 1 fairly well.
However there are still classes of errors that we miss entirely, notably livelocks,
i.e., situations where components careen endlessly sending useless messages to
themselves, rather than producing useful output. However, we do detect livelocks
where the components can only send useless messages to themselves, and in the
cases where they could send useful output, randomized scheduling usually will
avoid such livelocks.

Unfortunately, the previously perfect situation with respect to goals 4 and 2
is now compromised. While all the examples of Sect.2.1 and Sect.2.3 are actually
valid for ≈, the three-way to two-way join compilation of Sect. 2.2 now fails to
check if we add arguments to the x, y, and z messages, and use several such
messages with different values. The three-way join cannot emulate the decision
of the two-way merger to group two x and y values, without deciding which z
value will go with them. Nonetheless the compilation is arguably correct, and
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does preserve all liveness properties; but ≈ fails, and the reasons for the failure
are only technical.

2.5 Bisimulation Proof Techniques

The basic definition of bisimulation give only a rough idea of how to prove a
bisimilarity equation. There are a number of now well-established techniques for
showing bisimilarity, notably to deal with contexts and captures, and to “close”
large diagrams.

First of all, let us consider the problem of quantifying over arbitrary contexts.
In Sect.4 we present an extension of the join calculus, and a new equivalence, that
avoid the need to consider arbitrary evaluation contexts altogether. For the time
being, let us show that they are really not much of an issue. Suppose we want
to show P ≈ Q; then we should have (P,Q) in our candidate relation, as well as
all terms (C[P ], C[Q]). Now, as soon as P (and Q) starts exchanging messages
with C[·], C[·] and P will become intermingled. However, if we use structural
equivalence to decompose C[·], P , and Q, it becomes clear that the situation is
not so intricate : we can take C[·] ≡ def DC in (MC | [·]), P ≡ def DP inMP ,
Q ≡ def DQ inMQ, where MC , MP , MQ are parallel compositions of messages,
and all bound names are fresh, except that DC may define some free names of
P and Q. With those notations, we see that elements of R will have the shape

(def DC ∧ DP in (MC |MP ), def DC ∧ DQ in (MC |MQ))

To allow for extrusions from P to C[·], we simply allow DC and MC to contain
channel names that have been exported by P and Q, and are thus defined in
both DP and DQ; this may require applying different substitutions σP and σQ
to DC and MC , to account for different names in P and Q.

It should also be clear that in this setting, the reduction step analysis is not
especially complicated by the presence of the arbitrary context. We can classify
reduction steps in four categories:

1. reductions that use an unknown rule in DC , with only unknown messages
in MC .

2. reductions that use an unknown rule in DC , with some messages in MP .
3. reductions that use a known rule in DP , but with some unknown messages

in MCσP .
4. reductions that use a known rule in DP , with only known messages in MP .

The first two cases are easy, since a syntactically similar reduction must be
performed by the right hand term. In the second case the messages in MP must
be matched by messages in MQ, possibly after some internal computation using
known rules in DQ and other known messages in MQ. Cases 3 and 4 may be
harder, since Q need not match the reduction precisely. In case 3, the exact
number and valence of the “unknown” messages is determined by the known
rule and messages, and those messages are similarly available to Q.

Note that cases 2, 3, and 4 correspond directly to output, input, and internal
steps in a trace or labeled semantics. Hence, the extra work required for those
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“arbitrary contexts” amounts to two generic placeholders DC and MC in the
description of the candidate bisimulation, and one extra trivial case. . . that is,
not very much. Furthermore, we can often simplify the relation by hiding parts
common to DP and DQ, or MP and MQ, inside DC or MC , respectively. This
is equivalent to the “up to context” labeled bisimulation proof technique.

There is one final wrinkle to this proof technique : to be an evaluation context
congruence, a relation R of the shape above should contain all alpha variants of
def DP in MP and def DQ in MQ, to avoid clashes with the components of a
new context C ′[·] that is being added. This is easily handled by completing R
with all pairs (C[P ]ρ, C[Q]ρ) for all injective renamings ρ. Reduction diagrams
established for R also hold for the extended R, and we can use the renamings
to avoid name clashes with C ′[·]. In fact, we can further use the renamings to
reserve a set of private bound names for the DP and DQ definitions.

The second technique we explore facilitates the diagram proof part, and
makes it possible to meet the bisimulation requirement with a smaller relation.
The general idea is to use equational reasoning to “close off” these diagrams,
as we did in the proof of theorem 12. Unfortunately, the unrestricted use of ≈
in simulation diagrams is unsound: let P = def x〈〉 � y〈〉 in x〈〉, and consider
the singleton relation {(P,0)}. If P → Q then Q ≡ def x〈〉 � y〈〉 in y〈〉, so
Q ≈ P by the analog of lemma 13. So {(P,0)} is a simulation up to ≈, and it
also preserves immediate barbs (there are none). But {(P,0)} does not preserve
barbs (P ⇓y but 0�⇓y), so it certainly is not a simulation.

To allow some measure of equational reasoning, we define a more restrictive
notion of simulation, following [48]. This notion does not really have a valid
semantic interpretation (it does step counting), but it is a convenient technical
expedient that allows the use of several important equations inside simulation
diagrams, the most important of which is beta reduction.

Definition 15 (Tight simulations). A relation R is a tight simulation when

P

=
��

R
Q

=
��

P ′ R
Q′

where P →= P ′ means P → P ′ or P = P ′.

Definition 16 (Expansion). An expansion is a simulation whose converse is
a tight simulation. A compression is the converse of an expansion. The coarsest
expansion that respects the barbs is denoted �.

A tight bisimulation is a tight simulation whose converse is a tight simula-
tion. The coarsest tight bisimulation that respects the barbs is denoted �.

These technical definitions find their use with the following reformulations:
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Theorem 17 (Simulations up to).
A relation R is a tight bisimulation when

P

��

R
Q

=
��

P ′ (	∪R)∗
Q′

P

=
��

R
Q

��
P ′ (	∪R)∗

Q′

A relation R is an expansion when

P

��

R
Q

∗
��

P ′ 	R�
Q′

P

=
��

R
Q

��
P ′ (�∪R)∗

Q′

A relation R is a bisimulation when

P

��

R
Q

∗
��

P ′ �R≈
Q′

P

∗
��

R
Q

��
P ′ ≈R�

Q′

Most of the equations established with �may are in fact valid compressions,
and so can be used to close diagrams in bisimulation proofs. In particular, beta
reduction is a compression.

Theorem 18 (Beta compression). If Q[·]S is a general context that does not
capture f or any names free in E (S ∩ ({f} ∪ fv(E)) = ∅), then

let f(x̃) = E in Q[let z = f(ũ) in R]S
� let f(x̃) = E in Q[let z = E{ũ/̃x} in R]S

3 A Hierarchy of Equivalences

In this section and the next one, we continue our comparative survey of equiv-
alences and their proof techniques. We provide useful intermediate equivalences
between may-testing and bisimilarity. We give finer labeled semantics with purely
coinductive proofs of equivalence. We also discuss the trade-off between different
definitions of these equivalences. At the end of this section, we summarize our
results as a hierarchy of equivalences ordered by inclusion.

Although we develop this hierarchy for establishing the properties of pro-
grams written in the join calculus, most of these equivalences and techniques
are not specific to the join calculus. In principle, they can be applied to any
calculus with a small-step reduction-based semantics, evaluation contexts, and
some notion of observation. They provide a flexible framework when considering
new calculi, or variants of existing calculi (see for instance [17, 4, 19]).
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3.1 Too Many Equivalences?

In concurrency theory, there is a frightening diversity of calculi and equiva-
lences (see, for instance, Glabbeek’s classification of weak equivalences [21]).
Even in our restricted setting—asynchronous concurrent programs—there are
several natural choices in the definition of process equivalence, and for many of
these choices there is a record of previous works that exclusively rely on each
resulting equivalence.

In Sect.2, we detailed the (largely contradictory) goals for the “right” equiva-
lences. Before introducing useful variants, we now highlight some of the technical
choices in their definitions. In order to choose the variant best adapted to the
problem at hand, we need to understand the significance of such choices. For
example, different styles of definition may yield the same equivalence and still
provide different proof techniques. Conversely, some slight changes in a definition
may in fact strongly affect the resulting equivalence and invalidate its expected
properties.

Context Closures. As illustrated in the previous section, one may be inter-
ested in several classes of contexts. Evaluation contexts are easy to interpret in a
testing scenario, but more general context-closure properties may also be useful
in lemmas (e.g., beta compression). Technically, the main novelty of general con-
texts is that different free variables appearing under a guard may be instantiated
to the same name. In the join calculus, this is inessential because relays from
one name to another have the same effect, as expressed in Lemma 13 for may
testing, but this is not the case in extensions of the join calculus considered in
Sect. 4.5.

Conversely, it may be convenient to consider smaller classes of contexts to
establish context closure. For instance, one may constrain the names that appear
in the context, considering only contexts with a few, chosen free variables, or
contexts whose local names never clash with those of the processes at hand, or
contexts with a single, “flat” definition.

In the following discussion, we write R◦ for the congruence of relation R,
defined as P R◦ Q iff ∀C[·], C[P ] R C[Q]. As our usual equivalences are all
closed by application of evaluation contexts, we use plain relation symbols (�,
≈,. . . ) for them, and “dotted” relation symbols for the sibling relations defined
without a context-closure requirement (

.�,
.≈,. . . ).

Primitive Observations. The notion of basic observation is largely arbitrary.
So far, we have been using the output predicates of Definition 4, given as the
syntactic presence of particular messages on free names in evaluation contexts.
Moreover, in our definitions of equivalences, we use a distinct predicate ↓x for ev-
ery channel name, and we don’t discriminate according to the content of message.
Another, very detailed observation predicate of Sect. 2 is given by Definition 7,
as one can test whether a particular execution trace is allowed by a process.
Other, natural alternatives are considered below.
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Fortunately, the details of observation often become irrelevant when consid-
ering relations that are (at least) closed by application of evaluation contexts.
Indeed, as soon as we can use a primitive observation predicate to separate two
processes, then any other “reasonable” notion of observation should be express-
ible using a particular context that observes it, then conveys the result of this
internal observation by reducing to either of these two processes.

Existential Predicates. In the initial paper on barbed equivalences [38], and in
most definitions of testing equivalences, a single predicate is used instead of
an indexed family. Either there is a single observable action, often written ω, or
there is a single, “existential” predicate that collectively tests the presence of any
message on a free name. Accordingly, for every family of predicates such as ⇓x ,
we may define an existential predicate P ⇓def= ∃x.P ⇓x , and obtain existential
variants for any observation-based equivalence. For instance, we let �∃

may be the
largest relation closed by application of evaluation contexts that refines P ⇓. As
suggested above, existential equivalences coincide with their basic equivalence
when they are context-closed. For instance, one can specifically detect ⇓x by
testing ⇓ in a context that restricts all other free names of the process being
tested, and one can test for ⇓ as a the conjunction of all predicates ⇓x , hence
�∃

may = �may. In the following, we will consider equivalences whose existential
variant is much weaker.

Transient Observations. In the join calculus, strong barbs ↓x appear as messages
on free names, which are names meant to be defined by the context. Due to the
locality property, these messages are preserved by internal reductions, hence the
strong barbs are stable: if P ↓x and P →∗ P ′, then also P ′ ↓x ).

This is usually not the case in process calculi such as CCS or the pi cal-
culus, where messages on free names can disappear as the result of internal
communication. For instance, the reduction x〈〉 |x() → 0 erases the barb ↓x .
Transient barbs may be harder to interpret in terms of observation scenarios,
and they complicate the hierarchy of equivalence [17]. However, one can enforce
the permanency of barbs using a derived committed message predicate P ↓↓x

def=
if P →∗ P ′ then P ′ ↓x , instead of the predicate ↓x in every definition. One can
also rely on the congruence property (when available) to turn transient barbs
into permanent ones. In the pi calculus for instance, we let Tx[·]

def= νx.(x().t〈〉|[·])
and, for any process P where t is fresh, we have Tx[P ]→∗↓↓t iff P ⇓x .

Relations between Internal States. So far, we considered a “pure” testing
semantics �may and a much finer bisimulation-based semantics ≈ that requires
an exact correspondence between internal states. The appearance of bisimulation
raises two questions:

Can we use a coarser correspondence between internal states? This is an im-
portant concern in our setting, because asynchronous algorithms typically use
a series of local messages to simulate an atomic “distributed” state transition.
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Since these messages are received independently, there is a gradual commitment
to this state transition, which introduces transient states. Hence, the two pro-
cesses do not advance in lockstep, and they are not bisimilar. In Sect. 3.3, we
explain how we can retain some benefits of coinductive definitions in such cases.

Should this correspondence depend on the context? In the previous section, we
defined ≈ all at once, as the largest ⇓x -preserving bisimulation that is also closed
by application of evaluation contexts. This style of equivalence definition was first
proposed for the ν-calculus in [23, 25, 24].

However, there is another, more traditional definition for CCS and for the
pi calculus [38, 46, 49]. First, define the largest barbed bisimulation (written

.≈);
then, take the largest subrelation of

.≈ that is closed by application of evalu-
ation contexts (written

.≈◦). We believe that this original, two-stage definition
has several drawbacks: the bare bisimulation

.≈ is very sensitive to the choice
of observation predicates, and the correspondence between internal states may
depend on the context.

The two diagrams below detail the situation: once a context has been ap-
plied on the left, the stable relation is a bisimulation, and not a congruence.
Conversely, the bisimulation-and-congruence relation on the right retains the
congruence property after matching reductions, and allows repeated application
of contexts after reductions.

P
.≈◦

Q

C[P ]

��

.≈
C[Q]

∗
��

T
.≈

T ′

is coarser than P
≈

Q

C[P ]

��

≈
C[Q]

∗
��

T
≈

T ′

From the two definitions, we obtain the simple inclusion ≈ ⊆ .≈◦, but the
converse

.≈◦ ⊆ ≈ is far from obvious: the latter inclusion holds if and only if
.≈◦

is itself a bisimulation. In Sect. 3.4, we will sketch a proof that
.≈◦ ⊆ ≈ in the

join calculus. Conversely, we will show that this is not the case for some simple
variants of

.≈.
Even if the two definitions yield the same equivalence, they induce distinct

proof techniques. In our experience, ≈ often leads to simpler proofs, because
interaction with the context is more abstract: after reduction, the context may
change, but remains in the class being considered in the candidate bisimulation-
and-congruence.

3.2 Fair Testing

We are now ready to revisit our definition of testing equivalences. May testing is
most useful for guaranteeing safety properties but, as illustrated by the equation
P ⊕ 0 �may P , it does not actually guarantee that anything useful happens.

As we argued in subsection 2.4, for concurrent programs it is not desirable to
supplement may testing with must testing in order to capture liveness properties.
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We briefly considered the usual must predicate �↓x , but dismissed it because
the predicate always failed on processes with infinite behavior (cf. page 296).

Instead, we use a stronger predicate that incorporates a notion of “abstract
fairness”. The fair-must predicate �⇓x detects whether a process always retains
the possibility of emitting on x:

P �⇓x
def= if P →∗ P ′, then P ′ →∗ P ′′ ↓x

Hence, �⇓x tests for “permanent weak barbs”. For all processes P , the test
P �⇓x implies P ⇓x and P �↓x . Conversely, (1) if all reductions from P are
deterministic, then �⇓x and ⇓x coincide; (2) if there is no infinite computation,
then �↓x and �⇓x coincide.

Much like weak barbs, fair-must predicates induces a contextual equivalence:

Definition 19 (Fair testing equivalence). We have P �may Q when, for any
evaluation context C[·] and channel name x, C[P ] �⇓x if and only if C[Q] �⇓x .
That is, fair testing is the largest congruence that respects all fair-must pred-
icates. Similar definitions appear in [12, 40, 13]. Fair testing detects deadlocks:
we have x〈〉⊕ (x〈〉⊕0) �fair x〈〉⊕0, but x〈〉⊕0 ��fair x〈〉 and x〈〉⊕0 ��fair 0.

The particular notion of fairness embedded in fair testing deserves further
explanations: both may and fair-must predicates state the existence of reductions
leading to a particular message, but they don’t provide a reduction strategy.
Nonetheless, we can interpret P �⇓x as a successful observation “P eventually
emits the message x〈〉”. As we do so, we consider only infinite traces that emit
on x and we disregard any other infinite trace. Intuitively, the model is the set
of barbs present on finite and infinite fair traces, for a very strong notion of
fairness. For example, we have the fair testing equivalence:

def t〈〉 � x〈〉 ∧ t〈〉 � t〈〉 in t〈〉 �fair x〈〉

where the first process provides two alternatives in the definition of t: either
the message x〈〉 is emitted, or the message t〈〉 is re-emitted, which reverts the
process to its initial state. It is possible to always select the second, stuttering
branch of the alternative, and thus there are infinite computations that never
emit x〈〉. Nonetheless, the possibility of emitting on x always remains, and any
fair evaluation strategy should eventually select the first branch.

Fair testing may seem unrelated to may testing; at least, these relations are
different, as can be seen using x〈〉 ⊕ 0 and x〈〉. Actually, fair testing is strictly
finer: �fair ⊂ �may. Said otherwise, fair testing is also the largest congruence
relation that refines both may- and fair-must predicates.

To prove that �fair also preserves weak barbs ⇓x , we use the congruence
property with non-deterministic contexts of the form

C[·] def= def r〈z〉 | once〈〉 � z〈〉 in
(
r〈y〉 | once〈〉 | def x〈〉 � r〈x〉 in [·]

)

and establish that P ⇓x iff C[P ] ��⇓y . This property of fair testing also holds in
CCS, in the pi calculus, and for Actors, where a similar equivalence is proposed
as the main semantics [5].
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As regards discriminating power, fair testing is an appealing equivalence for
distributed systems: it is stronger than may-testing, detects deadlocks, but re-
mains insensitive to termination and livelocks. Note, however, that “abstract
fairness” is much stronger than the liveness properties that are typically guar-
anteed in implementations (cf. the restrictive scheduling policy in JoCaml).

Fair testing suffers from another drawback: direct proofs of equivalence are
very difficult because they involve nested inductions for all quantifiers in the
definition of fair-must tests in evaluation context. As we will see in the next
section, the redeeming feature of fair testing is that it is coarser than bisimilarity
equivalence (≈ ⊆ �fair). Thus, many equations of interest can be established in
a coinductive manner, then interpreted in terms of may and fair testing scenarios.
Precisely, we are going to establish an tighter characterization of fair testing in
terms of coupled simulations.

3.3 Coupled Simulations

The relation between fair testing and bisimulations has been initially studied
in CCS; in [12, 40] for instance, the authors introduce the notion of fair testing
(actually should testing in their terminology), and remark that weak bisimula-
tion equivalences incorporates a particular notion of fairness; they identify the
problem of gradual commitment, and in general of sensitivity to the branching
structure, as an undesirable property of bisimulation; finally, they establish that
observational equivalence is finer than fair testing and propose a simulation-
based sufficient condition to establish fair testing.

Independently, coupled simulations have been proposed to address similar
issues [43]; this coarse simulation-based equivalence does not require an exact
correspondence between the internal choices of processes, and is thus less sen-
sitive than bisimulation to their branching structure. In our setting, we use a
barbed counterpart of weakly-coupled simulations [44] that is not sensitive to di-
vergence. A similar equivalence appears in the asynchronous pi calculus, where
it is used to establish the correctness of the encoding of the choice operator [41].

Definition 20. A pair of relations �,� are coupled simulations when � and
�−1 are two simulations that satisfy the coupling conditions � ⊆ �←∗ and
� ⊆ →∗�.

A barbed coupled-simulations relation is an intersection � ∩ � for some
pair �,� such that � and �−1 preserve the barbs.

The coarsest barbed coupled-simulation relation is denoted
.
≶. The coarsest

barbed coupled-simulation obtained from simulations that are also precongruences
for evaluation contexts is called coupled-similarity equivalence, and denoted ≶.

The definition can be stated in a more readable manner using diagrams for
all simulation and coupling requirements:
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When we also have � = �, the coupling diagrams are trivially verified,
and the coupled-simulation relation is in fact a bisimulation—in particular, we
immediately obtain the inclusions

.≈ ⊆
.
≶ and ≈ ⊆ ≶.

Typically, the discrepancy between � and � is used to describe processes
that are in a transient state, bisimilar neither to the initial state nor to any final
state. For instance, using our derived internal choice operator ⊕, we have the
diagram

(P ⊕Q)⊕R
≶

��

P ⊕ (Q⊕R)

��

P ⊕Q

��

�
�������������

�

P
≶

P

The precise relation between fair testing and coupled simulations is intrigu-
ing. These equivalences have been applied to the same problems, typically the
analyses of distributed protocols where high-level atomic steps are implemented
as a negotiation between distributed components, with several steps that per-
form a gradual commitment. Yet, their definitions are very different, and they
both have their advantages: fair-testing is arguably more natural than coupled
simulations, while coupled simulations can be established by coinduction.

It is not too hard to establish that barbed coupled-simulation relations also
preserve fair-must barbs. The proof uses simulations in both directions, which
somehow reflects the alternation of quantifiers in the definition of fair-must
barbs.

Lemma 21. Let �,� be barbed coupled simulations. If P � Q and P �⇓x , then
also Q �⇓x .

Proof. If Q→∗ Q′, these reductions can be simulated by P →∗ P ′ � Q′. Using
the coupling condition, we also have P ′ →∗ P ′′ � Q′. By definition of P �⇓x ,
we have P ′′ ⇓x . Finally, � preserves weak barbs, and thus Q′ ⇓x .

As is the case for weak bisimulation, we can either add precongruence re-
quirements to the definition of barbed coupled simulations and obtain a barbed
coupled-simulations congruence (≶) or take the largest congruence that is con-
tained in the largest barbed coupled-simulation relation (written

.
≶◦).
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From these definitions and the previous lemma, we obtain the inclusions
≶ ⊆

.
≶◦ ⊆ �fair. Conversely, the congruence relation

.
≶◦ is not a coupled-

simulation relation, and thus ≶ is strictly finer than
.
≶◦. The difference appears

as soon as internal choices are spawned between visible actions. The counter-
example is especially simple in asynchronous CCS, where we have:

a.b⊕ a.c �≶a.(b⊕ c)
a.b⊕ a.c

.
≶◦ a.(b⊕ c)

In these processes, the outcome of the internal choice becomes visible only after
communication on a, but the choice can be immediately performed on the left
only, e.g. a.b ⊕ a.c → a.b. If the context is applied once for all, then we know
whether that context can provide a message on a. If this is the case, then we
simulate the step above by getting that message, communicating on a, and re-
ducing b⊕ c to b on the right. Otherwise, we simulate the step by doing nothing,
because both processes are inert. In contrast, if the reduction occurs on the left
before the context is chosen, then we cannot simulate it on the right in a uniform
manner. A similar counter-example holds in the join calculus [16].

Our next theorem relates fair testing and barbed coupled similarities; it relies
on the preceding remarks, plus the surprising inclusion �fair ⊆

.
≶◦, whose proof

is detailed below.

Theorem 22. �fair =
.
≶◦ ⊂ ≶.

To prove �fair ⊆
.
≶◦, we develop a semantic model of coupled simulations.

We first consider a family of processes whose behavior is especially simple. We
say that a process P is committed when, for all x, we have P ⇓x iff P �⇓x .
Then, no internal reduction may visibly affect P : let S be the set of names

S
def= {x | P �⇓x} = {x | P ⇓x}

For all P ′ such that P →∗ P ′, P ′ is still committed to S. In a sense, P has
converged to S, which determines its outcome.

To every process P , we now associate the semantics P � ∈ P(P(N )) that
collects these sets of names for all the committed derivatives of P :

P �
def=

{
S ⊆ N | ∃P ′ . P →∗ P ′ and S = {x |P ′ �⇓x} = {x |P ′ ⇓x}

}

For example, 0� is the singleton {∅} and (x〈〉⊕y〈〉)� is the pair
{
{x}, {y}

}
. As is

the case for weak barbs, P � decreases by reduction. The predicates ⇓x and �⇓x
can be recovered as follows: we have P ⇓x if and only if x ∈

⋃
P �, and P �⇓x

if and only if x ∈
⋂
P �.

Let ⊆� be the preorder defined as P ⊆� Q
def= P � ⊆ Q�. By definition of

may testing and fair testing preorders, we immediately obtain ⊆�◦ ⊆ �may and
⊆�◦ ⊆ �−1

fair. Actually, the last two preorders coincide.

Lemma 23. ⊆�◦ = �−1
fair.
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Proof. For any finite sets of names S and N such that S ⊆ N and t �∈N , we
define the context

TNS [·] def= def once〈〉 � t〈〉 ∧ once〈〉|
∏
x∈S x〈〉 � 0 ∧

∧
x∈N\S

x〈〉 � t〈〉 in once〈〉 | [·]

and we show that TNS [·] fair-tests exactly one set of names in our semantics: for
all P such that fv(P ) ⊆ N , we have TNS [P ] �⇓t if and only if S �∈P �.

The first two clauses of the definition compete for the single message once〈〉,
hence at most one of the two may be triggered. The first clause (once〈〉 � t〈〉) can
be immediately triggered. The second clause can preempt this reduction only by
consuming a message for each name in S. The third clause detects the presence
of any message on a name in N \ S. The predicate TNS [P ] �⇓t holds iff all the
derivatives of P keep one of the two possibilities to emit the message t〈〉, namely
either don’t have messages on some of the names in S, or can always produce a
message on a name outside of S.

Let P �−1
fair Q. We let N = fv(P ) ∪ fv(Q) to establish P � ⊆ Q�. For every

set of names S ⊆ N , we have S ∈ P � iff TNS [P ] ��⇓t ; this entails TNS [Q] ��⇓t
and S ∈ Q�. For every other set of names S, neither P � nor Q� may contain S
anyway. Thus �−1

fair ⊆ ⊆�, by context-closure for fair-testing �−1
fair ⊆ ⊆�◦, and,

since the converse inclusion follows from the characterization of fair barbs given
above, ⊆�◦ = �−1

fair.

The next lemma will be used to relate ⊆� to
.
≶:

Lemma 24. P � �=∅

Proof. For every process P , consider the series of processes P ′
0, P

′
1, . . . , P

′
n such

that P = P ′
0 →∗ P ′

1 →∗ · · · →∗ P ′
n and such that {x | P ′

i �⇓x} strictly increases
with i. There is a least one such series (P ), and the length of any series is
bounded by the number of names free in P , hence there is at least a series that
is maximal for prefix-inclusion.

To conclude, we remark that S ∈ P � iff there is a maximal series of processes
ending at P ′

n such that S = {x | P ′
n �⇓x}.

We now establish that our semantics refines barbed coupled similarity.

Lemma 25. (⊆�,⊇�) are coupled barbed simulations, and thus ⊆� ∩ ⊇� ⊆
.
≶.

Proof. We successively check that ⊆� preserves the barbs, is a simulation, and
meets the coupling diagram. Assume P ⊆� Q.

1. The barbs can be recovered from the semantics: P ⇓x iff x ∈
⋃
P �, and if

P ⊆� Q then also x ∈
⋃
Q� and Q ⇓x . hence P ⇓x implies Q ⇓x .

2. Weak simulation trivially holds: by definition, P � decreases with reductions,
and is stable iff P � is a singleton; for every reduction P → P ′, P ′ ⊆� P ⊆� Q,
and thus reductions in P are simulated by the absence of reduction in Q.

3. P � is not empty, so let S ∈ P �. By hypothesis, S ∈ Q� and thus for some
process Q′

S we have Q →∗ Q′
S and Q′

S
� = {S} ⊆ P �, which provides the

coupling condition from ⊆� to ⊇�. �
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By composing Lemmas 23 and 25, we obtain �fair =
.
≶◦ (Theorem 22).

The proof technique associated with this characterization retains some of the
structure of the purely coinductive technique for the stronger relation ≶, so it
is usually an improvement over the triple induction implied by the definition
of �fair (but not always, as was pointed out in subsection 2.4 for coinductive
may-testing proofs).

3.4 Two Notions of Congruence

We finally discuss the relation between the equivalences ≈ and
.≈◦, which de-

pend on the choice of observables. To this end, we consider bisimulations weaker
than

.≈, obtained by considering only a finite number of observation predicates.
Let single-barbed bisimilarity

.≈∃ be the largest weak bisimulation that refines
the barb ⇓, i.e. that detects the ability to send a message on any free name.

– The equivalence
.≈∃ partitions join calculus processes into three classes char-

acterized by the predicates �⇓, �⇓, and ⇓ ∧ ��⇓. Hence, the congruence
of single-barbed bisimilarity is just fair testing equivalence:

.≈◦
∃ = �fair.

This characterization implies yet another proof technique for �fair, but the
technique implied by Theorem 22 is usually better.

– In contrast, both ≈∃ and ≈ are congruences and weak bisimulations. More-
over, using the existential contexts given above, we can check that ≈∃ pre-
serves nominal barbs ⇓x and that ≈ preserves existential barbs ⇓. This
establishes ≈∃ = ≈.

We thus obtain a pair of distinct “bisimulation congruences”
.≈◦

∃ �=≈∃.
While there is a big difference between one and several observation predicates,

it turns out that two predicates are as good as an infinite number of them, even
for the weaker notion of bisimulation congruence. In the following, we fix two
nullary names x and y, and write

.≈2 for the bisimilarity that refines ⇓x and ⇓y .
This technical equivalence is essential to prove ≈ =

.≈◦, Precisely, we are going
to establish

Theorem 26.
.≈◦

2 = ≈

Since we clearly have ≈ ⊆ .≈◦ ⊆ .≈◦
2, we obtain ≈ =

.≈◦ as a corollary.
We first build a family of processes that are not

.≈2-equivalent and retain
this property by reduction. Informally, this show that there are infinitely many
ways to hesitate between two messages in a branching semantics. We define an
operator S(·) that maps every finite set of processes to the set of its (strict,
partial) internal sums:

S(P) def=
{⊕

P∈P′ P | P ′ ⊆ P and |P ′| ≥ 2
}

Lemma 27. Let R be a weak bisimulation and P be a set of processes such that,
for all P,Q ∈ P, the relation P →∗R Q implies P = Q. Then we have:

1. The set S(P) retains this property.
2. The set

⋃
n≥0 Sn(P) that collects the iterated results of S(·) contains only

processes that are not related by R.
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Proof. We first show that (0) if P →∗R Q for some Q ∈ S(P), then P �∈ P.
Since Q has at least two summands, it must have a summand Q′ �=P . But then
P →∗R Q′ since R is a bisimulation, and since Q′ ∈ P we cannot have P ∈ P.

We then deduce (1) of the lemma. Let P,Q be two processes in S(P) such
that P →∗R Q. Let Q′ be a summand of Q; we must have P →∗R Q′ since R
is a bisimulation, and in fact P → P ′ →∗R Q′ (since Q′ ∈ P, Q′ R P would
break (0)); but P ′, Q′ ∈ P, so P ′ = Q′ and Q′ is also a summand of P . Now we
must in fact have P R Q since P → P ′ →∗R Q would imply P ′ ∈ P and thus
contradict (0). Hence by symmetry any summand of P is also a summand of Q,
so P = Q.

To prove (2), let P ∈ Sn(P) and Q ∈ Sn+k(P) such that P R Q. By
induction and (1), if k = 0 then P = Q; and we must have k = 0, since otherwise
we have Q→∗ Q′ for some Q′ ∈ Sn+1(P), hence P →∗R Q′, which breaks (0).

As a direct consequence, the bisimilarity
.≈2 separates numerous processes

with a finite behavior. We build an infinite set of processes as follows:

P0
def= { 0, x〈〉, y〈〉 } Pn+1

def= S(Pn) Pω
def=

⋃
n≥0 Pn

The size of each layer Pn grows exponentially. Thus, Pω contains infinitely many
processes that are not related by

.≈2: if P ∈ Pn and Q ∈ Pn+m, then we have
Q →m Q′ for some Q′ ∈ Pn \ {P}, and by construction at rank n this series of
reduction cannot be matched by any series reductions starting from P .

This construction captures only processes with finite behaviors up to our
bisimilarity, whereas

.≈2 has many more classes than those exhibited here (e.g.
classes of processes that can reach an infinite number of classes in Pω).

Note that the same construction applies for single-barb bisimilarity, but
quickly converges. Starting from the set {0, x〈〉}, we obtain a third, unrelated
process 0⊕ x〈〉 at rank 1, then the construction stops.

The next lemma states that a process can effectively communicate any integer
to the environment by hesitating between two exclusive barbs ⇓x and ⇓y , thanks
to the discriminating power of bisimulation.

In the following, we rely on encodings for booleans and for integers à la
Church inside the join calculus. To every integer n ∈ N, we associate the rep-
resentation n; we also assume that our integers come with operations is zero〈·〉
and pred〈·〉.

To every integer, we associate a particular equivalence class of
.≈2 in the

hierarchy of processes Pω, then we write a process that receives an integer and
conveys that integer by evolving to its characteristic class. Intuitively, the context
N [·] transforms integer-indexed barbs int〈n〉 (where int is a regular name of the
join calculus) into the two barbs ⇓x and ⇓y .

Lemma 28. There is an evaluation context N [·] such that, for any integers n
and m, the three following statements are equivalent:

1. n = m
2. N [int〈n〉] .≈2N [int〈m〉]
3. N [int〈n〉]→∗ .≈2N [int〈m〉]
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To establish the lemma, we program the evaluation context N [·] as follows,
and we locate the derivatives of N [int〈n〉] in the hierarchy of processes (Pn)n.

N [·] def=

def int〈n〉|once〈〉 �


def c〈n, x, y, z〉 �
if is zero〈n〉 then z〈〉
else c〈pred〈n〉, z, x, y〉 ⊕ c〈pred〈n〉, y, z, x〉 in

def z〈〉 � 0 in
c〈n, x, y, z〉 ⊕ c〈n, y, z, x〉 ⊕ c〈n, z, x, y〉




in once〈〉|[·]

In N [·], the name z is used to encode the process 0; hence the three processes
in P0 are made symmetric, and we can use permutations of the names x, y,
and z to represent them. Each integer n is associated with a ternary sum of
nested binary sums in the n+ 1 layer of P: when an encoded integer is received
as int〈n〉, a reduction triggers the definition of int and yields the initial ternary
sum; at the same time this reduction consumes the single message once〈〉, hence
the definition of int becomes inert.

The next lemma uses this result to restrict the class of contexts being con-
sidered in congruence properties to contexts with at most two free (nullary)
variables.

Lemma 29. Let S be a finite set of names. There is an evaluation context C2[·]
such that, for any processes P and Q with free variables in S, we have P

.≈Q iff
C2[P ]

.≈2C2[Q].

In order to establish that
.≈◦

2 is a bisimulation, we need to retain the con-
gruence property after matching reduction steps. Since we can apply only one
context before applying the bisimulation hypothesis, this single context must
be able to emulate the behavior of any other context, to be selected after the
reductions. We call such a context a “universal context”. The details of the
construction appear in [16].

The first step is to define an integer representation for every process P , writ-
ten [[P ]], and to build an interpreter De that takes (1) an integer representation
[[P ]] ∈ N and (2) the encoding of an evaluation environment ρ that binds all the
free names fv(P ). The next lemma relates the source process P to its interpreted
representation; this result is not surprising, inasmuch as the join calculus has well
enough expressive power. The lemma is established using a labeled bisimulation,
as defined in Sect. 4. Some care is required to restrict the types that may ap-
pear at P ’s interface. We omit the details of the types, the encoding, and the
interpreter, and refer to [17] for the definitions and the proofs.

Lemma 30. Let Σ be a finite set of types closed by decomposition. There is a
definition De such that, for every process P whose free variables can be typed
in Σ and such that fv(P ) ∩ {e, ρ} = ∅, and for every environment ρ such that
∀x ∈ fv(P ), ρ([[x]]) = x, we have def De in e〈[[P ]], ρ〉 ≈ P .

The second step is to reduce quantification over all contexts first to quantifi-
cation over all processes (using a specific context that forwards the messages),
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labeled bisimilarities ≈l = ≈a = ≈g

comparison between names

bisimilarity equivalence ≈ =
.≈◦

internal choice
between visible actions

coupled-similarity equivalence ≶
internal choice
interleaved with visible actions

fair testing �fair =
.
≶◦ =

.≈◦
∃

abstract fairness

may testing �may

Fig. 3. A hierarchy of equivalences for the join calculus

then to quantification over all integers (substituting the interpreter for the pro-
cess). Finally, the universal context uses internal choice to select any integer,
then either manifest this choice using integer barbs, or run the interpreter on
this input with an environment ρ that manifests every barb using integer barbs.
At each stage, the disappearance of specific integer barbs allows the bisimulation
to keep track of the behavior of the context.

Lemma 31 (Universal Context). Let S be a finite set of names. There is an
evaluation context US [·] such that, for all processes P and Q with fv(P )∪fv(Q) ⊆
S, we have US [P ]

.≈2 US [Q] implies P ≈ Q

Combining these encodings, we eventually obtain the difficult bisimulation prop-
erty of

.≈◦
2, hence

.≈◦
2 = ≈ and finally

.≈◦ = ≈.

3.5 Summary: A Hierarchy of Equivalences

Anticipating on the labeled semantics in the next section, we summarize our
results on equivalences in Fig.3. Each tier in the hierarchy correspond to a notion
of equivalence finer than the lower tiers. When stating and proving equational
properties in a reduction-based setting, this hierarchy provides some guidance.
For instance, the same proof may involve lemmas expressed as equivalences much
finer (and easier to establish) than the final result. Conversely, a counter-example
may be easier to exhibit at a tier lower than required.

The reader may be interested in applications of these techniques to establish
more challenging equations. For detailed applications, we refer for instance to [4]
for a detailed proof of the security of a distributed, cryptographic implementation
of the join calculus, to [16] for a series of fully abstract encodings between variants
of the join calculus, and to [19] for the correctness proof of an implementation
of Ambients in JoCaml using coupled simulations.
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4 Labeled Semantics

Labeled transition systems traditionally provide useful semantics for process
calculi, by incorporating detailed knowledge of the operational semantics in
their definitions and their proof techniques. Seen as auxiliary semantics for a
reduction-based calculus, they offer several advantages, such as purely coinduc-
tive proofs and abstract models (e.g. synchronization trees). On the other hand,
they are specific to the calculus at hand, and they may turn out to be too
discriminating for asynchronous programming.

We present two variants of labeled semantics for the join calculus, and relate
their notions of labeled bisimilarities to observational equivalence, thus compar-
ing the discriminating power of contexts and labels. We refer to [18] for a more
detailed presentation.

4.1 Open Syntax and Chemistry

In the spirit of the trace semantics given in Sect. 2.2, we introduce a refined
semantics—the open rcham—that makes explicit the interactions with an ab-
stract environment. Via these interactions, the environment can receive locally-
defined names of the process when they are emitted on free names, and the
environment can also emit messages on these names. We call these interactions
extrusions and intrusions, respectively. To keep track of the defined names that
are visible from the environment, definitions of the join calculus are marked with
their extruded names when extrusions occur. In turn, intrusions are allowed only
on names that are marked as extruded. The refined syntax for the join calculus
has processes of the form defS D in P , where S is the set of names defined
by D and extruded to the environment. Informally, extruded names represent
constants in the input interface of the process.

As a first example, consider the process def∅ x〈〉 � y〈〉 in z〈x〉. The interface
contains no extruded name and two free names y, z. The message z〈x〉 can be
consumed by the environment, thus exporting x:

def∅ x〈〉 � y〈〉 in z〈x〉 {x}z〈x〉−−−−−→ def{x} x〈〉 � y〈〉 in 0

Once x is known by the environment, it cannot be considered local anymore—the
environment can emit on x—, but it is not free either—the environment cannot
modify or extend its definition. A new transition is enabled:

def{x} x〈〉 � y〈〉 in 0
x〈〉−−→ def{x} x〈〉 � y〈〉 in x〈〉

Now the process can input more messages on x, and also perform the two tran-
sitions below to consume the message on x and emit a message on y:

def{x} x〈〉 � y〈〉 in x〈〉 → def{x} x〈〉 � y〈〉 in y〈〉
{}y〈〉−−−→ def{x} x〈〉 � y〈〉 in 0

We now extend the rcham of Sect. 1.5 with extrusions, intrusions, and explicit
bookkeeping of extruded names.
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A, B ::= open processes
P plain process

|| defS D in P open definition
|| A | B parallel composition

Fig. 4. Syntax for the open join calculus

In join patterns:
rv(x〈ṽ〉) = {u ∈ ṽ} dv(x〈ṽ〉) = {x}
rv(J | J ′) = rv(J) 	 rv(J ′) dv(J | J ′) = dv(J) 	 dv(J ′)

In definitions:
dv(J � P ) = dv(J) fv(J � P ) = dv(J) ∪ (fv(P )\rv(J))
dv(D ∧ D′) = dv(D) ∪ dv(D′) fv(D ∧ D′) = fv(D) ∪ fv(D′)

In processes:
fv(A | A′) = (fv(A) ∪ fv(A′)) \ (xv(A) 	 xv(A′)) fv(0) = ∅
xv(A | A′) = xv(A) 	 xv(A′) xv(0) = ∅
fv(defS D inA) = (fv(D) ∪ fv(A)) \ (dv(D) 	 xv(A)) fv(x〈ṽ〉) = {x, ṽ}
xv(defS D inA) = S 	 xv(A) xv(x〈ṽ〉) = ∅

In chemical solutions:
fv(D �S A) = (fv(D) ∪ fv(A)) \ (dv(D) 	 xv(A))
xv(D �S A) = S 	 xv(A)

Fig. 5. Scopes in the open join calculus

Definition 32. Open chemical solutions, ranged over by S, T , . . ., are triples
(D, S,A), written D 
S A, where D is a multiset of definitions, S is a subset of
the names defined in D, and A is a multiset of open processes with disjoint sets
of extruded names that are not defined in D.

The interface of an open solution S consists of two disjoint sets of free
names fv(S) and extruded names xv(S), defined in Fig.5. Functions dv(·), fv(·),
and xv(·) are extended to multisets of terms by taking unions for all terms in
the multisets.

The chemical rules for the open rcham are given in Fig.6; they define families
of transitions between open solutions �, →, and α−→ where α ranges over labels
of the form Sx〈ṽ〉 and x〈ṽ〉.

The structural rules and rule React are unchanged, but they now apply to
open solutions. Rule Str-Def performs the bookkeeping of exported names, and
otherwise enforces a lexical scoping discipline with scope-extrusion for any name
that is not exported. When applied to open solutions, these structural rules
capture the intended meaning of extruded names: messages sent on extruded
names can be moved inside or outside their defining process. For instance, we
have the structural rearrangement


S x〈ṽ〉 | defS′ D in A � 
S defS′ D in (x〈ṽ〉 |A)

for any extruded name x, and as long as the names in ṽ are not captured by D
({ṽ} ∩ dv(D) ⊆ S′).
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Str-Null �S 0 � �S

Str-Par �S A | A′ � �S A, A′

Str-Top � �S � �S

Str-And D ∧ D′ �S � D, D′ �S

Str-Def �S defS′ D in A � Dσ �S�S′ Aσ

React J � P �S Jρ → J � P �S Pρ

Ext �S x〈ỹ〉 S′x〈ỹ〉−−−−→ �S∪S′

Int �S∪{x}
x〈ỹ〉−−−→ �S∪{x} x〈ỹ〉

Side conditions on the reacting solution S = (D �S A):
in Str-Def, σ substitutes distinct fresh names for dv(D) \ S′;
in React, ρ substitutes names for rv(J);
in Ext, the name x is free, and S′ = {ỹ} ∩ (dv(D) \ S);
in Int, the names ỹ are either free, or fresh, or extruded.

Fig. 6. The open rcham

In addition, rules Ext and Int model interaction with the context. According
to rule Ext, messages emitted on free names can be received by the environment;
these messages export any defined name that was not previously known to the
environment, thus causing the scope of its definition to be opened. This is made

explicit by the set S′ in the label of the transition
S′x〈ṽ〉−−−−→. Names in S′ must

be distinct from any name that appears in the interface before the transition;
once these names have been extruded, they cannot be α-converted anymore, and
behave like constants. Our rule resembles the Open rule for restriction in the
pi calculus [37], with an important constraint due to locality: messages are either
emitted on free names, to be consumed by Ext, or on names defined in the open
solution, to be consumed by React.

The rule Int enables the intrusion of messages on exported names. It can
be viewed as a disciplined version of one of the two Input rules proposed by
Honda and Tokoro for the asynchronous pi calculus, which enables the intrusion
of any message [23]. The side condition of Int requires that intruded messages
do not clash with local names of processes. (More implicitly, we may instead rely
on the silent α-conversion on those local names; this is the original meaning of
“intrusion” in [37].)

4.2 Observational Equivalences on Open Terms

The notions of reduction-based equivalence defined in sections 2 and 3 are easily
extended to open processes, with the same definitions and the additional require-
ment that related processes have the same exported names. (Indeed, it makes
little sense to compare processes with incompatible interfaces such as 0 and the
open deadlocked solution def{y} x〈〉 | y〈〉 �in 0.) Context-closure properties are
also easily extended to take into account open contexts. Note that, whenever we
apply a context, we implicitly assume that the resulting open process is well-
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formed. Finally, extrusions and strong barbs are in direct correspondence—we

have A ↓x if and only if A
Sx〈ṽ〉−−−−→ A′ for any S,ṽ, and A′.

In fact, the open syntax provides a convenient notation to give selective access
to some of the names defined in the processes being compared, but it does not
yield any interesting new equation. Consider for instance bisimilarity equivalence
on open terms:

Lemma 33. For all processes P1, P2 and definitions D1, D2, let x̃ be a tuple
of names defined in both D1 and D2, and let plug be a fresh name. The three
following statements are equivalent:

1. def{x̃} D1 in P1 ≈ def{x̃} D2 in P2
2. def D1 in P1 | plug〈x̃〉 ≈ def D2 in P2 | plug〈x̃〉
3. for all D and P such that fv(def D in P ) ∩ (dv(D1) ∪ dv(D2)) ⊆ {x̃} and

dv(D)∩ (dv(D1)∪ dv(D2)) = ∅, we have def D ∧ D1 in P |P1 ≈ def D ∧
D2 in P |P2.

The first formulation is the most compact; it relies on open terms. Instead, the
second formulation makes explicit the communication of extruded names to the
environment using a message on a fresh name plug; the third formulation is
closed by application of evaluation contexts, and is often used in direct proofs
of bisimilarity equivalence (see for instance, [4]).

4.3 Labeled Bisimulation

By design, the open join calculus can also be equipped with the standard notion
of labeled bisimilarity:

Definition 34. A relation R on open processes is a labeled simulation if, when-
ever A R B, we have

1. if A→ A′ then B →∗ B′ and A′ R B′;
2. if A α−→ A′ then B →∗ α−→→∗ B′ and A′ R B′,

for all labels α of shape x〈ṽ〉 or Sx〈ṽ〉 such that fv(B) ∩ S = ∅.

A relation R is a labeled bisimulation when both R and R−1 are labeled
simulations. Labeled bisimilarity ≈l is the largest labeled bisimulation.

The simulation clause for intrusions makes weak bisimulation sensitive to
input interfaces: A ≈l B implies xv(A) = xv(B). The simulation clause for ex-
trusion does not consider labels whose set of extruded names S clashes with
the free names of B, inasmuch as these transitions can never be simulated; this
standard technicality does not affect the intuitive discriminating power of bisim-
ulation, because names in S can be α-converted before the extrusion.

As opposed to contextual equivalences, it is possible to tell whether two pro-
cesses are weakly bisimilar by comparing their labeled synchronization trees,
rather than reasoning on their possible contexts. For example, x〈u〉 �≈l x〈v〉 be-
cause each process performs an extrusion with distinct labels. Likewise, x〈y〉 �≈l
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def z〈u〉 � y〈u〉 in x〈z〉 because the first process emits a free name (label x〈y〉)
while the latter emits a local name that gets extruded (label {z}x〈z〉).

Besides, a whole range of “up to proof techniques” is available to reduce the
size of the relation to exhibit when proving labeled bisimilarities [35, 38, 47, 49].
For instance, one can reason up to other bisimilarities, or up to the restriction
of the input interface.

While its definition does not mention contexts, labeled bisimilarity is closed
by application of any context:

Theorem 35. Weak bisimilarity is a congruence.

The proof is almost generic to mobile process calculi in the absence of external
choice (see, e.g., [23, 7] for the asynchronous pi calculus); it relies on two simpler
closure properties: ≈l is closed by application of evaluation contexts, and ≈l is
closed by renamings. We refer to [18] for the details.

As an immediate corollary, we can place labeled bisimilarity in our hierarchy
of equivalence, and justify its use as an auxiliary proof technique for observational
equivalence: we have that ≈l is a reduction-based bisimulation that respects
all barbs and that is closed by application of contexts, hence ≈l ⊆ ≈. This
inclusion is strict, as can be seen from the paradigmatic example of bisimilarity
equivalence:

x〈z〉 ≈ def u〈v〉 � z〈v〉 in x〈u〉

That is, emitting a free name z is the same as emitting a bound name u that
forwards all the messages it receives to z, because the extra internal move for
every use of u is not observable. On the contrary, labeled bisimilarity separates
these two processes because their respective extrusion labels reveal that z is free
and u is extruded. Since the contexts of the open join calculus cannot identify
names in messages, more powerful contexts are required to reconcile the two
semantics (see Sect. 4.5).

4.4 Asynchronous Bisimulation

In order to prove that two processes are bisimilar, a large candidate bisimula-
tion can be a nuisance, as it requires the analysis of numerous transition cases.
Although they are not necessarily context-closed, labeled bisimulations on open
chemical solutions are typically rather large. For example, a process with an
extruded name has infinitely many derivatives even if no “real” computation is
ever performed. Consider the equivalence:

def x〈u〉 | y〈v〉 � P in z〈x〉 ≈l def x〈u〉 | y〈v〉 � Q in z〈x〉

These two processes are bisimilar because their join-pattern cannot be triggered,
regardless of the messages the environment may send on x. Still, one is confronted
with infinite models on both sides, with a distinct chemical solution for every
multiset of messages that have been intruded on x so far. This problem with
labeled bisimulation motivates an alternative formulation of labeled equivalence.
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The Join Open rcham. We modify the open rcham by allowing inputs only
when they immediately trigger a guarded process. For example, the two processes
above become inert after an extrusion {x}z〈x〉, hence trivially bisimilar. If we
applied this refinement with the same labels for input as before, however, we
would obtain a dubious result. The solution x〈〉 | y〈〉 | z〈〉 � P 
{x,y} z〈〉 can
progress by first inputing two messages x〈〉 and y〈〉, then performing a silent step
that consumes these two messages together with the local message z〈〉 already
in the solution. Yet, neither x〈〉 nor y〈〉 alone can trigger the process P , and
therefore this solution would become inert, too. This suggests the use of join-
inputs on x and y in transitions such as

x〈〉 | y〈〉 | z〈〉 � P 
{x,y} z〈〉
x〈〉 | y〈〉−−−−−→ x〈〉 | y〈〉 | z〈〉 � P 
{x,y} P

On the other hand, the solution x〈〉 | y〈〉 | z〈〉 � P 
{x} z〈〉 is truly inert, since
the environment has no access to y, and thus cannot trigger P . In this case, our
refinement suppresses all input transitions.

The join open rcham is defined in Fig. 7 as a replacement for the intrusion
rule. In contrast with rule Int of Fig. 6, the new rule React-Int permits the
intrusion of messages only if these messages are immediately used to trigger a
process. This is formalized by allowing labels M ′ that are parallel compositions
of messages. If the solution contains a complementary process M such that
the combination M |M ′ matches the join-pattern of a reaction rule, then the
transition occurs and triggers this reaction rule. As for Int, we restrict intrusions
in M ′ to messages on extruded names.

We identify intrusions in the case M ′ = 0 with silent steps; the rule React
is thus omitted from the new chemical machine. Nonetheless, we maintain the
distinction between internal moves and proper input moves in the discussion. In
the sequel, we shall keep the symbol α−→ for the open rcham and use α−→J for the
join open rcham; we may drop the subscript J when no ambiguity can arise.

Each open process now has two different models: for instance, the process
def{x} x〈〉 | y〈〉 � P in 0 has no transition in the join open rcham, while it has

infinite series of transitions
x〈〉−−→ x〈〉−−→ x〈〉−−→ · · · in the open rcham. A comparison

between the two transition systems yields the following correspondence between
their intrusions:

Proposition 36. Let A be an open process.

1. If A
x1〈ṽ1〉 |··· | xn〈ṽn〉−−−−−−−−−−−→J B, then A

x1〈ṽ1〉−−−−→ · · · xn〈ṽn〉−−−−→→ B.
2. If A |x〈ũ〉 M−→J B and x ∈ xv(A), then

(a) either A M−→J A
′ with A′ |x〈ũ〉 ≡ B;

(b) or A
M | x〈ũ〉−−−−−→J B.

Accordingly, we adapt the definition of labeled bisimulation (Definition 34)
to the new join open rcham. Consider the two processes:

P
def= def x〈〉 � a〈〉 ∧ a〈〉 | y〈〉 � R in z〈x, y〉

Q
def= def x〈〉 | y〈〉 � R in z〈x, y〉
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React-Int J � P �S M
M′−−→ J � P �S Pρ

Side conditions:
ρ substitute names for rv(J), Jρ ≡ M | M ′, and dv(M ′) ⊆ S.

The rules Str-(Null,Par,And,Def) and Ext are the same as in Fig. 6.

Fig. 7. The join open rcham

and assume a /∈ fv(R). With the initial open rcham, the processes P and Q
are weakly bisimilar. With the new join open rcham and the same definition
of weak bisimulation, this does not hold because P can input x〈〉 after emitting
on z while Q cannot. But if we consider the bisimulation that uses join-input
labels instead of single ones, Q can input x〈〉 | y〈〉 while P cannot, and P and Q
are still separated. It turns out that labeled bisimulation discriminates too much
in the join open rcham.

In order to retain an asynchronous semantics, labeled bisimulation must be
relaxed, so that a process may simulate a React-Int transition even if it does
not immediately consume all its messages. This leads us to the following defini-
tion:

Definition 37. A relation R is an asynchronous simulation if, whenever A R
B, we have

1. if A
Sx〈ṽ〉−−−−→ A′ then B →∗ Sx〈ṽ〉−−−−→→∗ B′ and A′ R B′

for all labels Sx〈ṽ〉 such that fv(B) ∩ S = ∅;
2. if A M−→ A′, then B | M →∗ B′ and A′ R B′;
3. xv(A) = xv(B).

A relation R is an asynchronous bisimulation when both R and R−1 are asyn-
chronous simulations. Asynchronous bisimilarity ≈a is the largest asynchronous
bisimulation.

In the definition above, the usual clause for silent steps is omitted (it is
subsumed by the clause for intrusions with M = 0). On the other hand, a clause
explicitly requires that related solutions have the same extruded names.

Asynchronous bisimilarity and labeled bisimilarity do coincide. This validates
asynchronous bisimulation as an efficient proof technique.

Theorem 38. ≈a = ≈l.
To conclude our discussion on variants of labeled bisimulations, let us men-

tion ground bisimulation, which is obtained by restricting the intrusions to labels
that convey fresh names. As first observed in the pi calculus [23, 7, 11], asyn-
chrony brings another interesting property as regards the number of transitions
to consider: the ground variant of bisimilarities coincide with the basic one. This
property also holds in the join calculus, thus providing proof techniques with,
for every chemical solution, exactly one intrusion per extruded name when using
labeled bisimulation, and one intrusion per “active” partial join-pattern when
using asynchronous bisimulation.
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4.5 The Discriminating Power of Name Comparison

Labeled bisimilarity is finer than (reduction-based, barbed) bisimilarity equiv-
alence and, as in other process calculi, these two semantics coincide only if we
add an operator for name comparison [25, 7]. (Alternatively, we may adapt our
notion of labeled bisimilarity, as proposed by Merro and Sangiorgi [33].) In this
section, we extend the syntax of the join calculus with comparisons, in the same
style as [37].

A
def= . . . | [x=y]A P

def= . . . | [x=y]P

We also extend our chemical machines with a new reduction rule.

Compare 
S [x=x]A → 
 A

A technical drawback of this extension is that renamings do not preserve bisim-
ilarity anymore. For instance, 0 ≈l [x=y]x〈〉, while after applying the renaming
{x/y}, 0 �≈l [x=x]x〈〉. Accordingly, labeled bisimilarity is not a congruence any-
more. For instance, the context C[·] def= def z〈x, y〉 � [·] in z〈u, u〉 separates 0
and [x=y]x〈〉. We consider equivalences that are closed only by application of
evaluation contexts.

In the presence of comparisons, we still have:

Lemma 39. Labeled bisimilarity is closed by application of evaluation contexts

As regards observational equivalence, we let bisimilarity equivalence ≈be be
the largest barb-preserving bisimulation in the open join calculus with name
comparison that is closed by application of evaluation contexts. Bisimilarity
equivalence now separates x〈z〉 from def u〈v〉 � z〈v〉 in x〈u〉 by using the context
def x〈y〉 � [y=z] a〈〉 in [·], and labeled bisimilarity clearly remains finer than
bisimilarity equivalence. More interestingly, the converse inclusion also holds:

Theorem 40. With name comparison, we have ≈be = ≈l.

To establish the theorem, it suffices to show that, for every label, there is an eval-
uation context that specifically “captures” the label. Intrusions are very easy,
since it suffices to use the parallel context x〈ỹ〉 |[·]. Extrusions are more delicate:
for every output transition, the corresponding context receives the message, then
performs name comparisons between the message content and any other free
names. In contrast with output transitions, however, join calculus contexts that
receive a message on a given name must define this name. Later on, our contexts
silently forward any message from this name to another fresh name. Without
additional care, the presence of a forwarder could be detected by name compar-
ison, so we use instead a family of contexts that separate two aspects of a name.
For every name x ∈ N , we let

Rx[·]
def= def x〈ỹ〉 � x′〈ỹ〉 in vx〈x〉 |[·]

where the length of ỹ matches the arity of x. Assuming x ∈ fv(A), the process
Rx[A] uses x′ as a free name instead of x, and forwards all messages from x
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to x′. An enclosing context context should still be able to discriminate whether
the process sends the name x or some other name. This extra capability is
enabled by an auxiliary message, vx〈x〉, that can be received to compare x to
any other name. The next lemma captures the essential property of Rx[·]:

Lemma 41 (Accommodating the extrusions). For all open processes A
and B such that x �∈xv(A) ∪ xv(B) and x′, vx are not in the interface of A
and B, we have A ≈be B if and only if Rx[A] ≈be Rx[B].

Informally, the contexts Rx[·] are the residuals of contexts that test for labels
of the form {S}x〈ỹ〉. Once we have a context for every label, we easily prove
that ≈be is a labeled bisimulation. Remark that the proof of the theorem would
be much harder if we were using the other notion of bisimilarity equivalence (see
Sect. 3.1), because we would have to characterize the whole synchronization tree
at once in a single context, instead of characterizing every label in isolation. This
explains why many similar results in the literature apply only to processes with
image-finite transitions.

5 Distribution and Mobility

Although distributed programming is the main purpose of the join calculus,
the distribution of resources has been kept implicit so far. As we described its
semantics, we just argued that the join calculus had enough built-in locality to
be implemented in a distributed, asynchronous manner.

This section gives a more explicit account of distributed programming. We
extend the join calculus with locations and primitives for mobility. The resulting
calculus allows us to express mobile agents that can move between physical sites.
Agents are not only programs but core images of running processes with their
communication capabilities and their internal state. Inevitably, the resulting
distributed join calculus is a bit more complex than the core calculus of Sect. 1.

Intuitively, a location resides on a physical site, and contains a group of
processes and definitions. We can move atomically a location to another site.
We represent mobile agents by locations. Agents can contain mobile sub-agents
represented by nested locations. Agents move as a whole with all their current
sub-agents, thereby locations have a dynamic tree structure. Our calculus treats
location names as first class values with lexical scopes, as is the case for channel
names; the scope of every name may extend over several locations, and may
be dynamically extended as the result of message passing or agent mobility. A
location controls its own moves, and can move towards another location by pro-
viding the name of the target location, which would typically be communicated
only to selected processes.

Since we use the distributed join calculus as the core of a programming
language (as opposed to a specification language), the design for mobility is
strongly influenced by implementation issues. Our definition of atomic reduc-
tion steps attempts to strike some balance between expressiveness and realistic
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concerns. Except for the (partial) reliable detection of physical failures, the re-
fined operational semantics has been faithfully implemented [20, 15]. In these
notes, however, we omit any specific discussion of these implementations.

5.1 Distributed Mobile Programming

We introduce the language with a few examples that assume the same approach
to runtime distribution as in JoCaml. Execution occurs among several machines,
which may dynamically join or quit the computation; the runtime support con-
sists of several system-level processes that communicate using TCP/IP. Processes
and definitions can migrate from one machine to another but, at any given point,
every process and definition of the language is running at a single machine.

From an asynchronous viewpoint, and in the absence of partial failures, lo-
cality is transparent. Programs can be written independently of their runtime
distribution, and their visible results do not depend on their localization. In-
deed, it is “equivalent” to run processes P and Q at different machines, or to
run the compound process P |Q at a single machine. In particular, the scopes for
channel names and other values do not depend on their localization: whenever a
channel appears in a process, it can be used to form messages (using the name
either as the address, or as the message contents) without knowing whether this
channel is locally- or remotely-defined.

Of course, locality matters in some circumstances: side effects such as printing
values on the local terminal depend on the current machine; besides, efficiency
can be affected as message-sending over the network takes much longer than
local calls; finally, the termination of some underlying runtime will affect all
its local processes. For all these reasons, locality is explicitly controlled in the
language; this locality can be adjusted using migration. In contrast, resources
such as definitions and processes are not silently relocated or replicated by the
system.

In JoCaml, programs being run on different machines do not initially share
any channel name; therefore, they would normally not be able to interact with
one another. To bootstrap a distributed computation, it is necessary to exchange
a few names; this is achieved using a built-in library called the name server. Once
this is done, these names can be used to communicate some more names and to
build more complex communication patterns. (Formally, we bypass an explicit
definition of a name server, and use instead the same free names in different
locations.) The interface of the name server consists of two functions to register
and look up arbitrary values in a “global table” indexed by plain strings. For
instance, the process on the left below defines a local name cos and registers it
to the name server:

def cos(x) = 1− x2/2 in
NS.register(“cos”, cos)

let cos = NS.lookup(“cos”) in
print(cos(0.1)); . . .

Using the same key “cos”, a remote program (such as the one on the right) can
obtain the name cos then perform remote calls. The computation takes place on
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the machine that defines cos (in the example, the machine hosting the program
on the left).

More explicitly, the program defining cos may define a named location that
wraps this function definition, and may also export the location name under the
key “here”:

def here[
cos(x) = 1− x2/2 :
NS.register(“cos”, cos); . . . ] in

NS.register(“here”, here); . . .

The location definition does not affect cos, which can still be called locally
or remotely. In addition to remote access to cos, another program can now
obtain the location name here, create locally a mobile sublocation—its “agent”—
and relocate this agent to here. This makes sense, for instance, if the agent
implements processes that often call cos. The code on the client program may
be:

def f(machine) �
agent[

go machine;
def cos = NS.lookup(“cos”) in
def sum(s, n) = if n = 0 then s else sum(s+ cos(n), n− 1) in
return sum(0, 10) ]

print(f(NS.lookup(“here”))); . . .

The new statement “go location;P” causes the enclosing location to migrate as
a whole towards location’s machine before executing the following process P . In
the program above, location agent migrates with its running process towards
the machine that hosts here and cos, locally retrieves cos using the name server
and runs some computation, then eventually returns a single result to f ’s caller
on the client machine.

A more complex example is an “applet server” that provides a function to
create new instances of a library at a remote location provided by the caller. To
this end, the server creates a mobile agent that wraps the instance of the library,
migrates to the target location, and delivers the library interface once there. For
instance, the code below implements a “one-place-buffer” library with some log
mechanism:

def newOnePlaceBuffer(there) �
def log(s) = print(”the buffer is ” + s) in
def applet [

go there;
def put(v) | empty〈〉 � log(“full”); (full〈v〉 | return)
∧ get() | full〈v〉 � log(“empty”); (empty〈〉 | return v) in

empty〈〉 | return put , get to newBuf ] in
log(“created”); in

NS.register(“applet”,newOnePlaceBuffer); . . .



The Join Calculus 323

A, B ::= configurations
D �ϕ P local solution (with path ϕ and contents D and P )

|| A ‖ B parallel composition

P, Q, R ::= processes
x〈ỹ〉 asynchronous message

|| go a; P migration request
|| def D in P local definition
|| P | Q parallel composition
|| 0 inert process

D ::= join calculus definition
J � P reaction rule

|| a [D : P ] sublocation (named a, with contents D and P )
|| D ∧ D′ composition
|| � void definition

J ::= join pattern
x〈ỹ〉 message pattern

|| J | J ′ synchronization

Fig. 8. Syntax for the distributed join calculus

A simple applet client may be:

def newBuf = NS.lookup(“applet”) in
def here[

def put , get = newBuf (here) in
put(1); . . . ] in . . .

In contrast with plain code mobility, the new applet can keep static access to
channels located at the applet server; in our case, every call to the one-place
buffer is local to the applet client, but also causes a remote log message to be
sent to the applet server.

5.2 Computing with Locations

We now model locations and migrations as a refinement of the rcham. We
proceed in two steps. First, we partition processes and definitions into several
local chemical solutions. This flat model suffices for representing both local com-
putation on different sites and global communication between them. Then, we
introduce some more structure to account for the creation and the mobility of
local solutions: we attach location names to solutions, and we organize them as
a tree of nested locations. The refined syntax and chemical semantics appear in
figures 8 and 9.

Distributed Machines. A distributed reflexive chemical machine (drcham)
is a multiset of rchams. We write the global state of a drcham as several local
solutions D 
α P connected by a commutative-associative operator ‖ that
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Comm �α x〈ỹ〉 ‖ D �β → �α ‖ D �β x〈ỹ〉
Go �αa ‖ �βb go a; P → �αa ‖ �αab P

Str-Loc a[D : P ] �α � D �αa P ‖ �α

Side conditions:
in Comm, x ∈ dv(D);
in Go, b does not occur in any other path;
in Str-Loc, a does not occur in any other path
and {D}, {P} is the only content of solution αa.

The local rules are unchanged (cf. figure 2)
distributed parallel composition ‖ is associate-commutative.

Fig. 9. The distributed rcham

represents distributed composition. Each local solution is labeled by a distinct
path α—we will detail below the structure and the role of these paths.

Locally, every solution D 
α P within a drcham evolves as before, according
to the chemical rules given for the join calculus in Fig.2. Technically, the chemical
context law is extended to enable computation in any local solution, and the
side condition in Str-Def requires that globally-fresh names be substituted for
locally-defined names.

Two solutions can interact by using a new rule Comm that models global
communication. This rule states that a message emitted in a given solution α on
a channel name x that is remotely defined must be forwarded to the solution β
that contains the definition of x. Later on, this message can be used within β to
assemble a pattern of messages and to consume it locally, using a local React
step. This two-step decomposition of communication reflects the separation of
message transport and message processing in actual implementations.

In the following, we consider only drchams where every name is defined in
at most one local solution. This condition is preserved by the chemical semantics,
and simplifies the usage of rule Comm: for every message, the rule applies at
most once, and delivers the message to a unique receiving location. The actual
mapping from channel names to their defining locations is static; it is maintained
by the implementation. (In contrast, some recent models of distributed systems
detail the explicit routing of messages in the calculus [22, 14]. From a language
design viewpoint, we believe that the bookkeeping of routing information is a
low-level activity that is best handled at the implementation level. At least in
the distributed join calculus, the locality property makes routing information
simple enough to be safely omitted from the language.)

Remote Message Passing. To illustrate the use of several local solutions,
we model a simplistic “print spooler” that matches available printers and job
requests. The spooler can be described by the rule

D
def= ready〈printer〉|job〈file〉 � printer〈file〉
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We assume that there are three machines: a user machine u that issues some
print request, a server machine s that hosts the spooler D, and a laser printer p
that registers to the spooler. We let P represent the printer code. We have the
series of chemical steps:


u job〈1〉 ‖ D 
s ‖ laser〈f〉 � P 
p ready〈laser〉
Comm→ 
u ‖ D 
s job〈1〉 ‖ laser〈f〉 � P 
p ready〈laser〉
Comm→ 
u ‖ D 
s job〈1〉, ready〈laser〉 ‖ laser〈f〉 � P 
p
React→ 
u ‖ D 
s laser〈1〉 ‖ laser〈f〉 � P 
p
Comm→ 
u ‖ D 
s ‖ laser〈f〉 � P 
p laser〈1〉

The first step forwards the message job〈1〉 from the user machine u to the ma-
chine that defines job, here the spooler s. Likewise, the second step forwards the
message ready〈laser〉 to the spooler. Next, synchronization occurs within the
spooler between these two messages as a local reduction step. As a result, a new
message on the spooler is sent to the laser printer, where it can be forwarded
then processed.

From this example, we can also illustrates global lexical scope. To model that
laser is initially private to the printer machine p, we can use a preliminary local,
structural step on machine p:


p def laser〈f〉 � P in ready〈laser〉
Str-def� laser〈f〉 � P 
p ready〈laser〉

Then, the second Comm step in the series above extends the scope of laser to
the server, which gains the ability to send messages to the printer. In contrast,
the scoping rules guarantees that no other process may send such messages at
this stage.

Nested Locations. Assuming that every location is mapped to its host ma-
chine, agent migration is naturally represented as an update of this mapping
from locations to machines. For instance, a location that contains the running
code of a mobile agent may migrate to the machine that hosts another location
providing a particular service.

Our model of locality is hierarchical, locations being attached to a parent
location rather than a machine. A migration request is expressed using the pro-
cess go(a);P where a is the name of the target location and P is a guarded
process triggered after completing the migration. The migration is “subjective”,
as defined by Cardelli [14], inasmuch as it applies to the location that runs the
process go(a);P and its sublocations.

As regards distributed programming, there are many situations where sev-
eral levels of moving resources are useful. For example, the server itself may
sometimes move from one machine to another to continue the service while a
machine goes down, and the termination of a machine and of all its locations can
be modeled using the same mechanism as a migration. Also, some agents natu-
rally make use of sub-agents, e.g., to spawn some parts of the computation to
other machines. When a mobile agent returns to its client machine, for instance,
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it may contain running processes and other resources; logically, the contents of
the agent should be integrated with the client: later on, if the client moves, or
fails, this contents should be carried away or discarded accordingly.

From the implementer’s viewpoint, the hierarchical model can be imple-
mented as efficiently as the flat model, because each machine only has to keep
track of its own local hierarchy of locations. Nonetheless, the model provides ad-
ditional expressiveness to the programmer, who can assemble groups of resources
that move from one machine to another as a whole. This may explain why most
implementations of mobile objects provide a rich dynamic structure for control-
ling migration, for instance by allowing objects to be temporarily attached to
one another (cf. [27, 26]).

Consider for instance the case of concurrent migrations: a client creates an
agent to go and get some information on a server; in parallel, the server goes to
another machine.

– With a flat location structure, the migration from the client to the server
must be dynamically resolved to a migration to a particular machine, e.g. the
machine that currently hosts the server. In the case the server moves after
the arrival of the agent, the agent is left behind. That is, the mapping from
locations to machines depends on the scheduling of the different migrations,
and the migration to the server yields no guarantee of being on the same
machine as the server.

– With a hierarchical structure, the ordering of nested migrations becomes
irrelevant, and the agent is guaranteed to remain with the server as long as
the agent does not explicitly request another migration, even as the server
moves.

Relating Locations to Local Chemical Solutions. We must represent lo-
cations both as syntactic definitions (when considered as a sublocation, or in a
guarded process) and as local chemical solutions (when they interact with one an-
other). We rely on location names to relate the two structures. We assume given
a countable set of location names a, b, . . . ∈ L. We also write α, β, ab, αb, . . . ∈ L∗

for finite strings of location names, or paths. Location names are first-class val-
ues. Much as channel names, they can be created locally, sent and received in
messages, and they have a lexical scope. To introduce new locations, we extend
the syntax of definitions with a new location constructor:

D
def= . . . | a [D′ :P ]

where D′ gathers the definitions of the location, where P is the code running in
the location, and where a is a new name for the location. As regards the scopes,
a [D′ :P ] defines the name a and the names defined in D′.

Informally, the definition a [D′ :P ] corresponds to the local solution D′ 
βa
P , where β is the path of D’s local solution. We say that 
α is a sublocation of

β when β is a prefix of α. In the following, drchams are multisets of solutions
labeled with paths α that are all distinct, prefix-closed, and uniquely identified
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by their rightmost location name, if any. These conditions ensure that solutions
ordered by the sublocation relation form a tree.

The new structural rule Str-Loc relates the two representations of loca-
tions. From left to right, the rule takes a sublocation definition and creates a
running location that initially contains a single definition D and a single running
process P . From right to left, Str-loc has a “freezing” effect on location a and
all its sublocations. The rule has a side condition that requires that there is no
solution of the form 
ψaφ in the implicit chemical context for any ψ, φ in L∗; in
contrast, the definition D may contain sublocations. The side condition guaran-
tees that D syntactically captures the whole subtree of sublocations in location a
when the rule applies. Note that the rule Str-def and its side condition also
apply to defined location names. This guarantees that newly-defined locations
are given fresh names, and also that locations that are folded back into defining
processes do not leave any running sublocation behind.

In well-formed drchams, we have required that all reaction rules defining
a given channel name belong to a single local solution, and that all local solu-
tions have distinct paths. With the addition of frozen locations in solution, we
also require that locations in solution all have distinct location names that do
not appear in the path of any local solution. We constrain the syntax of defini-
tions accordingly: in a well-formed definition, for all conjunctions D ∧ D′, we
require that dv(D) ∩ dv(D′) contain only port names that are not defined in
a sublocation of D or D′. For instance, the definitions a [� :0] ∧ a [� :0] and
a [x〈〉 � P ∧ b [x〈〉 � Q :0] :0] are ruled out.

As an example of nested locations, we describe a series of structural rear-
rangements that enable some actual reduction steps. We assume that a does not
occur in Pc or Q.


 def c
[
x〈u〉 � Q ∧ a [Da :Pa] : Pc

]
in y〈c, x〉|x〈a〉

Str-Def� c
[
x〈u〉 � Q ∧ a [Da :Pa] : Pc

]

 y〈c, x〉|x〈a〉

Str-Loc� x〈u〉 � Q ∧ a [Da :Pa] 
c Pc 
 y〈c, x〉|x〈a〉
Str-Def,Par� x〈u〉 � Q, a [Da :Pa] 
c Pc 
 y〈c, x〉, x〈a〉

Str-loc� Da 
ca Pa x〈u〉 � Q 
c Pc 
 y〈c, x〉, x〈a〉
Comm→ Da 
ca Pa x〈u〉 � Q 
c Pc, x〈a〉 
 y〈c, x〉
React→ Da 
ca Pa x〈u〉 � Q 
c Pc, Q{a/u} 
 y〈c, x〉
� 
 def c

[
x〈u〉 � Q : Pc|def a [Da :Pa] in Q{a/u}

]
in y〈c, x〉

Now that the bookkeeping of the location tree is handled as a special case of
structural rearrangement, we can express migration as the relocation of a branch
in the location tree. We extend distributed chemical semantics with a second
reduction rule that operates on two chemical solutions (rule Go). Informally,
location b moves from its current position βb in the tree to a new position αab
just under the location name a passed to the migration request. The target
solution 
αa is identified by its name a. Once b arrives, the guarded process P is
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triggered. The side condition forces the preliminary application of rule Str-Loc
to fold any sublocation of a, and thus guarantees that the branch moves as a
whole.

5.3 Attaching Some Meaning to Locations

In the machine above, the locality structure is mostly descriptive: the distributed
semantics keeps track of locality information, but the location of a particular
process or definition does not affect the result of the computation, at least for the
observables studied in Sect.2. Formally, we can erase any locality information and
relate the simple semantics to the distributed semantics. (Some care is required
to rule out migration attempts towards one’s own sublocation, which may delay
or block some processes.)

To conclude, we briefly present two refined models where locality has an
impact on the computation and can be partially observed.

Partial Failure and Failure-Detection. Our calculus can be extended with
a simple “fail-stop” model of failure, in the spirit of Amadio’s model for the
pi calculus [8, 6], where the crash of a physical site causes the permanent failure
of its processes and definitions. In the extended model, a location can halt with
all its sublocations. The failure of a location can also be asynchronously detected
at any other running location, allowing programmable error recovery.

We supplement the syntax of distributed processes with constructs for failure
and asynchronous failure detection:

P,Q,R ::= processes
. . . (as in Fig. 8)

|| halt local failure
|| fail a;P remote failure detection

We also put an optional “has failed” marker Ω in front of every location name
in paths, and add a side condition “the path does not contain Ω” in front of
every chemical reduction rule (that is, a failed location and its sublocations
cannot migrate, communicate, or perform local steps). In addition, we provide
two chemical rules for the new constructs:

Halt 
αa halt → 
αΩa

Detect 
αa ‖ 
βb fail a;P → 
αa ‖ 
βb P

with side conditions: in Halt, a does not occur in any other path and the
marker Ω does not occur in α; in Go, the marker Ω occurs in α but not in β.

Inasmuch as the only reported failures are permanent location failures, the
programming model remains relatively simple4. For instance, the single delivery
of every message is guaranteed unless the sender fails, and thus the program-
mer can consider larger units of failure. Besides, failure-detection provides useful
4 In addition, timeouts are pragmatically useful, but they are trivially modeled in

an asynchronous setting—they are ordinary non-deterministic reduction steps—and
they do not provide any negative guarantee.
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negative information: once a location failure is detected, no other location may
interact with it, hence its task may be taken over by another location without in-
terfering with the failed location. The model of failure is only partially supported
in JoCaml (some failures may never be reported).

Authentication and Secrecy. Interpreting locations as security boundaries,
or “principals”, we have also developed a model of authentication for a variant
of the join calculus [3]. In this variant, we consider only a flat and static parallel
composition of locations.

As in the distributed join calculus, every name “belongs” to the single loca-
tion that defines it, hence only that location can receive messages sent on that
name, while other locations cannot even detect those messages. In addition, ev-
ery message carries a mandatory first parameter that contains a location name,
meant to be the name of the sending location, and used by the receiver to au-
thenticate the sender. These properties are both enforced by a modified Comm
rule:

Secure-Comm 
a x〈c, ỹ〉 ‖ Dx 
b → 
a ‖ Dx 
b x〈a, ỹ〉

where x is (uniquely) defined in Dx. Remark that the first parameter c is over-
written with the correct sender identity a, much as in Modula 3’s secure network
objects [50].

These secrecy and authenticity properties provide a strong, abstract ba-
sis for reasoning on the security of distributed programs, but their semantics
depends on global chemical conditions that are not necessarily met in practi-
cal implementations—when communicating with an untrusted remote machine,
there is no way to check that it is running a correct implementation. This deli-
cate implementation is actually the main issue in [3], where we show that those
strong properties can be faithfully implemented using standard cryptographic
primitives, with much weaker assumptions on the network. This result is ex-
pressed in terms of bisimilarity equivalences.
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An Introduction to Functional Nets
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Abstract. Functional nets combine key ideas of functional program-
ming and Petri nets to yield a simple and general programming nota-
tion. They have their theoretical foundation in Join calculus. This paper
gives an overview of functional nets as a kernel programming language,
it presents an object-based version of Join calculus, and it shows how
the two relate.
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Over the last decades an operational view of program execution based on rewrit-
ing has become widespread. In this view, a program is seen as a term in some
calculus, and program execution is modeled by stepwise rewriting of the term ac-
cording to the rules of the calculus. The operational semantics still has to be com-
plemented with a logic for program verification and a collection of laws of pro-
gramming. This view is exemplified in functional programming [Bac78,Hud89],
in modern theories of objects [AC96], as well as in concurrent systems based on
message passing such as CSP [Hoa85], CCS [Mil80] or π-calculus [MPW92].

Ideally, the terms of a programming notation should match closely the terms
of the underlying calculus, so that insights gained from the calculus can immedi-
ately be applied to the language. This aim guided the design of modern functional
languages such as Scheme [ASS84], ML [Pau91], or Haskell [Bir98], based on λ-
calculus, as well as concurrent languages such as Occam [Ker87], based on CSP,
or Pict [PT97] and Piccola [AN00], which are based on π-calculus.

These notes give an introduction to functional nets which support func-
tional, object-oriented, and concurrent programming in a simple calculus based
on rewriting. Functional nets arise out of a combination of key ideas of functional
programming and Petri nets [Rei85]. As in functional programming, the basic
computation step in a functional net rewrites function applications to function
bodies. As in Petri-Nets, a rewrite step can require the combined presence of
several inputs (where in this case inputs are function applications). This fusion
of ideas from two different areas results in a style of programming which is at
the same time very simple and very expressive.

Functional nets have a theoretical foundation in join calculus
[FG96,FGL+96]. They have the same relation to join calculus as classical
functional programming has to λ-calculus. That is, functional nets constitute
a programming method which derives much of its simplicity and elegance
from close connections to a fundamental underlying calculus. λ-calculus
[Chu51,Bar84] is ideally suited as a basis for functional programs, but it can
support mutable state only indirectly, and nondeterminism and concurrency
not at all. The pair of join calculus and functional nets has much broader
applicability – functional, imperative and concurrent program constructions are
supported with equal ease.

The purpose of these notes is two-fold. First, they aim to promote functional
nets as an interesting programming method of wide applicability. We present
a sequence of examples which show how functional nets can concisely model
key constructs of functional, imperative, and concurrent programming, and how
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they often lead to better solutions to programming problems than conventional
methods.

Second, the notes develop concepts to link our programming notation of
functional nets with the underlying calculus. To scale up from a calculus to
a programming language, it is essential to have a means of aggregating func-
tions and data. We introduce qualified definitions as a new syntactic construct
for aggregation. In the context of functional nets, qualified definitions provide
more flexible control over visibility and initialization than the more conventional
record- or object-constructors. They are also an excellent fit to the underlying
join calculus, since they maintain the convention that every value has a name.
We will present object-based join calculus, an extension of join calculus with
qualified definitions. This extension comes at surprisingly low cost, in the sense
that the calculus needs to be changed only minimally and all concepts carry over
unchanged. By contrast, conventional record constructors would create anony-
mous values, which would be at odds with the name-passing nature of join.

The notation for writing examples of functional nets is derived from Funnel
[AOS+00], a small language which maps directly into our object-based extension
of join. An implementation of Funnel is publicly available. There are also other
languages which are based in some form on join calculus, and which express
the constructs of functional nets in a different way, e.g. Join [FM97] or JoCaml
[Fes98]. We have chosen to develop and present a new notation since we wanted
to support both functions and objects in a way which was as simple as possible.

The rest of this tutorial is structured as follows. Section 1 introduces a purely
functional subset of functional nets. Section 2 presents the full formalism which
supports concurrent execution. Section 3 shows how functional nets model im-
perative programming. Section 4 presents a collection of process synchroniza-
tion techniques implemented as functional nets. Section 5 presents object-based
join calculus. Section 6 explains how the high-level language is mapped to that
calculus. Section 7 discusses how classes Section 8 discusses related work and
concludes.

1 Functions and Objects

In functional programming, the fundamental execution step rewrites a function
application to a function body, replacing formal parameters with actual argu-
ments. For example, consider the usual definition of a min function

def min (x: Int, y: Int) = if (x < y) then x else y

and the program min (4, 3). Three rewrite steps are needed to reduce the program
to its answer “3”:

min (4, 3)
→ if (4 < 3) then 4 else 3
→ if (false) then 4 else 3
→ 3



336 Martin Odersky

The first of these steps rewrites a function application, and the other two steps
rewrite the built-in operator < and the built-in conditional expression. In prin-
ciple, the built-ins can themselves be represented as functions, so that one can
do with only the rewrite rule for function applications. In practice, one simply
assumes appropriate reduction rules for built-ins. In the following, we let → de-
note single-step reduction by application of a single rewrite rule. →→ will denote
multi-step reduction by application of 0 or more rules.

When one has nested function applications, one has a choice which applica-
tion to evaluate first. We will follow a strict evaluation strategy which evaluates
all function arguments before rewriting the application. E.g. min (4, min (3, 5))
rewrites as follows.

min (4, min (3, 5)) →→ min (4, 3) →→ 3

Some functional languages, such as Haskell, follow a lazy strategy instead,
where arguments are passed unevaluated.

1.1 Aggregation

Functions in Funnel can be aggregated to form records. Here is an example of a
record type (with several more functions left out for brevity):

newtype Complex = {
def re: Float
def im: Float
def plus (c: Complex): Complex

}
This defines a new type of records containing three functions as fields, re,

im, and plus. Functions re and im are parameter-less, whereas plus takes a sin-
gle parameter of type Complex. A complex number can be constructed using a
function like makeComplex:

def makeComplex (r: Float, i: Float): Complex = {
def re = r
def im = i
def plus (c: Complex) = makeComplex (re + c.re, im + c.im)

}
Values of type complex can then be formed by calling the constructor func-

tion:
val one = makeComplex (1.0f, 0f)
val i = makeComplex (0f, 1.0f)

Value definitions like these evaluate their right hand sides, binding it to the
name given on the left-hand side. Contrast this with a parameterless function
definition like

def oneExp = makeComplex (1.0f, 0f)
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This definition does not entail any evaluation itself, but each time oneExp is used
the right-hand side is evaluated anew.

As usual, fields of record values are selected by an infix period. E.g. the
expression one.plus (i) evaluates to the complex number 1 + i.

1.2 Objects

So far, our notation was explained in terms of functions and records. Equally
well, one could have used object-oriented terminology. Records are then called
objects, and their fields (which are always functions in our case) are called meth-
ods. Unlike in many object-oriented programming languages, there is no need for
a special syntactic form for object construction such as new. Instead, an object
is simply defined by constructing its record of methods. The construction can be
wrapped in a function itself, as was demonstrated by the case of makeComplex.
Furthermore, the record methods may refer to variables bound in their environ-
ment. For instance, the methods in the record created by makeComplex refer to
the parameters of makeComplex.

Looking at the situation from an implementation viewpoint, this has two con-
sequences. First, since the created record survives the execution of the enclosing
creator function, it will have to be stored in the heap rather than on the stack.
Second, together with the record one needs to store the values of makeComplex’s
actual parameters, since these values can be accessed during evaluation of the
record’s methods. A good place to store these environment variables is as in-
stance variables of the created heap object itself. The methods, on the other
hand, need not be allocated once per call to makeComplex. Since their code is
the same each time makeComplex is called, one can share their implementation
among all calls to makeComplex. A record can thus be represented by a method
table and an environment, as it is depicted on the left side of Figure 1. When
calling a method, the environment is passed as additional parameter. This is very
similar to the closure representation used in functional programming for first-
class functions. The only difference is that a closure consists of an environment
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and a single function code pointer, whereas our record representation shares a
single environment between all methods of a record.

One can also eliminate the indirection to the environment by making the
method pointer itself the first entry of the environment. A record is then identi-
fied by just a pointer to its environment. This situation is depicted on the right
of Figure 1. It corresponds exactly to the standard object layout used in many
object-oriented languages. Two differences remain, however. First, fields of an
environment are local to the object itself, so that they can be accessed only
through a method of the record. In object-oriented terms, one would say that all
instance variables are private1. Second, fields in an environment are always im-
mutable, reflecting the purely functional nature of the language presented so far.
The next sections will introduce a richer language which lets us express mutable
variables. But for now we stay in the purely functional subset.

Record type definitions with newtype can be recursive, as is shown in the
following definition of a type for lists.

newtype SimpleList [t] = {
def isEmpty: Boolean
def head: t
def tail: SimpleList [t]

}

This says that a SimpleList is a record consisting of three functions. Function
isEmpty returns true iff the list is empty, function head returns the first element
of a (nonempty) list and function tail returns the list consisting of all elements
but the first one. The definition has a type parameter ‘t’ which represents the
element type of the list. To distinguish type parameters from value parameters,
we always enclose the former in square brackets [...]. Both types and functions
can have type parameters.

Given a definition of lists as above, how can values of the type be defined?
As in the case of makeComplex, we create constructor functions for lists. Two
constructor functions are needed, depending on whether the constructed list is
empty or not. The following code defines the two list constructors Nil and Cons.

val SimpleList = {
def Nil [t]: SimpleList [t] = {

def isEmpty = true
def head = error (”Nil.head”)
def tail = error (”Nil.tail”)

}

1 Actually, the term private does not have a standard meaning in OOP. In Simula
or Smalltalk a private field can only be accessed from within methods of the same
object, whereas in Java or C++ it can be accessed from any object which is a
direct instance of the class which defined the field. Our scheme implements the
Simula/Smalltalk meaning of the term.
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def Cons [t] (x: t, xs: SimpleList [t]): SimpleList [t] = {
def isEmpty = false
def head = x
def tail = xs

}}

The Nil function creates an empty list. Taking the head or tail of such a
list results in an error, which is expressed here by calling the predefined error
function. The Cons function creates a list consisting of a given head x and a
given tail xs.

The constructors Nil and Cons are themselves methods of a record value called
SimpleList. The SimpleList record value acts as a module, which provides the
constructors of the list data type. Clients of the SimpleList module then construct
lists using qualified names SimpleList.Nil and SimpleList.Cons. Examples:

def length [t] (xs: SimpleList [t]): Int =
if (xs.isEmpty) then 0
else 1 + length (xs.tail)

def append [t] (xs: SimpleList [t], ys: SimpleList [t]): SimpleList[t] =
if (xs.isEmpty) then ys
else SimpleList.Cons (xs.head, append (xs.tail, ys))

Note that Nil, Cons, length and append are polymorphic – they work for lists
with arbitrary element types. The element type is represented in each case in
the type parameter [t], which precedes any value parameters of the functions.
When applying polymorphic functions, one can supply an actual instance type
for the type parameter, as in

val xs: SimpleList[Int] = SimpleList.Cons [Int] (1, SimpleList.Nil [Int])
append [Int] (xs, xs)

But it is also possible to omit the actual type parameter, if that parameter
can be inferred from the types of function’s value parameters or its result type.
A local type inference system [PT98,OZZ01] infers type arguments in function
applications and parameter types in some local function abstractions. Unlike
the Hindley/Milner type inference system [Mil78,DM82], which works by solv-
ing global equality constraint by unification, local type inference relies only on
local constraint solving and type propagation. Local type inference can be ex-
tended to richer languages than Hindley/Milner but generally requires more type
information in the program to be given.

1.3 Algebraic Datatypes

Actually, it is possible to define lists with even fewer basic methods. It would
be sufficient to have a single method match which takes a visitor [GHJV94]
record as argument. Depending on whether the list was empty or not, one of two
methods of the visitor would be invoked. This structure essentially models the
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algebraic data types found in many functional languages, with the visitor taking
over the role of a pattern matching case expression. Here is a new type for lists
constructed along these lines:

newtype List[t] = {
def match [r] (v: ListVisitor [t,r]): r

}

A visitor encodes the branches of a pattern matching case expression. It is
represented as a record with one method for each branch. For instance, a visitor
for lists would always have two methods, Nil and Cons:

newtype ListVisitor [t, r] = {
def Nil: r
def Cons (x: t, xs: List [t]): r

}

The intention is that the match method in List would call either the Nil method
or the Cons method of its visitor argument, depending what kind of list was
encountered. If the encountered list resulted from a Cons we also need to pass
the arguments of the original Cons to the visitor’s Cons.

Using match, one can write length and append over lists as follows:

def length [t] (xs: List [t]): Int = xs.match {
def Nil = 0
def Cons (x, xs1) = 1 + length (xs1)

}
def append [t] (xs: List[t], ys: List[t]): List[t] = xs.match {

def Nil = ys
def Cons (x, xs1) = List.Cons (x, append (xs1, ys))

}

More generally, every function over lists can be defined in terms of match.
It only remains to implement this method. Clearly, its behavior will depend on
whether it is called on an empty or non-empty list. Therefore, we define two list
constructors Nil and Cons, with two different implementations for match. The
implementations are straightforward:

val List = {
def Nil [t]: List [t] = { def match v = v.Nil }
def Cons [t] (x: t, xs: List[t]): List [t] = { def match v = v.Cons (x, xs) }

}

In each case, match simply calls the appropriate method of its visitor argument
v, passing any parameters along.

Note that the qualification with List in the visitor record in functions length
and append lets us distinguish the constructor Cons, defined in List, from the
visitor method Cons, which is defined locally.
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1.4 List Methods

Actually, one could equally well define length and append as methods of List
objects. The following example enriches the List with these and other methods.

newtype List [t] = {
def match [r] (v: ListVisitor [t, r]): r

def isEmpty: Boolean
def head: t
def tail: List [t]

def length: Int
def append (ys: List [t]): List [t]
def filter (p: t → Boolean): List [t]
def map [r] (f: t → r): List [r]

}

The constructors List.Nil and List.Cons now define in addition to match special-
ized implementations of all other methods in List’s type:

val List = {
def Nil [t]: List [t] = {

def match (v) = v.Nil
def isEmpty = true
def head = error (”Nil.head”)
def tail = error (”Nil.tail”)
def length = 0
def append (ys) = ys
def filter (p) = Nil
def map (f) = Nil

}
def Cons [t] (x: t, xs: List[t]): List [t] = {

def match (v) = v.Cons (x, xs)
def isEmpty = false
def head = x
def tail = xs
def length = 1 + xs.length
def append (ys) = Cons (x, xs.append (ys))
def filter (p) = if (p (x)) then Cons (x, xs.filter (p)) else xs.filter (p)
def map (f) = Cons (f (x), xs.map (f))

}
}

2 Forks and Joins

The subset of the Funnel language we have seen so far was purely functional.
There was no way to express a side effect or a concurrent computation of several
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threads. We now extend Funnel to make it into a general purpose program-
ming language in which these concepts can be expressed. Surprisingly little new
mechanism is needed for these extensions. We will concentrate in this section on
basic concurrency constructs. In the next section, we will show how the same
constructs also support imperative programming.

Any concurrent language needs an operator to initiate parallel computation.
We introduce for this purpose the fork operator &. The term A & B executes its
operands A and B in parallel.

A concurrent language also needs mechanisms for synchronizing threads run-
ning in parallel and for communications between them. A large number of differ-
ent methods for doing this have been proposed. We use here the following simple
scheme which fits very well with the functional approach we have followed so
far. We admit the & operator not only in function bodies on the right hand side
of a rewrite rule, but also in function headers on the left-hand side of a rewrite
rule. For instance, the definition

def a (x: Int) & b (y: Int) = c (x + y) & d ()

would be interpreted as follows: “If there are two concurrent calls to functions
a(x) and b(y), then these calls are to be replaced by two concurrent evaluations
of c(x + y) and d(). As long as there is only one call to a or b this call will block
until its partner in the rule is also called. An occurrence of & on the left-hand
side of a definition is called a join, since it’s effect is the joining of two previously
independent threads of computation. Consequently, a left-hand side containing
& symbols is also called a join pattern.

2.1 Asynchronous Channels

As a first example of join synchronization, consider an implementation of an
asynchronous channel, which connects a set of producers with a set of consumers.
Producers call a function put to send data to the channel while consumers call a
function get to retrieve data. An implementation of a channel is realized by the
following simple functional net.

def get: T & put (x: T) = x

This definition jointly defines the two functions get and put. Only put takes
a parameter, and only get returns a result. We call result-returning functions
like get synchronous , whereas functions like put are called asynchronous. The
definition rewrites two concurrent calls to put (x) and get to the value x, which
is returned to the caller of the get operation. Generally, only the first function
in a join pattern can return a result, all other functions are asynchronous. Like-
wise, only the first operand of a fork can return a result, all other operands are
asynchronous or their result is discarded.

Here is an example of a program that uses the channel abstraction.

def get: Int & put (x: Int) = x
def P: nil = { val x = get ; P & put (x + 1) }
P & put (1)
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The program repeatedly reads out a number which was sent to a channel and
sends back the number incremented by one. Initially, the number 1 is sent to the
channel. A reduction of this program starts with the following steps (where we
abbreviate the above definitions of get, put and P to def D).

def D; P & put (1)

→ (by rewriting P to its definition)

def D; { val x = get ; P & put (x + 1) } & put (1)

→ (by joining put (1) and get)

def D; val x = 1 ; P & put (x + 1)

→ (by expanding the val)

def D; P & put (1 + 1)

→ (by numeric simplification)

def D; P & put (2)

→ (by rewriting P to its definition)

def D; { val x = get ; P & put (x + 1) } & put (2)

→ ...

This program is still deterministic, in the sense that at each point only one
reduction is possible. But we can change this by adding another process Q:

def get: Int & put (x: Int) = x
def P: nil = { val x = get ; P & put (x + 1) }
def Q: nil = { val x = get ; Q & put (x – 1) }
P & Q & put (1)

There are now many possible reduction sequences of this program, since ei-
ther P or Q, but not both, can react via their get operation with a previous
put operation. The sequence in which the two processes execute is arbitrary,
controlled only by the channel’s rewrite rules. Generally, we do not assume fair-
ness, so that it would be possible for P to execute infinitely often without any
intervening execution of Q (or vice versa).

Channels can be turned into reusable abstractions by packing their operations
in a record with a type parameterized with the type of messages:

newtype Channel [t] = {
def get: t
def put (x: t): nil

}
def newChannel [t]: Channel [t] = {

def get & put (x) = x
}
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2.2 Buffers

The asynchronous channel suffers from a potentially unbounded pile-up of un-
delivered messages if messages are produced at a higher rate than they are
consumed. This problem is avoided in bounded buffers which limit the number
of unconsumed messages to some given number. For instance, the following func-
tional net implements a one-place buffer in which the number of put operations
cannot exceed the number of get operations by more than one:

def get: T & full (x: T) = x & empty,
put (x: T): () & empty = () & full (x)

There are two definitions which define four functions. Functions put and get are
meant to be called from the producer and consumer clients of the buffer. The
other two functions, full and empty, reflect the buffer’s internal state, and should
be called only from within the buffer.

In contrast to the situation with asynchronous channels, both get and put
are now synchronous functions. The put operation returns the empty tuple ()
as its result. Its result type, also written (), consists of just this single value.
Functions that return () are called procedures. The explicit () result is important
since it tells us that the call to procedure put has terminated. By contrast, the
put function of the asynchronous channel above does not return anything, and
therefore its termination cannot be observed. Functions that do not return are
called asynchronous. Their static return type is the empty type, written nil.

The ”side effecting” part of the expression is full (x). Like empty, full is an
asynchronous function. It’s sole purpose is to enable calls to get and to pass the
stored element x along.

2.3 Qualified Definitions

When faced with the task of turning one-place buffers into a reusable abstraction,
we encounter some problems. First, not all functions of a one-place buffer should
be turned into methods of a record – empty and full should remain hidden.
Furthermore, before using a buffer abstraction we also need to initialize it by
invoking the empty method. But empty is supposed to be internal, hence it
cannot be initialized from outside! One possible solution would be to have a
local definition of the four functions making up a buffer and then constructing a
record with the get and put methods, which forward to the corresponding local
method. But the code for this, presented below, is rather cumbersome.

type Buffer [t] = {
def get: t
def put (x: t): ()

}
def newBuffer [t]: Buffer [t] = {

def get’ & full (x: t) = x & empty,
put’ (x: t) & empty = () & full (x);

{ def get = get’, put (x) = put’ (x) } & empty
}
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A more streamlined presentation can be obtained using qualified definitions.
Qualified definitions mirror the qualified names used for accessing record ele-
ments. As an example, consider a re-formulation of the newBuffer function.

def newBuffer [t]: Buffer [t] = {
def this.get & full (x: t) = x & empty,

this.put (x: t) & empty = () & full (x);
this & empty

}

The left-hand side of a definition can now contain not just simple identifiers
but qualified names like this.get and this.put. In the above example the local
definition thus introduces the three names this, full, and empty. this represents
a record with two fields, get and put, while empty and full represent functions.
Note that the naming of this is arbitrary, any other name would work equally
well. Note also that empty and full are not methods of the record returned from
newBuffer, so that they can be accessed only internally.

A Note on Precedence. We assume the following order of precedence, from strong
to weak:

( ) (.)
(&)
(=)
(,)
(;)

That is, function application binds strongest, followed by parallel composition,
followed by the equal sign, followed by comma, and finally followed by semicolon.
Other standard operators such as +, ∗, == fall between function application and
& in their usual order of precedence. When precedence risks being unclear, we’ll
use parentheses to disambiguate.

A Note on Indentation. As a syntactic convenience, we allow indentation instead
of ;-separators inside blocks delimited with braces { and }. Except for the sig-
nificance of indentation, braces are equivalent to parentheses. The precise rules
are: (1) In a block delimited with braces a semicolon is inserted in front of any
non-empty line which starts at the same indentation level as the first symbol
following the opening brace, provided the symbol before the insertion point can
be followed by a semicolon and the next symbol can be preceded by one. The
only modification to this rule is: (2) If inserted semicolons would separate two
def blocks, yielding def D1 ; def D2 say, then the two def blocks are instead
merged into a single block, i.e. def D1, D2. (3) The top level program is treated
like a block delimited with braces, i.e. indentation is significant.

With these rules, the newBuffer example can alternatively be written as fol-
lows.
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def newBuffer [t]: Buffer [t] = {
def this.get & full (x: t) = x & empty
def this.put (x: t) & empty = () & full x
this & empty

}

Rule (1) allows us to drop the semicolon after the local definition. With
modification (2), one can use def’s in front of several defined functions which
are conceptually part of a single definition. Which of the two styles is preferable
is a matter of taste. Generally, the style with a single def works better for small
definitions, whereas the style using indentation and multiple def’s tends to be
easier to read if the individual definitions span many lines.

It is also possible to define several record names in a single definition. For
instance, the following function would define a buffer with two aspects, one to
be used by a consumer, the other to be used by a producer.

def newSplitBuffer [t] = {
def outBuf.get & full (x: t) = x & empty,

inBuf.put (x: t) & empty = () & full (x)
(inBuf, outBuf) & empty

}

The newSplitBuffer function returns two names: inBuf, which names a record
with the single field put, and outBuf, which also names a record with the single
field get.

The identifiers which occur before a period in a join pattern always define
new record names, which are defined only in the enclosing definition. It is not
possible to use this form of qualified definition to add new fields to a record
defined elsewhere.

We can now explain the anonymous form of record definition as an implicit
qualified definition, where every defined method is prefixed with the name of the
record being defined. I.e. the newChannel function given above would be regarded
as syntactic sugar of the following expanded version:

def newChannel [t]: Channel [t] = {
def this.get & this.put (x) = x
this

}

The new interpretation gives up structured record values as a primitive lan-
guage feature, replacing it by simple names. This view is a good fit with the join
calculus theory underlying functional nets, since that calculus also represents
every intermediate result with a name. This is further explained in Section 5.

A simple usage of the one-place buffer abstraction is illustrated in the fol-
lowing example.
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def newBuffer [t]: Buffer [t] = {
def this.get & full x = x & empty,

this.put (x) & empty = () & full x
this & empty

}
val b: Buffer [Int] = newBuffer
def P (i: Int): nil = { b.put (i) ; P (i + 1) }
def Q (i: Int): nil = { val x = b.get ; Q(x + i) }
P (0) & Q (0)

Process P writes consecutive integers to the buffer b, which are read and
summed up by process Q.

3 Mutable State

The mechanisms introduced so far are also sufficient to explain imperative pro-
gramming, where programs manipulate a state of mutable variables. After all,
a mutable variable can be easily modeled as a functional net with the following
two defining equations.

def value: T & state (x: T) = x & state (x),
update (y: T) & state (x: T) = () & state (y)

The structure of these equations is similar to the one-place buffer in Section 2.
The two synchronous functions value and update access and update the variable’s
current value, which is carried along as a parameter to the asynchronous function
state.

The function state in the above definition appears on the left-hand sides of
both equations. There is nothing strange about this. Remember that equations
are rewrite rules. It is certainly possible for a function symbol to appear on the
left-hand side of more than one rewrite rule, as long as all such rules form part of
the same def block. On the other hand, it is not allowed that the same function
appears several times in a single join pattern, i.e. def state (x) & state (y) = ...
would be illegal.

Building on these definitions, we can create an abstraction for first-class
mutable variables (also called a reference cells). The abstraction defines a type
Ref [t] for reference cells and a function newRef for creating them. Here are the
details.

newtype Ref [t] = {
def value: t
def update (y: t): ()

}
def newRef [t] (initial: t) = {

def this.value & state (x: t) = x & state (x),
this.update (y: t) & state (x: t) = () & state (y)

this & state (initial)
}
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As a simple usage example consider the following program which creates a
reference and defines and applies an increment function for it:

val r: Ref [Int] = newRef (0)
def increment = r.update (r.value + 1)
increment

3.1 Variables

The last program shows that while it is possible to use references, it is certainly
not very pleasant. To obtain a more conventional and streamlined notation we
introduce the following syntactic abbreviations:

– The definition var x := E expands to the three definitions
val x = newRef (E)
def x = x.value
def x := = x.update

The first of these creates a reference cell while the second and third defini-
tions introduce an accessor function x and an update function x :=. Only the
last two names are visible whereas the name of the reference cell x is meant
to be inaccessible for user programs.

– Analogously, a signature var x: T in a record type expands to a pair of
signatures for the accessor and update function.

def x : T, x := : T→()
– Simple assignment expressions x := E expand to simple calls of the update

function, e.g. x :=(E).
– Qualified assignment expressions Q.x := E expand to qualified calls of the

update function, e.g. Q.x :=(E).

With these expansions one can write programs using a customary syntax for
variable definition and access. For instance, the previous increment program can
now be written more concisely as follows.

var count := 0
def increment = count := count + 1
increment

3.2 Loops

The second important aspect of imperative programming are its loop control
structures. In principle, such structures can be written as higher-order functions,
thus implementing directly their standard definitions. For instance, here is an
implementation of a function for while loops:

def while (cond: ()→Boolean) (body: ()→()): () =
if (cond ()) then { body () ; while (cond) (body) } else ()
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And here is a usage example, which employs two anonymous functions for
the condition and the body of the loop.

def exp (x: Int, y: Int) = {
var m := 1
var n := y
while (|n > 0) (| m := m ∗ x ; n := n – 1 )
m

}

3.3 Implementation Aspects

Our presentation so far has shown that imperative programs can be seen as a
special class of functional nets, and that, at least in principle, no new constructs
are necessary to support them. So far, we have not yet touched on the issue of
efficiency. Clearly, a literal implementation of mutable variables in terms of joins
and forks would be much less efficient than a direct implementation in terms
of memory cells. But nobody forces us to actually use the literal implementa-
tion. One can equally well choose an implementation of the abstract Ref type
in terms of primitive memory cells. Such an implementation could no longer
be represented as a functional net, but its high-level interface, as well as the
programs using it, could.

Another source of inefficiency lies in the indirection entailed by reference
cell objects. In many cases, it is possible to avoid the indirection by “inlining”
variables at the point where they are defined. This is particularly attractive
for our high-level var syntax since this syntax does not permit access to the
variable as a first class reference, only read and write operations are permitted.
Nevertheless, care must be taken because functions accessing variables can escape
the environment where the variable is defined. Example:

def newCounter = {
var count := 0
def this.reset = count := 0,

this.increment = count := count + 1,
this.value = count

this
}

In this example, the count variable may not be stored in newCounter’s stack
activation record, since the record returned from newCounter still accesses count.
The standard object representation of reference cells avoids the problem since
we assume that objects are always stored on the heap. There exist techniques
for escape analysis [PG92] which indicate whether a variable can be stored on
the stack or whether it must be stored on the heap.
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3.4 Functions and State

We now present an example which demonstrates how imperative and functional
code can be combined with and substituted for each other. A often-used function
over lists is foldl, which uses a given binary operator ⊕ and a zero value z to
reduce all elements of a list to a single value:

foldl (⊕, z, (x1, ..., xn)) = ( ... (z ⊕ x1) ⊕ ... ) ⊕ xn .

Here’s first a purely functional implementation of foldl:

def foldl [s,t] (f: (s,t)→s, z: s, xs: List [t]): s =
if (xs.isEmpty) then z
else foldl (f, f (z, xs.head), xs.tail)

An equivalent imperative implementation is:

def foldl [s,t] (f: (s,t)→s, z: s, xs: List [t]): s = {
var acc := z
var rest := xs
while (| !rest.isEmpty) {

acc := f (acc, rest.head)
rest := rest.tail

}
acc

}

3.5 Stateful Objects

Objects with state arise naturally out of a combination of functional objects
and variables. The newCounter function which was presented earlier provides
an example. On the other hand, we can also implement stateful objects in a
more direct way, by extending the implementation scheme for reference cells.
An object with methods m1, ..., mk, and instance variables x1, ..., xl with initial
values i1, ..., il can be coded as follows.

def this.m1 & state (x1, ..., xl) = ... ; state (x1
1, ..., x1

l ),
...

this.mk & state (x1, ..., xl) = ... ; state (xk
1 , ..., xk

l );

this & state (i1, ..., il)

Here, the dots after the equal signs stand for elided method bodies. The
object’s instance variables are represented as arguments of a state function, which
is initially applied to i1, ..., il. Each method mj consumes the current state vector
of all instance variables and terminates by installing a new state in which instance
variables have new values xj

1, ..., xj
l . Here is a re-formulation of counter objects

using the new scheme.
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def newCounter = {
def this.reset & state (count: Int) = state (0),

this.increment & state (count: Int) = state (count + 1),
this.value & state (count: Int) = count & state (count)

this
}

This representation technique achieves a common notion of information hid-
ing, in that an object’s instance variables cannot be accessed from outside the
object. It further achieves mutual exclusion in that only one method of a given
object can execute at any one time. After all, each method starts by consuming
the state vector which is not re-established before the end of the method’s ex-
ecution. Thus, after one method commences all other method calls to the same
object are blocked until the first method has terminated. In other words, objects
implemented in this way are monitors [Han72,Hoa74].

3.6 Object Identity

In the object-oriented design and programming area, an object is often character-
ized as having “state, behavior, and identity”. Our encoding of objects expresses
state as a collection of applications of private asynchronous functions, and be-
havior as a collection of externally visible functions. But what about identity? If
functional net objects had an observable identity it should be possible to define
a method eq which returns true if and only if its argument is the same object
as the current object. Here “sameness” has to be interpreted as “created by the
same operation”, structural equality is not enough. E.g., assuming that the – as
yet hypothetical – eq method was added to reference objects, it should be pos-
sible to write val (r1, r2) = (newRef 0, newRef 0) and to have r1.eq(r1) == true
and r1.eq(r2) == false.

Functional nets have no predefined operation which tests whether two names
or references are the same. However, it is still possible to implement an eq
method. Here’s our first attempt, which still needs to be refined later.

newtype ObjId =
def eq (other: ObjId): Boolean
def testFlag: Boolean // only for internal use

}
def newObjId: ObjId = {

def this.eq (other: ObjId) & flag (x: Boolean) =
resetFlag (other.testFlag) & flag (true)

this.testFlag & flag (x) =
x & flag (x)

resetFlag (result: Boolean) & flag (x) =
x & flag (false)

this & flag (false)
}
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Fig. 2. Analogy to Petri nets

This defines a generator function for objects with an eq method that tests for
identity. The implementation of eq relies on three helper functions, flag, testFlag,
and resetFlag. Between calls to the eq method, flag false is always asserted. The
trick is that the eq method asserts flag true and at the same time tests whether
other.flag is true. If the current object and the other object are the same, that test
will yield true. On the other hand, if the current object and the other object are
different, the test will yield false, provided there is not at the same time another
ongoing eq operation on object other. Hence, we have arrived at a solution of
our problem, provided we can prevent overlapping eq operations on the same
objects. In the next section, we will develop techniques to do so.

4 Concurrency

The previous sections have shown how functional nets can express sequential
programs, both in functional and in imperative style. In this section, we will show
their utility in expressing common patterns of concurrent program execution.

Functional nets support an resource-based view of concurrency, where calls
model resources, & expresses conjunction of resources, and a definition acts as
a rewrite rule which maps input sets of resources into output sets of resources.
This view is very similar to the one of Petri nets [Pet62,Rei85]. In fact, there are
direct analogies between the elements of Petri nets and functional nets. This is
illustrated in Figure 2.

A transition in a Petri net corresponds to a rewrite rule in a functional net.
A place in a Petri net corresponds to a function symbol applied to some (formal
or actual) arguments. A token in a Petri net corresponds to some actual call
during the execution of a functional net (in analogy to Petri nets, we will also
call applications of asynchronous functions tokens). The basic execution step
of a Petri net is the firing of a transition which has as a precondition that all
in-going places have tokens in them. Quite similarly, the basic execution step of
a functional net is a rewriting according to some rewrite rule, which has as a
precondition that all function symbols of the rule’s left-hand side have matching
calls.

Functional nets are considerably more powerful than conventional Petri nets,
however. First, function applications in a functional net can have arguments,
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whereas tokens in a Petri net are unstructured. Second, functions in a functional
net can be higher-order, in that they can have functions as their arguments. In
Petri nets, such self-referentiality is not possible. Third, definitions in a functional
net can be nested inside rewrite rules, such that evolving net topologies are
possible. A Petri-net, on the other hand, has a fixed connection structure.

Colored Petri nets [Jen92] let one pass parameters along the arrows connect-
ing places with transitions. These nets are equivalent to first-order functional
nets with only global definitions. They still cannot express the higher-order and
evolution aspects of functional nets. Bussi and Asperti have translated join cal-
culus ideas into standard Petri net formalisms. Their mobile Petri nets [AB96]
support first-class functions and evolution, and drop at the same time the lo-
cality restrictions of join calculus and functional nets. That is, their notation
separates function name introduction from rewrite rule definition, and allows a
function to be defined collectively by several unrelated definitions.

In the following, we will present several well-known schemes for process syn-
chronization and how they each can be expressed as functional nets.

4.1 Semaphores

Semaphores A common mechanism for process synchronization is a lock (or:
semaphore). A lock offers two atomic actions: getLock and releaseLock. Here’s
the implementation of a lock as a functional net:

def newLock = {
def this.getLock & this.releaseLock = ()
this & this.releaseLock

}

It is interesting to note the similarities in the definitions of semaphores and
asynchronous channels. A typical usage of a semaphore would be:

val s = newLock ; ...
s.getLock ; “< critical region >” ; () & s.releaseLock

With semaphores, we can now complete our example to define objects with
identity:

val global = newLock
def newObjId: ObjId = {

def this.testEq (other: ObjId) & flag (x: Boolean) =
resetFlag (other.testFlag) & flag (true)

this.testFlag & flag (x) =
x & flag (x)

resetFlag (result: Boolean) & flag (x) =
x & flag (false)
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def this.eq (other: ObjId) = {
global.getLock ;
val res = this.testEq (other) ;
res & global.releaseLock

}
this & flag (false)

}

This code makes use of a global lock to serialize all calls of eq methods. This
is admittedly a brute force approach to mutual exclusion, which also serializes
calls to eq over disjoint pairs of objects. A more refined locking strategy is hard
to come by, however. Conceptually, a critical region consists of a pair of objects
which both have to be locked. A naive approach would lock first one object, then
the other. But this would carry the risk of deadlocks, when two concurrent eq
operations involve the same objects, but in different order.

4.2 Critical Regions

One problem with the previous usage pattern of semaphores is that it is easy to
forget the releaseLock call, thus locking the semaphore forever. A safer solution
is to pass the critical region into a higher order function which does both the
getLock and releaseLock:

type Proc = () → ()
type Mutex = Proc → ()
def newMutex: Mutex = {

val s = newLock
( region: Proc | s.getLock ; region () ; s.releaseLock )

}

A typical usage pattern for this would be:

val mutex = newMutex
...
mutex (| “< critical region >”)

4.3 Synchronous Channels

A potential problem with asynchronous channels introduced in Section 2.1 is
that the producer might produce data much more rapidly than the consumer
consumes them. In this case, the number of pending write operations might
increase indefinitely, or until memory is exhausted. The problem can be avoided
by connecting producer and consumer with a synchronous channel.

In a synchronous channel, both reads and writes return and each operation
blocks until the other operation is called. Synchronous channels are the funda-
mental communication primitive of classical π-calculus [MPW92]. They can be
represented as functional nets as follows.
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def newSyncChannel [t] = {
def this.read & noReads = read1 & read2,

this.write (x: t) & noWrites = write1 & write2 x,
read1 & write2 (x: t) = x & noWrites,
write1 & read2 = () & noReads

this & noReads & noWrites
}

This implementation is more involved than the one for asynchronous channels.
The added complexity stems from the fact that a synchronous channel connects
two synchronous operations, yet in each join pattern there can be only one
function that returns. Our solution resembles a double handshake protocol. It
splits up read and write into two sub-operations each, read1, read2 and write1,
write2. The sub-operations are then matched in two join patterns, in opposite
senses. In one pattern it is the read sub-operation which returns whereas in the
second one it is the write sub-operation. The noReads and noWrites tokens are
necessary for serializing reads and writes, so that a second write operation can
only start after the previous read operation is finished and vice versa.

4.4 Monitors

Another scheme for process communication is to use a common store made up of
mutable variables, and to use mutual exclusion mechanisms to prevent multiple
processes from updating the same variable at the same time. A simple mutual
exclusion mechanism is the monitor [Han72,Hoa74]. A monitor exports a set
of functions f1, ..., fk while ensuring that only one of these functions can be
active at any one time. At the end of Section 3 we have already seen a scheme
to implement monitors by joining methods with a state vector containing all
instance variables. Alternatively, we can represent instance variables as normal
variables in a record’s environment and use a turn “token” to achieve mutual
exclusion. Here is an implementation of counters using that scheme.

def newSyncCounter = {
var count := 0
def this.reset & turn = { count := 0 ; () & turn },

this.increment & turn = { count := count + 1 ; () & turn },
this.value & turn = { val x = count ; x & turn }

this & turn
}

Many monitors are more involved than this example in that a process exe-
cuting in a monitor also needs to wait for conditions to be established by other
processes. We can use join patterns to implement this form of waiting as well
as mutual exclusion. As an example, consider the following implementation of
bounded buffers.
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def newBoundedBuffer [t] (N: Int): Buffer [t] = {
val elems: Array [t] = newArray [t] (N)
var in := 0; var out := 0

def this.put (elem: t) & available & turn = {
elems (in) := elem ; in := (in + 1) % N
() & filled & turn

}
def this.get & filled & turn = {

val elem = elems (out) ; out := (out + 1) % N
elem & available & turn

}
var i := 0
while (|i < N) {| () & available ; i := i + 1 }
this & turn

}

The basic implementation of the buffer is as in [Wir83]. Buffer elements are
stored in an array elems with two variables in and out keeping track of the
first free and occupied position in the array. These variables are incremented
modulo N, the size of the buffer. What’s new here is how processes wait for their
preconditions. A producer process has to wait for the buffer to become nonfull,
while a consumer process has to wait for the buffer to become nonempty. Our
implementation mirrors each filled slot in the buffer with a filled token. Each
unfilled slot in the buffer is mirrored with an available token. Thus, the total
number of filled and available tokens always equals N, the number of elements
in the buffer. Initially, all slots are free, so we create N available tokens. Each
subsequent put operation removes an available token and creates a filled token,
while each get operation does the opposite; it removes a filled token and creates
an available token. Mutual exclusion of the get and put operations is ensured by
the standard turn token technique.

4.5 Signals

Instead of join patterns, languages such as Modula-2 or Java use signals to let
processes executing in monitor wait for preconditions. The implementation of
such signals as functional nets is a bit subtle. On the surface, a signal is quite
similar to a semaphore. Like a semaphore, a signal also offers two operations,
which are now called send and wait. The wait operation of a signal corresponds
to the getLock operation of a semaphore in that it waits until there is a call
to send and then returns. A send operation of a signal on the other hand will
unblock a pre-existing wait but does nothing at all if no call to wait exists.
Unlike the releaseLock operation of a semaphore, a send will not interact with a
wait that is issued later. Hence, in the execution sequence releaseLock ; getLock
the getLock operation will always succeed, whereas in the sequence send ; wait
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the wait will always block since the previous send got lost. A first attempt to
implement signals as functional nets could be:

newtype Signal = {
def wait: ()
def send: nil

}
def newSignal: Signal = {

def this.wait & this.send = (),
this.send = nil

this
}

The hope is that if there are calls to both send and wait, the wait operation
will return with () whereas a send alone will reduce to process nil, which does
nothing at all.

This implementation of signals would work if join patterns were always tried
in sequence, with earlier join patterns taking precedence over later ones. Unfor-
tunately, there’s nothing that stops an implementation of functional nets from
always immediately reducing a send operation to nil, such that a wait might block
even after subsequent send’s. Hence, our first attempt to implement signals fails.

It is still possible to formulate signals as functional nets. Here’s one way to
do it:

def newSignal: Signal = {
def this.send & inactive = inactive,

this.wait & inactive = wait1,
wait1: () & this.send = () & inactive

this & inactive
}

The solution makes use of a token, inactive, which signals that there are no
active waits. A send in inactive state simply leaves the state inactive. A wait in
inactive state suppresses inactive state and continues with the blocking operation
wait1. Finally, a wait1 and a send return () to the wait1 and re-establish inactive
state.

The second implementation of signals “feels” more deterministic than the
first one, but its correctness is not easy to establish. Indeed, if one compares
actual reduction sequences one finds that every reduction sequence of send’s and
wait’s possible in the first implementation is also possible in the second and
vice versa. The problem is that even with the second formulation of signals a
processor might never reduce an incoming wait to a wait1. For instance, it might
be busy doing other things indefinitely. Therefore, send’s might still overtake
wait’s and get lost. So have we gained nothing by refining the implementation of
signals? Not quite. The second formulation still has the following property, which
is generally good enough for reactive systems: Say some process in a reactive
system issues a wait on some signal and at some later time all processes of that
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system block. If at some later time some process is triggered by an external event
and, once resumed, issues a send on the same signal then the wait (or some other
wait on the same signal) is guaranteed to be able to proceed.

We now reformulate the bounded buffer example to closely match conven-
tional implementations, making use of our signal abstraction. This implemen-
tation provides an explanation of the interaction between monitors and signals,
which is also quite subtle. Here is the code:

def newBoundedBuffer [t] (N: Int): Buffer [t] = {
val elems: Array [t] = newArray [t] (N)
var in := 0; var out := 0; var n := 0

val nonFull: Signal = newSignal
val nonEmpty: Signal = newSignal

def this.put (elem: t) & turn = {
n := n + 1
while (|n > N) {| waitUntil (nonFull) }
elems (in) := elem ; in := (in + 1) % N
() & turn & (if (n ≤ 0) then nonEmpty.send)

}

def this.get & turn = {
n := n – 1
while (|n < 0) {| waitUntil (nonEmpty) }
val elem = elems (out) ; out := (out + 1) % N
elem & turn & (if (n ≥ N) then nonFull.send)

}

def waitUntil (s: Signal): () = ( s.wait & turn ; reEnter )
def reEnter: () & turn = ()

this & turn
}

The correct interaction of signals with monitors, hidden in languages which
define Monitors as primitive constructs, requires some effort to model explicitly.
When waiting for a signal, a process has to re-issue the turn token, to let other
processes enter the monitor. On the other hand, once a process wakes up, it
has to re-consume the turn token to make sure that it executes under mutual
exclusion. The re-issue and re-consumption of the turn token is done in functions
waitUntil and reEnter. Because a process might block waiting for its turn after
being woken up by a send, it is not guaranteed that the awaited condition will still
be established when the process finally resumes. Hence, the awaited condition
needs to be tested repeatedly in a while loop. This style of monitors has been
discussed together with other alternatives by Hoare [Hoa74].

Monitor languages often permit a process executing in a monitor to re-enter
the monitor by calling one of its methods. This behavior is not modelled in our
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implementation. If a monitor method called itself recursively, or called another
method of the same monitor, the call would block indefinitely waiting for a turn
token. In our model such situations would have to be addressed explicitly, for
instance by providing a second version of the method which was not guarded by
a turn token.

The last implementation of bounded buffers is more complicated than the
first. But one might still prefer it because of efficiency considerations. After all,
the implementation in terms of signals uses fewer tokens than the first implemen-
tation, because it sends a signal only when a processes is waiting for it. This does
not invalidate our initial implementation, however, which remains attractive as
a concise and executable design.

4.6 Readers and Writers

A more complex form of synchronization distinguishes between readers which
access a common resource without modifying it and writers which can both
access and modify it. To synchronize readers and writers we need to implement
operations startRead, startWrite, endRead, endWrite, such that:

– there can be multiple concurrent readers,
– there can only be one writer at one time,
– pending write requests have priority over pending read requests, but don’t

preempt ongoing read operations.

This form of access control is common in databases. It can be implemented using
traditional synchronization mechanisms such as semaphores, but this is far from
trivial. We arrive at a functional net solution to the problem in two steps.

The initial solution is given at the top of Figure 3. We make use of two
auxiliary tokens. The token readers n keeps track in its argument n of the number
of ongoing reads, while writers n keeps track in n of the number of pending writes.
A startRead operation requires that there are no pending writes to proceed, i.e.
writers 0 must be asserted. In that case, startRead continues with startRead1,
which reasserts writers 0, increments the number of ongoing readers, and returns
to its caller. By contrast, a startWrite operation immediately increments the
number of pending writes. It then continues with startWrite1, which waits for
the number of readers to be 0 and then returns. Note the almost-symmetry
between startRead and startWrite, where the different order of actions reflects
the different priorities of readers and writers.

This solution is simple enough to trust its correctness. But the present for-
mulation is not yet valid Funnel because we have made use of numeric arguments
in join patterns. For instance readers 0 expresses the condition that the number
of readers is zero. We arrive at an equivalent formulation in Funnel through
factorization. A function such as readers which represents a condition is split
into several sub-functions which together partition the condition into its cases
of interest. In our case we should have a token noReaders which expresses the
fact that there are no ongoing reads as well as a token readers n, where n is now
required to be positive. Similarly, writers n is now augmented by a case noWriters.
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Initial solution:

def this.startRead & writers (0) = startRead1,
startRead1 & readers (n) = () & writers (0) & readers (n+1),

this.startWrite & writers (n) = startWrite1 & writers (n+1),
startWrite1 & readers (0) = (),

this.endRead & readers (n) = readers (n–1),
this.endWrite & writers (n) = writers (n–1) & readers (0)

this & readers (0) & writers (0)
}

After factorization:

def newReadersWriters = {
def this.startRead & noWriters = startRead1,

startRead1 & noReaders = () & noWriters & readers (1),
startRead1 & readers (n)= () & noWriters & readers (n+1),

this.startWrite & noWriters = startWrite1 & writers (1),
this.startWrite & writers (n) = startWrite1 & writers (n+1),

startWrite1 & noReaders = (),

this.endRead & readers (n)= if (n == 1) then noReaders
else readers (n–1),

this.endWrite & writers (n) = noReaders &
if (n == 1) then noWriters
else writers (n–1)

this & noReaders & noWriters
}

Fig. 3. Readers/writers synchronization

After splitting and introducing the necessary case distinctions, one obtains the
functional net listed at the bottom of Figure 3.

5 Foundations: The Join Calculus

Functional nets have their formal basis in join calculus [FG96]. We present object-
based join calculus which is a variant of the original calculus. The calculus is
developed in two stages. In the first stage, we study a sequential subset com-
prising functions and objects. This subset can be taken as the formal basis of
purely functional programs of the kind we presented in Section 1. The calculus
is equivalent to (call-by-value) λ-calculus [Plo75] with a record construct, but
takes the opposite position on naming functions. Where λ-calculus knows only
anonymous functions, functional join calculus insists that every function have a
name. Furthermore, it also insists that every intermediate result be named. As
such it is quite similar to common forms of intermediate code found in compilers
for functional languages.
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Syntax:

Names x, y, z

Qualified names X, Y, Z = x | X.y

Terms M, N = def D ; M | X(Y )
Definitions D = L = M | D, D | ε

Left-hand sides L = X(y)

Structural Equivalence:

1. α-renaming:
def D ; M ≡ def [y/x]D ; [y/x]M

L = M ≡ [y/x]L = [y/x]M
if x ∈ dn(D), y �∈fn(D, M)
if x ∈ dn(L), y �∈fn(M)

2. (, ) on definitions is associative and commutative with ε as an identity:
D1, D2 ≡ D2, D1

D1, (D2, D3) ≡ (D1, D2), D3

D, ε ≡ D
3. Nested definitions can be merged:

def D1 ; (def D2 ; M) ≡ def D1, D2 ; M if dn(D2) ∩ fn(D1) = ∅

Reduction:

def D, X(y) = M ; X(Z) → def D, X(y) = M ; [Z/y]M

Fig. 4. Purely functional calculus

The second stage adds fork and join operators to the constructs introduced in
the first stage. The calculus developed at this stage is roughly equivalent to the
original join calculus. We have dropped the polyadic functions of original join
calculus in favor of the qualified definitions and names that allow us to model
records and tuples. We have also simplified the syntax of original join calculus
and have replaced its “heating” and “cooling” rules by structural equivalences
between terms.

Both stages represent functional nets as reduction systems. There is in each
case only a single rewrite rule, which is similar to the β-reduction rule of λ-
calculus, thus closely matching intuitions of functional programming. By con-
trast, the original treatment of join calculus is based on a chemical abstract ma-
chine [BB90], a concept well established in concurrency theory. The two versions
of join calculus complement each other and are (modulo some minor syntactical
details) equivalent.

5.1 Purely Functional Calculus

Figure 4 presents the subset of join calculus which can express purely functional
programs. The syntax of this calculus is quite small. The basic building blocks of
terms are names, written here x, y, z. Names can be concatenated with periods to
form qualified names, written X, Y , Z. A term M is either a function application
X(Y ) where both the function and the argument can be qualified names. Or it
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dn(X1(y1)& . . . &Xn(yn) = M) = {first(X1), . . . , first(Xn)}
dn(D1, D2) = dn(D1) ∪ dn(D2)
dn(ε) = ∅
dn(X1(y1)& . . . &Xn(yn)) = {y1, . . . , yn}

fn(X(Y )) = {first(X), first(Y )}
fn(def D ; M) = (fn(D) ∪ fn(M))\dn(D)
fn(M1&M2) = fn(M1) ∪ fn(M2)
fn(L = M) = dn(L) ∪ (fn(M)\dn(L))
fn(D1, D2) = fn(D1) ∪ fn(D2)
fn(ε) = ∅

Fig. 5. Local, defined, and free names

is a term with a local definition, def D ; M . A definition D is a sequence of
rewrite rules of the form L = M , where ε stands for the empty sequence. The
left-hand side L of a rewrite rule is again a function application X(y), where
the function name can be a qualified name, but the argument must be a simple
name. The right-hand side of a rewrite rule is an arbitrary term.

Given a qualified name X, let the simple-name prefix first(X) be its leading
simple name. I.e.

first(x) = x
first(X.y) = first(X)

The set of defined names dn(D) of a definition D of the form X(y) = M consists
of just the simple-name prefix of X, first(X). The defined names dn(L) of a
left-hand side L of the form X(y) consist of just the formal parameter {y}. The
free names fn(M) of a term M are all names which are not defined by or local
to a definition in M . The free names of a definition D are its defined names and
any names which are free in the definition’s right hand side, yet different from
the local names of D. All names occurring in a term M that are not free in M
are called bound in M . Figure 5 presents a formal definition of these sets for the
full version of join calculus with concurrency.

To avoid unwanted name capture, where free names become bound inadver-
tently, we will always write terms subject to the following hygiene condition: We
assume that the set of free and bound names of every term we write are disjoint.
This can always be achieved by a suitable renaming of bound variables, accord-
ing to the α-renaming law. This law lets us rename local and defined names of
definitions, provided that the new names do not clash with names which already
exist in their scope.

The law is formalized by two equations, detailed in Figure 4. In these equa-
tions, [y/x] denotes a substitution which maps x to y. Substitutions are functions
from names to identifiers which map all but a finite number of names to them-
selves. The results of applying a substitution to a qualified name, a term, or a
definition are tabulated in Figure 6.
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[Y/x]x = Y
[Y/x]z = z if x �=z
[Y/x](X.z) = ([Y/x]X).z
[Y/x](X(Z)) = ([Y/x]X) ([Y/x]Z)
[Y/x](def D ; M) = def [Y/x]D ; [Y/x]M if x �∈dn(D), first(Y ) �∈dn(D)
[Y/x](M & N) = [Y/x]M & [Y/x]N
[Y/x](L = M) = [Y/x]L = [Y/x]M if x �∈dn(L), first(Y ) �∈dn(L)
[Y/x](D1, D2) = [Y/x]D1, [Y/x]D2

[Y/x]ε = ε

Fig. 6. Substitution

Some care is required in the definition of permissible renamings. For instance,
consider the expression:

def this.f(k) = k(this) ; g(this)

Here the name this can be consistently renamed. For instance, the following
expression would be considered equivalent to the previous one:

def that.f(k) = k(that) ; g(that)

On the other hand, the qualified function symbol f cannot be renamed without
changing the meaning of the expression. For instance, renaming f to e would
yield:

def this.e(k) = k(this) ; g(this)

This is clearly different from the expression we started with. The new expression
passes a record with an e field to the function g, whereas the previous expressions
passed a record with an f field.

Besides α-renaming there are also other equalities that identify terms. All
equalities together are detailed in Figure 4. The first set of laws states that the
(, )-connective for definitions is associative and commutative, with identity ε. In
other words, sequences of definitions can be regarded as multi-sets. The second
law states that nested definitions may be merged, provided this does not lead
to name clashes. Structural equivalence ≡ is the smallest relation which includes
α-renaming and these laws and which is reflexive, transitive, and compatible (i.e.
closed under formation of contexts). Terms that are related by ≡ are identified
with each other.

The inclusion of multi-sets of definitions in the syntax is essentially for con-
venience, as one can translate every program with definitions consisting of mul-
tiple rewrite rules to a program that uses just one rewrite rule for each definition
[FG96]. The convenience is great enough to warrant a syntax extension because
the encoding is rather heavy.

Execution of terms in our calculus is defined by rewriting. Figure 4 defines
a single rewrite rule, which is analogous to β-reduction in λ-calculus. The rule
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states that if there is an application X(Z) which matches a definition of X, say
X(y) = M , then we can rewrite the application to the definition’s right hand
side M , after replacing the formal parameter y by the actual argument Z.

All functions in purely functional join have a single argument. However, it is
possible to encode multiple argument functions using records. For instance, the
two argument function

def f (x, y) = x + y

can be expressed as

def f (xy) = { val x = xy.x ; val y = xy.y ; x + y }

This makes use of a value definition with a qualified name on its right hand side.
Such value definitions can themselves be encoded as follows.

val x = Y ; M = def k(x) = M ; k(Y )

where k is a fresh function name. Value definitions with more complicated right-
hand sides can also be encoded using a continuation passing transform. This is
further explained in Section 6.

We also admit functions which take an empty tuple of arguments, taking
def f() = M to be equivalent to def f(x) = M for some x �∈fn(M).

As an example of functional reduction, consider the reduction of a forwarding
function:

def f(x) = g(x) ; f(y) → def f(x) = g(x) ; g(y)

A slightly more complex example is the reduction of a call to an evaluation
function, which takes two arguments and applies one to the other:

def apply(f,x) = f(x) ; apply(print, 1) → def apply(f,x) = f(x) ; print(1)

5.2 Full Calculus with Concurrency

Figure 7 presents the full version of object-based join calculus with concurrency.
It needs only one syntactic extension compared to the purely functional subset:
the & operator is now introduced as fork operator on terms and as a join operator
on left-hand sides.

The notion of structural equivalence is now richer than in the purely func-
tional subset. Besides α-renaming and the laws concerning definitions, there are
two other sets of laws which identify terms. First, the fork operator is assumed to
be associative and commutative. Second, we have a scope extrusion law, which
states that the scope of a local definition may be extended dynamically over
other operands of a parallel composition, provided this does not lead to clashes
between names bound by the definition and free names of the terms that are
brought in scope.
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Names x, y, z

Qualified names X, Y, Z = x | X.y

Terms M, N = def D ; M | X(Y ) | M & N

Definitions D = L = M | D, D | ε

Left-hand sides L = X(y) | L & L

Structural Equivalence: As in Figure 4, plus

4. (&) on terms is associative and commutative:
M1 & M2 ≡ M2 & M1

M1 & (M2 & M3) ≡ (M1 & M2) & M3

5. Scope extrusion:
(def D ; M) & N ≡ def D ; (M & N) if dn(D) ∩ fn(N) = ∅.

Reduction:

def D, X1(y1) & . . . & Xn(yn) = M ; X1(Z1) & . . . & Xn(Zn) & N
→ def D, X1(y1) & . . . & Xn(yn) = M ; [Z1/x1, . . . , Zn/xn]M & N

Fig. 7. Full Calculus with Concurrency

There is still just one reduction rule, and this rule is essentially the same as
in the functional subset. The major difference is that now a rewrite step may
involve sets of function applications, which are composed in parallel.

The new laws of structural equivalence are necessary to bring parallel sub-
terms which are “far apart” next to each other, so that they can match the join
pattern of left-hand side. For instance, in the following example of semaphore
synchronization two transformations with structural equivalences are necessary
before rewrite steps can be performed.

def getLock(k) & releaseLock() = k();
releaseLock() & (def k’() = f() & g(); getLock(k’))

≡ (by commutativity of &)
def getLock(k) & releaseLock() = k();
(def k’() = f() & g(); getLock(k’)) & releaseLock()

≡ (by scope extrusion)
def getLock(k) & releaseLock() = k();
def k’() = f() & g(); getLock(k’) & releaseLock()

→ def getLock(k) & releaseLock() = k(); def k’() = f() & g(); k’()
→ def getLock(k) & releaseLock() = k(); def k’() = f() & g(); f() & g()

As an example of reduction of a program with objects and concurrency,
consider the Funnel program at the top of Figure 8. The program defines an
asynchronous channel using function newChannel and then reads and writes that
channel.

This program is not yet in the form mandated by join calculus since it uses
a synchronous function and a val definition. We can map this program into join
calculus by adding continuation functions which make control flow for function
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Funnel Program.
def newChannel = ( def this.read & this.write(x) = x ; this );
val chan = newChannel;
chan.read & chan.write(1)

Join Calculus Program and Its Reduction.

def newChannel(k1) = (def this.read(k2) & this.write(x) = k2(x); k1(this));
def k3(chan) = chan.read(k0) & chan.write(1);
newChannel(k3)

→
def newChannel(k1) = (def this.read(k2) & this.write(x) = k2(x); k1(this));
def k3(chan) = chan.read(k0) & chan.write(1);
def this’.read(k′

2) & this’.write(x’) = k′
2(x’);

k3(this’)
→

def newChannel(k1) = (def this.read(k2) & this.write(x) = k2(x); k1(this));
def k3(chan) = chan.read(k0) & chan.write(1);
def this’.read(k′

2) & this’.write(x’) = k′
2(x’);

this’.read(k0) & this’.write(1);
→

def newChannel(k1) = (def this.read(k2) & this.write(x) = k2(x); k1(this));
def k3(chan) = chan.read(k0) & chan.write(1);
def this’.read(k′

2) & this’.write(x’) = k′
2(x’);

k0(1)

Fig. 8. Reduction involving an asynchronous channel object

returns and value definitions explicit. The second half of Figure 8 shows how this
program is coded in object-based join calculus and how it is reduced. Schemes
which map from our programming notation to join calculus are further discussed
in the next section.

6 Syntactic Abbreviations

Even the extended calculus discussed in the last section is a lot smaller than
the Funnel programming notation we have used in the preceding sections. This
section fills the gap, by showing how Funnel constructs which are not directly
supported in object-based join calculus can be mapped into equivalent constructs
which are supported.

Direct Style. An important difference between Funnel and join calculus is that
Funnel has synchronous functions and val definitions which bind the results of
synchronous function applications. To see the simplifications afforded by these
additions, it suffices to compare the Funnel program of Figure 8 with its join
calculus counterpart. The join calculus version is much more cluttered because of
the occurrence of the continuations ki. Programs which make use of synchronous



An Introduction to Functional Nets 367

functions and value definitions are said to be in direct style, whereas programs
that don’t are said to be in continuation passing style. Join calculus supports
only continuation passing style. To translate direct style programs into join cal-
culus, we need a continuation passing transform. This transformation gives each
synchronous function an additional argument which represents a continuation
function, to which the result of the synchronous function is then passed.

The source language of the continuation passing transform is object-based
join calculus extended with result expressions X and value definitions val x =
M ; N .

For the sake of the following explanation, we assume different alphabets for
synchronous and asynchronous functions. We let Xs range over qualified names
whose final selector is a synchronous function, whereas Xa ranges over qualified
names whose final selector is an asynchronous function. In practice, we can
distinguish between synchronous and asynchronous functions also by means of
a type system, so that different alphabets are not required.

Our continuation passing transform for terms is expressed as a function [[M ]]k
which takes a term M in the source language and a name k representing a con-
tinuation as arguments, mapping these to a term in object-based join calculus.
It makes use of a helper function which maps a definition in the source language
to one in object-based join calculus. The transforms are defined as follows.

[[ val x = M ; N ]]k = def k’(x) = [[ N ]]k ; [[ M ]]k’
[[ X ]]k = k(X)
[[ Xs(Y) ]]k = Xs(Y, k)
[[ Xa(Y) ]]k = Xa(Y)
[[ M & N ]]k = [[ M ]]k & [[ N ]]⊥
[[ def D ; M ]]k = def [[ D ]] ; [[ M ]]k

[[ L = M ]] = [[ L ]]k’ = [[ M ]]k’
[[ D, D’ ]] = [[ D ]], [[ D’ ]]
[[ ε ]] = ε

Here, the k’ in the first equations for terms and definitions represent fresh con-
tinuation names. ⊥ represents an error continuation. We can guarantee with a
type system that ⊥ continuations are never called. Note that the transform for
rewrite rules L = M applies the transform for terms to the pattern L. This is
well-defined since the syntax of patterns is contained in the syntax of terms.

The original paper on join [FG96] defines a different contination passing
transform. That transform allows several functions in a join pattern to carry
results. Consequently, in the body of a function it has to be specified to which of
the functions of a left hand side a result should be returned to. The advantage
of this approach is that it simplifies the implementation of rendevouz situations
like the synchronous channel of Section 4. The disadvantage is a more complex
construct for function returns.

Structured Terms. In Funnel, the function part and arguments of a function
application can be arbitrary terms, whereas join calculus admits only identifiers.
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Terms as function arguments can be expanded out by introducing names for
intermediate results.

M(N) ⇒ val x = M; val y = N; x y

The resulting expression can be mapped into join calculus by applying the con-
tinuation passing transform. The same principle is also applied in other situations
where structured terms appear yet only identifiers are supported. E.g. a term M
used as function result can be expanded to

val x = M ; x

We assume here that names in the expanded term which are not present in the
original source term are fresh.

Sequencing. Funnel supports sequencing of expressions. A sequential composi-
tion M ; N is simply regarded as a shorthand for a value definition, the expansion
being as follows:

M ; N ⇒ val x = M; N

Primitive Data Types. Funnel supports boolean values and conditional expres-
sions of the form if (M) then N1 else N2. These can be expanded using the visitor
technique of Section 1. For instance, here are the expansions for the boolean
values true and false and the conditional expression:

true ⇒ ( def match v = v.true )
false ⇒ ( def match v = v.false )
if (M) then T else F⇒ M.match ( def true = T, false = F )

This is essentially the Church encoding for booleans in λ-calculus. The only
difference is that we use records where the encoding into λ-calculus uses λ-
abstractions. Analogous techniques can be employed to encode other primitive
types such as integers or characters.

7 Classes and Inheritance

The language constructs discussed previously cover the essential aspects of
object-based, concurrent languages. We now extend this to concepts of class-
based languages with inheritance. The class design we cover here is loosely based
on Java’s [GJSB00]. As we have done with other concepts before, we treat classes
as derived constructs, which are defined in terms of the class-less base language.

7.1 Simple Class Definitions

A class C introduces a type (of objects) C and a “module” with the same name.
The module contains constructor function for the objects described by the class.
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In our model, a module is simply a record value, which has the constructor
function as a member.

Following Palsberg and Schwarzbach [PS94] and [BOW98], we consider a set
of classes that describe linked lists. as a running example for the material on
classes. We start with a simple class for linked lists, which are not meant to be
refined further. This is expressed by the final modifier in the class definition.

final class LL (x: Int) = {
private var next: LL
def isEmpty: Boolean = x == –1
def elem: Int = if (this.isEmpty) then x else error();
def getNext: LL = next
def setNext(n: LL) = { next := n }

}

Linked lists have visible method isEmpty, elem, getNext and next. They also
have a private field next which is can be accessed only locally.

The class above would translate to a type LL for linked-list objects, as well
as a record value LL which contains a constructor for such objects.

newtype LL = {
def isEmpty: Boolean
def elem: Int
def getNext: LL
def setNext(n: LL): ()

}
let LL = {

def newInstance (x: Int) = {
var next: LL
def isEmpty: Boolean = x == –1
def elem: Int = if (this.isEmpty) then x else error();
def getNext: LL = next
def setNext(n: LL) = { next := n }

}
}

The object type and the class module can be systematically derived from a
class definition. Assume we have a class definition

final class C(x̃ : T̃ ) = { ... }

Then the object-type is a record which contains bindings for every member of
the class, except those members that have been marked with a private modifier.
The corresponding module contains a single function newInstance, which takes
the class parameters C(x̃ : T̃ ) as parameters and the class body as body, with
all private modifiers removed. That is, C has the outline:
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let C = {
def newInstance (x̃ : T̃ ): C = { ... }

}

Note that this translation gives private members a weaker status than they
have in Java or C++. In those languages, a private field of an object can be
accessed from other objects of the same class. In our translation, a private field
does not form part of the object type, so that it can only be accessed from the
object in which it is defined. It would be possible to adapt our translation so
that it more accurately reflects the standard meaning of private in C++ and
Java. Essentially, the modified translation would use an abstract type for private
members the implementation of which is known only within the containing class.
While possible, this translation would share the shortcomings of the standard
meaning of private in the area of scalability. For that reason, and because it
is possible to emulate hiding via abstract types in user programs, we stick here
with the “lexical closure” interpretation of private.

7.2 Static Class Members

Java allows class members to be marked static, to indicate that these members
should exist once-per-class rather than once-per object. This is easily modelled
by including such members as additional fields of a class module. As an example,
assume we want to define an empty list in class LL:

final class LL (x: Int) = {
static let empty = LL.newInstance (–1)
...

}

Then empty becomes another field of the LL record. The type LL and the
newInstance function remain as they were before.

let LL = {
let empty = LL.newInstance (–1)
def newInstance (x: Int) = {

...
}

}

Note that by convention static members are defined before the newInstance
function. Hence, they can refer to newInstance only indirectly, by selecting the
module value itself.

7.3 Inheritance

So far, we considered a class exclusively as an object creator. We now extend
this point of view by taking inheritance into account. A class can now serve as
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an inherited template that defines part of the behavior of objects belonging to
subclasses. As an example, consider again class LL with an extension LLSub. LL-
Sub objects are like LL objects, but the “emptiness” of a list object is determined
by an additional class parameter empty instead of being encoded by the special
value -1.

class LL(x: Int) = {
private var next: LL
def isEmpty: Boolean = x == –1
def elem: Int = if (this.isEmpty) then x else error()
def getNext: LL = next
def setNext(n: LL) = { next := n }

}
class LLSub(x: Int, empty: Boolean) = LL(x) with {

def isEmpty = empty
}

These definitions make LLSub a subtype of LL. The definition of LLSub is
based on the definition of LL. Instead of repeating the definition of members of
LL in LLSub, we “inherit” those members using the prefix LL(x) with to the class
body.

Following standard approaches, we express inheritance as delegation. The
principle is that inherited methods are forwarded to methods of an object of
the inherited class, the so-called delegate. As is customary, we use the name
super for this object. Care is required with self references. We would expect
the self reference this to refer to the inheriting object, not the delegate, so that
overriding works: When calling this.isEmpty(...) in the LL delegate of a LLSub
object, it should be the redefined version of isEmpty in LLSub that is called, not
the original version of isEmpty as defined in LL. We achieve this by introducing
a new object constructor function, newSuper, which takes the identity of the
object being constructed as parameter.

Hence, a class definition class C = { ... } would give rise to a function

def newSuper (this: C): C { ... }

in module C. An inheriting class D would invoke this newSuper function to create
a delegate object and forward all inherited functions to it.

val super = C.newSuper (this)
import super

The construct import E makes available all fields of the record E in with any
qualification. If the term E is of a record type with fields x1, ..., xn, this term is
equivalent to

val e = E ; val x1 = e.x1, ..., xn = e.xn.

for some fresh identifier e. To create a new C object, we need to invoke C.newSuper
with the created object as parameter. Hence, C.newInstance becomes:
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def newInstance = {
val this = newSuper (this); this

}
The described technique implements objects via recursive records [Car84,Red88],
which is one of the two standard encoding schemes (the other is based on existen-
tial types [PT93]). Care is required in forming the right fixed point for this, since
a pure call-by-value interpretation would lead to non-termination. We solve this
in Funnel by evaluating recursive definitions like the one above in a lazy fashion.
We first establish an as yet unfilled object for this, then pass this object to new-
Super. When newSuper returns, all fields of the this object are overwritten with
the corresponding fields of newSuper’s result. During evaluation of newSuper it
is quite legal to refer to this, for instance to pass it as an argument to another
function. However, any attempt to dereference this will lead to a run-time error
signalling a cyclic definition.

To return to our running example, here is the new translation of class LL:

newtype LL = {
def isEmpty: Boolean
def elem: Int
def getNext: LL
def setNext(n: LL): ()

}
let LL = {

def newSuper (this: LL, x: Int): LL = {
var next: LL
def isEmpty: Boolean = x == –1
def elem: Int = if (this.isEmpty) then x else error()
def getNext = next
def setNext(n: LL) = { next := n }

}
def newInstance (x: Int): LL = { val this: LL = newSuper(this, x); this }

}
The translation of class LLSub shows the implementation of inheritance via del-
egation.

newtype LLSub = LL with {}
let LLSub = {

def newSuper (this: LLSub, x: Int, empty: Boolean): LLSub = {
val super = LL.newSuper (this, x)
import super
def isEmpty: Boolean = empty

}
def newInstance (x: Int, empty: Boolean): LLSub = {

val this: LLSub = newSuper(this, x, empty); this
}

}
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7.4 Abstract Methods

Assume now that we do not want to give an implementation of isEmpty at all,
and instead want to defer such an implementation to subclasses. This can be
expressed by an abstract method:

class LLAbs(x: Int) = {
private var next: LL
def getNext: LL = next
def setNext(n: LL) = { next := n }
abstract def isEmpty
def elem = if (this.isEmpty) then x else error();

}

How should abstract methods be formalized? So far, the newSuper function re-
turned a value of the same type as was passed into the function in the this pa-
rameter. With abstract methods, this changes. An abstract method still needs to
be included in the type of the self reference, since it may be invoked as a method
of this. However, it clearly cannot form part of the record defined by newSuper,
since no definition is given. We model this by defining a new type named Trait
in the class module. The Trait type collects all functions defined by that class.
The object type is then composed of the trait type together with bindings for
all abstract methods. Here are the details:

newtype LL = LL.Trait with {
def isEmpty

}
let LL = {

type Trait = {
def elem: Int
def getNext: LL
def setNext(n: LL): ()

}
def newSuper (this: LL, x: Int): Trait = {

var next: LL
def getNext = next
def setNext(n: LL) = { next := n }
def elem = if (this.isEmpty) then x else error();

}
}

Note that there is no newInstance function, which reflects the rule that no in-
stances of classes with abstract members can be created. newInstance could not
be defined anyway, since its fixed-point would not be type-correct. In

val this: LL = newSuper (this, x)

the left-hand-side this has type LL, but the right-hand side’s type is LL.Trait,
which is not a subtype of LL.
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8 Conclusion and Related Work

The first five sections of this paper have shown how a large variety of program
constructs can be modelled as functional nets. The next two sections have shown
how functional nets themselves can be expressed in join calculus. Taken together,
these steps constitute a reductionistic approach, where a large body of notations
and patterns of programs is to be distilled into a minimal kernel. The reduc-
tion to essentials is useful since it helps clarify the meaning of derived program
constructs and the interactions between them.

Ever since the inception of Lisp [MAE+69] and Landin’s ISWIM [Lan66],
functional programming has pioneered the idea of developing programming
languages from calculi. Since then, there has been an extremely large body
of work which aims to emulate the FP approach in a more general set-
ting. One strand of work has devised extensions of lambda calculus with
state [FH92,SF93,SRI91,ORH93,AS98] or non-determinism and concurrency
[Bou89,dP95,Bou97]. Another strand of work has been designed concurrent func-
tional languages [GMP89,Rep91,AMST97] based on some other operational se-
mantics. Landin’s program has also been repeated in the concurrent program-
ming field, for instance with Occam and CSP [Hoa85], Pict [PT97] and π-calculus
[MPW92], or Oz and its kernel [SHW95].

Our approach is closest to the work on join calculus [FG96,FGL+96,FM97,
Fes98]. Largely, functional nets as described here constitute a simplification and
streamlining of the original treatment of join, with object-based join calculus and
qualified definitions being the main innovation. These notes are an adaptation
and extension of two previous papers [Ode00a,Ode00b].
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Abstract. This tutorial paper discusses a particular style of operational
semantics that enables one to give a ‘syntax-directed’ inductive defini-
tion of termination which is very useful for reasoning about operational
equivalence of programs. We restrict attention to contextual equivalence
of expressions in the ML family of programming languages, concentrating
on functions involving local state. A brief tour of structural operational
semantics culminates in a structural definition of termination via an ab-
stract machine using ‘frame stacks’. Applications of this to reasoning
about contextual equivalence are given.
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1 Introduction

The various approaches to giving meanings to programming languages fall broad-
ly into three categories: denotational, axiomatic and operational. In a denota-
tional semantics the meaning of programs is defined abstractly using elements
of some suitable mathematical structure; in an axiomatic semantics, meaning is

G. Barthe et al. (Eds.): Applied Semantics, LNCS 2395, pp. 378–412, 2002.
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defined via some logic of program properties; and in an operational semantics it
is defined by specifying the behaviour of programs during execution. Operational
semantics used to be regarded as less useful than the other two approaches for
many purposes, because it tends to be quite concrete, with important general
properties of a programming language obscured by a low-level description of how
program execution takes place. The situation changed with the development of a
structural approach to operational semantics initiated by Plotkin, Milner, Kahn,
and others. Structural operational semantics is now widely used for specifying
and reasoning about the semantics of programs.

In this tutorial paper I will concentrate upon the use of structural operational
semantics for reasoning about program properties. More specifically, I will look
at operationally-based proof techniques for contextual equivalence of programs
(or fragments of programs) in the ML language—or rather, in a core language
with function and reference types that is common to the various languages in
the ML family, such as Standard ML [9] and Caml [5]1. ML is a functional
programming language because it treats functions as values on a par with more
concrete forms of data: functions can be passed as arguments, can be returned
as the result of computation, can be recursively defined, and so on. It is also
a procedural language because it permits the use of references (or ‘cells’, or
‘locations’) for storing values: references can be declared locally in functions
and then created dynamically and their contents read and updated as function
applications are evaluated. Although this mix of (call-by-value) higher order
functions with local, dynamically allocated state is conveniently expressive, there
are many subtle properties of such functions up to contextual equivalence. The
traditional methods of denotational semantics do not capture these subtleties
very well—domain-based models either tend to be far from ‘fully abstract’, or
very complicated, or both. Consequently a sort of ‘back to basics’ movement
has arisen that attempts to develop theories of program equivalence for high-
level languages based directly on operational semantics (see [11] for some of the
literature).

There are several different styles of structural operational semantics (which I
will briefly survey). However, I will try to show that one particular and possibly
unfamiliar approach to structural operational semantics using a ‘frame stack’
formalism—derived from the approach of Wright and Felleisen [18] and used in
the redefinition of ML by Harper and Stone [6]—provides a more convenient
basis for developing properties of contextual equivalence of programs than does
the evaluation (or ‘natural’, or ‘big-step’) semantics used in the official definition
of Standard ML [9].

Further Reading. Most of the examples and technical results in this paper to do
with operational properties of ML functions with local references are covered in
more detail in the paper [15] written jointly with Ian Stark. More recent work
on this topic includes the use of labelled transition systems and bisimulations by
Jeffrey and Rathke [7]; and the use by Aboul-Hosn and Hannan of static restric-

1 I will use the concrete syntax of Caml.
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tions on local state in functions to give a more tractable theory of equivalence [1].
The use of logical relations based on abstract machine semantics to analyse other
programming language features, such as polymorphism, is developed in [13, 14,
3]; see also [2] and [6].

Exercises. Some exercises are given in Appendix B.

Notation. A list of the notations used in this paper is given in Appendix C.

Acknowledgement. I am grateful to members of the audience of the lectures on
which this paper is based for their lively feedback; and to an anonymous referee
of the original version of this paper, whose detailed comments helped to improve
the presentation.

2 Functions with Local State

Consider the following two Caml expressions p and m:

p � let a = ref 0 in
fun(x : int) -> (a := !a + x ; !a )

(1)

m � let b = ref 0 in
fun(y : int) -> (b := !b - y ; 0 - !b )

(2)

I claim that these Caml expressions (of type int -> int) are semantically equiv-
alent, in the sense that we can use them interchangeably in any place in an ML
program that expects an expression of type int -> int without affecting the
overall behaviour of the program. Such notions of equivalence of programs go by
the name of contextual equivalence. Here is an informal definition of this notion,
that holds good for any particular kind of programming language:

Two phrases of a programming language are contextually equivalent if
any occurrences of the first phrase in a complete program can be replaced
by the second phrase without affecting the observable results of executing
the program.

This kind of program equivalence is also known as operational, or observational
equivalence. To be more precise about it we have to define, for the programming
language that concerns us, what we mean by a ‘complete program’ and by the
‘observable results’ of executing it. In fact different choices can be made for
these notions, leading to possibly different notions of contextual equivalence for
the same programming language. We postpone more precise definitions until the
next section. First, let us work with this informal definition and explore some of
the subtleties of mixing ML’s functional and ‘stateful’ features.

The intuitive reason why the expressions p and m are contextually equivalent
is that the property

‘the contents of b is the negative of the contents of a ’
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is an invariant that is true throughout the life-time of the two expressions: it is
true when they are first evaluated to get functions of type int -> int (because
-!a = -0 = 0 = !b at that point); and whenever those functions are applied
to an argument, although there are side-effects on the contents of a and b ,
the truth of the property remains invariant. Moreover, because the property
holds, the values returned by the two functions (the contents of a in one case
and the negative of the contents of b in the other case) are equal. So even
though the contents of a and b may be different, since the only way we can
use ML programs to observe properties of these locations is via applications of
the functions created by evaluating p and m, we will never detect a difference
between these two expressions.

That is the intuitive justification for the contextual equivalence of the ex-
pressions p and m. But it depends on assertions like

‘the only way we can use ML programs to observe properties of these
locations [the ones declared locally in the expressions] is via applications
of the functions created by evaluating p and m’

whose validity is not immediately obvious. To rub home the point, let us look
at another example.

f � let a = ref 0 in
let b = ref 0 in
fun(x : int ref) -> if x == a then b else a

(3)

g � let c = ref 0 in
let d = ref 0 in
fun(y : int ref) -> if y == d then d else c

(4)

Are these Caml expressions (of type int ref->int ref) contextually equivalent?
We might be led to think that they are equivalent, via the following informal
reasoning, similar to that above. If we apply f to an argument �, because we
can always rename the bound identifiers a and b without changing the meaning
of f 2, it seems that � can never be equal to a and hence f � is contextually
equivalent to the private location let a = ref 0 in a . Similarly g � should
be contextually equivalent to the private location let c = ref 0 in c . But
let a = ref 0 in a and let c = ref 0 in c , being α-convertible, are contextually
equivalent. So f and g give contextually equivalent results when applied to any
argument. If ML function expressions satisfied the usual extensionality principle
for mathematical functions (see Fig. 1), then we could conclude that f and g are
contextually equivalent.

The presence of dynamically created state in ML function expressions can
cause them to not satisfy extensionality up to contextual equivalence. In par-
ticular the function expressions f and g defined in equations (3) and (4) are

2 As we might hope, α-convertible expressions, i.e. ones differing only up to the names
of their bound identifiers, turn out to be contextually equivalent.
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‘Two functions (defined on the same set of arguments) are equal if they give equal
results for each possible argument.’

– True of mathematical functions (e.g. in set theory).
– False for ML function expressions in general.
– True for ML function expressions in canonical form (i.e. lambda abstractions), if

we take ‘equal’ to mean contextually equivalent.
– True for pure functional programming languages (see [11]).
– True for languages with Algol-like block-structured local state (see [12]).

Fig. 1. Function Extensionality Principle

not contextually equivalent. To see this consider the following Caml interaction,
where we observe a difference between the two expressions3.

# let f = let a = ref 0 in let b = ref 0 in
fun(x : int ref) -> if x == a then b else a ;;

val f : int ref -> int ref = <fun>
# let g = let c = ref 0 in

let d = ref 0 in
fun(y : int ref) -> if y == d then d else c ;;

val g : int ref -> int ref = <fun>
# let t = fun(h : int ref -> int ref) ->

let z = ref 0 in h (h z ) == h z ;;
val t : (int ref -> int ref) -> bool = <fun>
# t f ;;
- : bool = false
# t g ;;
- : bool = true

Thus the expression

t � fun(h : int ref -> int ref) ->
let z = ref 0 in h (h z ) == h z

(5)

has the property that t f evaluates to false whereas t g evaluates to true. (Why?
If you are not familiar with the way ML expressions evaluate, read Sect. A.3 and
then try Exercise B.1.) Thus f and g are not contextually equivalent expressions.

This example illustrates the fact that proving contextual inequivalence of
two expressions is quite straightforward in principle—one just has to devise a
suitable program that can use the expressions and give a different observable
result with each. Much harder is the task of proving that expressions are con-
textually equivalent, since it appears that one has to consider all possible ways
a program can use the expressions. For example, once we have given a proper

3 I used the Objective Caml 〈www.ocaml.org〉 version 3.0 interpreter.
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ML evaluation relation s, e ⇒ v, s′ where




s = initial state
e = closed expression to be evaluated
v = resulting closed canonical form
s′ = final state

is inductively generated by rules following the structure of e; for example:

s, e1 ⇒ v1, s
′

s′, e2[v1/x ] ⇒ v2, s
′′

s, let x = e1 in e2 ⇒ v2, s
′′

(See Sect. A.3 for the full definition.)
Specifying semantics via such an evaluation relation is also known as big-step (anon),
natural (Kahn [8]), or relational (Milner) semantics.

Fig. 2. ML Evaluation Relation (simplified, environment-free form)

definition of the notion of contextual equivalence, how do we give a rigorous
proof that the expression in equation (1) is contextually equivalent to that in
equation (2)? The rest of this paper introduces some methods for carrying out
such proofs.

3 Contextual Equivalence

I hope the examples in Sect. 2, despite their artificiality, indicate that ML’s
combination of

recursively defined, higher order, call-by-value functions
+

statically scoped, dynamically created, mutable state

makes reasoning about properties of contextual equivalence of ML expressions
very complicated. In fact even quite simple, general properties of contextual
equivalence (such as the suitably restricted form of functional extensionality
mentioned in Fig. 1) are hard to establish directly. To explain why, we need
to look at the precise definition of ML contextual equivalence. To do that, I
have to recall the form of operational semantics used in the Definition of Stan-
dard ML [9]: see Fig. 2. The fragment of ML we will work with is given in
Sects A.1 and A.2. The full set of rules inductively defining the evaluation re-
lation for this fragment of ML is given in Sect. A.3. In fact this is a simplified
form of the evaluation relation actually used in the Definition of Standard ML.
The latter has an environment component binding free identifiers to semantic
values, whereas we will get by with this simpler form, in which the environment
has been ‘substituted in’. (Full ML also needs various auxiliary relations, for ex-
ample to deal with exception-handling, but that will not concern us here.) One
advantage of this ‘substituted in’ formulation is that the results of evaluation do
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not have to be specified as a separate syntactic category of ‘semantic values’, but
rather are a subset of all the expressions, namely the ones in canonical form (see
Sect. A.3); this simplifies the statement of some properties of the operational se-
mantics (such as the Type Soundness Theorem A.1). A minor side-effect of this
‘substituted in’ formulation is that the names of storage locations4, � (drawn
from a fixed, countably infinite set Loc), can occur in expressions explicitly—
rather than implicitly via value identifiers bound to locations in the environment.
Since we only consider locations for storing integers (see Fig. 6 in Sect. 5), we
can take a memory state to be a finite function from the set Loc of names of
storage locations to the set Z of integers.

Turning now to the definition of contextual equivalence, recall from Sect. 2
that we have to make precise two things:

– what constitutes a program
– what results of program execution we observe.

ML only evaluates expressions after they have been type-checked. So we take a
program to be a well-typed expression with no free value identifiers: see Fig. 3.
The rules inductively defining the type assignment relation for our fragment of
ML are given in Sect. A.4. The Type Soundness Theorem A.1 in that section
recalls an important relationship between typing and evaluation that we will use
without comment from now on. (See Exercise B.2.)

ML type assignment relation Γ � e : ty where




Γ = typing context
e = expression to be typed

ty = type
is inductively generated by axioms and rules following the structure of e; for example:

Γ � e1 : ty1
Γ [x �→ty1] � e2 : ty2
x /∈ dom(Γ )
Γ � (let x = e1 in e2) : ty2

(See Sect. A.4 for the full definition.)
The set of ML programs of type ty Progty is defined to be { e | ∅ � e : ty }.

Fig. 3. ML programs are typed

The final ingredient needed for the definition of contextual equivalence is to
specify which results of program execution we observe. In Sect. 2, I used the
Objective Caml interpreter to observe a difference between the two expressions
defined in equations (3) and (4). From this point of view, two results of evalua-
tion, v, s and v′, s′ say, are observationally equal if obs(v, s) = obs(v′, s′), where
obs is the function recursively defined by
4 or addresses, as the authors of [9] call them.
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obs(c, s) = c, if c = true, false, n, ()
obs(v1 , v2, s) = obs(v1, s) , obs(v2, s)

obs(fun(x : ty) -> e, s) = <fun>
obs(fun f = (x : ty) -> e, s) = <fun>

obs(�, s) = {contents=n}, if (� �→ n) ∈ s




(6)

and which maps to a set of result expressions r given by

r ::= true
false
n (n ∈ Z)
()
r , r
<fun>
{contents=n} (n ∈ Z).

But what if I had used a different interpreter—would it affect the notion of con-
textual equivalence? Probably not. Evidence for this is given by the fact that we
can replace obs by a constant function and still get the same notion of contextual
equivalence (see Exercise B.3). In other words, rather than observing particular
things about the final results of evaluation, we can just as well observe the fact
that there is some final result at all, i.e. observe termination of evaluation. This
gives us the following definition of contextual equivalence.

Definition 3.1 (Contextual preorder/equivalence). Given e1, e2 ∈ Progty ,
define

e1 =ctx e2 : ty � e1 ≤ctx e2 : ty & e2 ≤ctx e1 : ty
e1 ≤ctx e2 : ty � ∀x , e, ty ′, s ((x : ty � e : ty ′) & s, e[e1/x ] ⇓ ⊃ s, e[e2/x ] ⇓)

where s, e⇓ indicates termination:

s, e⇓ � ∃v, s′(s, e ⇒ v, s′).

Remark 3.2 (Contexts). The program equivalence of Definition 3.1 is ‘con-
textual’ because it examines the termination properties of programs e[ei/x ] that
contain occurrences of the expressions ei being equated. If we replace ei by a
place-holder ‘−’ (usually called a hole), then we get e[−/x ], which is an exam-
ple of what is usually called a (program) context. The programs ei are closed
expressions; for contextual equivalence of open expressions (ones possibly con-
taining free identifiers) we would need to consider more general forms of context
than e[−/x ], namely ones in which the hole can occur within the scope of a
binder, such as fun(y : ty) -> −. For simplicity, I have restricted attention to
contextual equivalence of closed expressions, where we can use expressions with
a free identifier in place of such general contexts without affecting =ctx.

Definition 3.1 is difficult to work with directly when it comes to reasoning
about programs up to contextual equivalence. One problem is the quantification
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over all contexts e[−/x ]. Thus to prove a property of e1 up to contextual equiv-
alence, it is not good enough just to know how e1 evaluates—we have to prove
termination properties for all uses e[e1/x ] of it in a context e[−/x ]. But in fact
there is a more fundamental problem: the definition of ⇓ is not syntax-directed.
For example, from the definition of the ML evaluation relation, we know that

s, let x = e1 in e2 ⇓
holds if

s′, e2[v1/x ] ⇓
where s, e1 ⇒ v1, s

′; however, e2[v1/x ] is not built from subphrases of the original
phrase let x = e1 in e2.

Thus at first sight it seems that one cannot expect to prove properties in-
volving termination (and in particular, properties of contextual equivalence) by
induction on the structure of expressions. Indeed, in the literature one finds more
complicated forms of induction used (involving measures of the size of contexts
and the length of terminating sequences of reductions), often in combination
with non-obvious strengthenings of induction hypotheses. However, we will see
that it is possible to reformulate the operational semantics of ML to get a struc-
turally inductive definition of termination that facilitates inductive reasoning
about contextual equivalence, =ctx. To achieve that, we need to review the orig-
inal approach to structural operational semantics of Plotkin [17] and subsequent
refinements of it.

4 Structural Operational Semantics

The inductively defined ML evaluation relation (Fig. 2 and Sect. A.3) is an
example of the Structural approach to Operational Semantics (SOS) popularised
by Plotkin [17]. SOS more closely reflects our intuitive understanding of various
language constructs than did previous approaches to operational semantics using
abstract machines, which tended to pull apart the syntax of those constructs and
build non-intuitive auxiliary data structures. The word ‘structural’ refers to the
fact that the rules of SOS inductive definitions are syntax-directed, i.e. follow
the abstract, tree structure of the syntax. For example, the structure of the ML
expression e determines what are the possible rules that can be used to deduce
s, e ⇒ v, s′ from other valid instances of the ML evaluation relation. This is of
great help when it comes to using an induction principle to prove properties of
the inductively defined relation.

The SOS in [17] is formulated in terms of a transition relation (also known as
a ‘reduction’, or ‘small-step’ relation). An appropriate transition relation for the
fragment of ML we are considering takes the form of a binary relation between
(state, expression)-pairs

(s , e) → (s′ , e′)

that is inductively generated by rules following the structure of e. See Sect. A.5
for the complete definition. Theorem A.2 in that section sums up the relationship
between the transition and evaluation relations.
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The rules inductively defining such transition relations usually divide into
two kinds: ones giving the basic steps of reduction, such as

v a canonical form
(s , let x = v in e) → (s , e[v/x ])

and ones for simplification steps that say how reductions may be performed
within a context, such as

(s , e1) → (s′ , e′
1)

(s , let x = e1 in e2) → (s′ , let x = e′
1 in e2)

.

The latter can be more succinctly specified using the notion of evaluation con-
text [18], as follows.

Lemma 4.1 (Felleisen-style presentation of →). (s , e) → (s′ , e′) holds
if and only if e = E [r] and e′ = E [r′] for some evaluation context E and basic
reduction (s , r) → (s′ , r′), where:

– evaluation contexts are expression contexts (i.e. syntax trees of expressions
with one leaf replaced by a placeholder, or hole, denoted by [−]) that want
to evaluate their hole; for the fragment of ML we are using, the evaluation
contexts are given by

E ::= [−]
if E then e else e
E op e for op ∈ {=, +, -, :=, ==, ;, ,}
v op E for op ∈ {=, +, -, :=, ==, ,}
op E for op ∈ {!, ref , fst , snd }
E e
v E
let x = E in e

(7)

where e ranges over closed expressions (Sect. A.2) and v over closed expres-
sions in canonical form (Sect. A.3);

– basic reductions (s , r) → (s′ , r′) are the axioms in the Plotkin-style induc-
tive definition of → (see Sect. A.5);

– E [r] denotes the expression resulting from replacing the ‘hole’ [−] in E by the
expression r. ��
The validity of Lemma 4.1 depends upon the fact (proof omitted) that every

closed expression not in canonical form is uniquely of the form E [r] for some
evaluation context E and some redex r, i.e. some expression appearing on the
left-hand side of one of the basic reductions. So if we have a configuration (s , e)
with e not in canonical form, then e is of the form E [r], there is a basic reduction
(s , r) → (s′ , r′) and we make the next step of transition from (s , e) by
replacing r by its corresponding reduct r′ at the same time changing the state
from s to s′.
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Transitions 〈s , Fs , e〉 → 〈s′ , Fs ′ , e′〉 where




s, s′ = states
Fs, Fs ′ = frame stacks

e, e′ = closed expressions
are defined by cases (i.e. no induction), according to the structure of e and (then) Fs.
For example:

〈s , Fs , let x = e1 in e2〉 → 〈s , Fs ◦ (let x = [−] in e2) , e1〉
〈s , Fs ◦ (let x = [−] in e) , v〉 → 〈s , Fs , e[v/x ]〉

(See Sect. A.6 for the full definition.)
Initial configurations of the abstract machine take the form 〈s , Id , e〉 and terminal
configurations take the form 〈s , Id , v〉, where Id is the empty frame stack and v is a
closed canonical form.

Fig. 4. An ML abstract machine

We can decompose any evaluation context into a nested composition of basic
evaluation contexts, or so-called evaluation frames. In this way we arrive at
a more elementary transition relation for ML—more elementary because the
transition steps are defined by case analysis rather than by induction. This is
shown in Fig. 4 and defined in detail in Sect. A.6 (see also [6] for a large-scale
example of this style of SOS). The nested compositions of evaluation frames are
usually called frame stacks. For the fragment of ML we are considering, they are
given by:

Fs ::= Id empty
Fs ◦ F non-empty

and the evaluation frames F by:
F ::= if [−] then e else e

[−] op e for op ∈ {=, +, -, :=, ==, ;, ,}
v op [−] for op ∈ {=, +, -, :=, ==, ,}
op [−] for op ∈ {!, ref , fst , snd }
[−] e
v [−]
let x = [−] in e .

(Just as not all expressions are well-typed, not all of the evaluation stacks in the
above grammar are well typed. Typing for frame stacks is defined in Sect. 5.)

The relationship between the abstract machine steps and the evaluation re-
lation of ML is summed up by Theorem A.3 in Sect. A.6. In particular we can
express termination of evaluation in terms of termination of the abstract ma-
chine:

s, e⇓ ≡ ∃s′, v (〈s , Id , e〉 →∗ 〈s′ , Id , v〉) .

What one gains from the formulation of ML’s operational semantics in terms of
this abstract machine is the following simple, but key, observation.



Operational Semantics and Program Equivalence 389

The termination relation of the abstract machine

↘ � { 〈s , Fs , e〉 | ∃s′, v (〈s , Fs , e〉 →∗ 〈s′ , Id , v〉) }
has a direct, inductive definition following the structure of e and Fs: see
Sect. A.7.

We have thus achieved the aim of reformulating the structural operational se-
mantics of ML to get a structurally inductive characterisation of termination.
Before outlining what can be done with this, it is perhaps helpful to contemplate
the picture in Fig. 5, summing up the relationship between ⇓ and ↘.

��� ��������
	� ���

������
��� ��

�� �
������� �	

� ������ ���
	��� ������

���������
���������
�

� �

�����

�


������


�����

�

����� �����

�


������


�� � �� �� � �
 � ��

�� � ���� � �� � �� � ��

Fig. 5. The relationship between ⇓ and ↘

5 Applications of the Abstract Machine Semantics

Recall the two ML expressions p and m defined by equations (1) and (2). In
Sect. 2 it was claimed that they are contextually equivalent and some informal
justification for this claim was given there. Now we can sketch how to turn
that informal justification into a proper method of proof that uses a certain
kind of binary ‘logical relation’ between ML expressions whose definition and
properties depend on the abstract machine semantics of the previous section.
Full details and several more examples of the use of this method can be found
in [15]5. The logical relation provides a method for proving contextual preorders
5 In that work the logical relation is given in a symmetrical form that characterises

contextual equivalence; here we use a one-sided version, a logical ‘simulation’ relation
that characterises the contextual preorder (see Definition 3.1).
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and equivalences that formalises intuitive uses of invariant properties of local
state: given some binary relation between states, logically related expressions
have the property that the change of state produced by evaluating them sends
related states to related states (and produces logically related final values). This
is made precise by property (I) in Theorem 5.2 below. One complication of
ML compared with block-structured languages like Algol, is that local state is
dynamically allocated: given an evaluation s, e ⇒ v, s′, the finite set dom(s′) of
locations on which the final state s′ is defined contains dom(s), but may also
contain other locations, ones that have been allocated during evaluation. Thus
in formulating the notion of evaluation-invariant state-relations we have to take
into account how the state on freshly allocated locations should be related. We
accomplish this with the following definition.

Definition 5.1 (State-relations). We will refer to finite sets of locations as
worlds (with a nod to the ‘possible worlds’ of Kripke semantics) and write them
as w, w1, w2, . . . The set St(w) of states in world w is defined to be the set Z

w of
integer-valued functions defined on w. The set Progty(w) of programs in world
w of type ty is defined to be

{
e ∈ Progty

∣∣ loc(e) ⊆ w
}
. The set Rel(w1, w2)

of state-relations between worlds w1 and w2 is defined to be the set of all non-
empty6 subsets of St(w1) × St(w2). Given two state-relations r ∈ Rel(w1, w2)
and r′ ∈ Rel(w′

1, w
′
2) with w1 ∩ w′

1 = ∅ and w2 ∩ w′
2 = ∅, their smash product

r ⊗ r′ ∈ Rel(w1 ∪ w′
1, w2 ∪ w′

2) is

r ⊗ r′ � { (s1s
′
1, s2s

′
2) | (s1, s2) ∈ r & (s′

1, s
′
2) ∈ r′ }

where if s and s′ are states, then ss′ is the state with dom(ss′) = dom(s) ∪
dom(s′) and for all � ∈ dom(ss′)

(ss′)(�) =
{

s′(�) if � ∈ dom(s′)
s(�) if � ∈ dom(s) − dom(s′).

We say that a state relation r′ ∈ Rel(w′
1, w

′
2) extends a state relation r ∈

Rel(w1, w2), and write
r′ � r

if r′ = r⊗r′′ for some r′′ (so in particular wi ⊆ w′
i for i = 1, 2). (See Exercise B.5

for an alternative characterisation of the extension relation �.)

Theorem 5.2 (‘Logical’ simulation relation between ML programs, pa-
rameterised by state-relations). For each state-relation r ∈ Rel(w1, w2) we
can define a relation

e1 ≤r e2 : ty (e1 ∈ Progty(w1), e2 ∈ Progty(w2))

(for each type ty), with the following properties:
6 This non-emptiness condition is a technical convenience which, among other things,

simplifies the definition of the logical relation (Definition 5.4) at ground types.
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(I) The simulation property of ≤r: to prove e1 ≤r e2 : ty, it suffices to
show that whenever

(s1, s2) ∈ r and s1, e1 ⇒ v1, s
′
1

then there exists r′ � r and v2, s
′
2 such that

s2, e2 ⇒ v2, s
′
2, v1 ≤r′ v2 : ty and (s′

1, s
′
2) ∈ r′ .

(II) The extensionality properties of ≤r on canonical forms:
(i) For ty ∈ {bool, int, unit}, v1 ≤r v2 : ty if and only if v1 = v2.
(ii) v1 ≤r v2 : int ref if and only if !v1 ≤r !v2 : int and for all n ∈ Z,

(v1 := n) ≤r (v2 := n) : unit.
(iii) v1 ≤r v2 : ty1* ty2 if and only if fst v1 ≤r fst v2 : ty1 and snd v1 ≤r

snd v2 : ty2.
(iv) v1 ≤r v2 : ty1 -> ty2 if and only if for all r′ � r and all v′

1, v
′
2

v′
1 ≤r′ v′

2 : ty1 ⊃ v1 v′
1 ≤r′ v2 v′

2 : ty2.

(The last property is characteristic of (Kripke) logical relations [16, 10].)
(III) The relationship between ≤r and contextual equivalence: for all

types ty, finite sets w of locations, and programs e1, e2 ∈ Progty(w)

e1 ≤ctx e2 : ty iff e1 ≤idw e2 : ty

where idw ∈ Rel(w, w) is the identity state-relation for w:

idw � { (s, s) | s ∈ St(w) } .

Hence e1 and e2 are contextually equivalent if and only if both e1 ≤idw

e2 : ty and e2 ≤idw e1 : ty. ��
We have two problems to discuss. First, why does the family of relations

− ≤r − : ty (r ∈ Rel(w1, w2), w1, w2 finite subsets of Loc, ty a type)

exist with the properties claimed in Theorem 5.2? Secondly, how do we use it to
prove contextual equivalences like p =ctx m :int->int from Sect. 2? We address
the second problem first. It is only when we get round to the first problem that
we will see why the abstract machine semantics of the previous section is so
useful.

Proof of the Contextual Equivalence of p and m. Consider the programs
defined by equations (1) and (2). To prove p =ctx m : int -> int, we have to
show p ≤ctx m : int -> int and m ≤ctx p : int -> int. We give the proof of
the first contextual preorder; the argument for the second one is similar. Since
p, m ∈ Progint->int(∅), by Theorem 5.2(III), to prove p ≤ctx m : int -> int
it suffices to prove p ≤id∅ m : int -> int. We do that by appealing to the
simulation property of ≤id∅ given by Theorem 5.2(I). Note that St(∅) contains
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only one element, namely the empty state ∅; hence the identity state-relation
id∅ just contains the pair (∅, ∅) and we have to check the simulation property
holds for this pair of states. So suppose

∅, p ⇒ v, s.

It follows from the syntax-directed nature of the rules for evaluation in Sect. A.3
that v and s are uniquely determined up to the name of a freshly created location,
call it �1:

v = fun(x : int) -> �1 := !�1 + x ; !�1 and s = {�1 �→ 0}.

Choosing another new location �2, define

r � { (s1, s2) | s1(�1) = −s2(�2) } ∈ Rel({�1}, {�2}).

Clearly r � id∅ holds. Also the evaluation ∅, m ⇒ v′, s′ holds with

v′ = fun(y : int) -> �2 := !�2 - y ; 0 - !�2 and s′ = {�2 �→ 0}.

We certainly have (s, s′) ∈ r, since 0 = −0. So we just have to check that
v ≤r v′ : int -> int. To do that we appeal to Theorem 5.2(II)(iv) and show for
all r′ � r and all n ≤r′ n′ :int that v n ≤r′ v′ n′ :int. By Theorem 5.2(II)(i), this
amounts to showing

v n ≤r′ v′ n : int, for all n ∈ Z. (8)

We do this by once again appealing to the simulation property Theorem 5.2(I):
given any (s1, s2) ∈ r′, since r′ � r we have (s1�{�1}, s2�{�2}) ∈ r and hence
s1(�1) = −s(�2) = k, say. Then

s1, v n ⇒ n′, s1[�1 �→ n′] and s2, v
′ n ⇒ n′, s1[�2 �→ −n′]

with n′ = k + n. From the definition of r′ � r in Definition 5.1 it follows that
(s1[�1 �→ n′], s1[�2 �→ −n′]) ∈ r′; and n′ ≤r′ n′ : int by Theorem 5.2(II)(i). So
the simulation property does indeed imply equation (8) and hence we do have
v ≤r v′ : int -> int, as required. ��

Existence of the Logical Simulation Relation. We turn now to the problem
of why the logical simulation relation described in Theorem 5.2 exists. Why
can’t we just take the simulation property (I) of the theorem as the definition
of − ≤r − : ty at non-canonical expressions in terms of the logical simulation
relation restricted to canonical expressions?—for then we could give a definition
of the latter by induction on the structure of the type ty , using the extensionality
properties in (II). The answer is that it seems impossible to connect such a
version of − ≤r − : ty with contextual equivalence as in property (III) of the
theorem, defeating the purpose of introducing these relations in the first place.
The reason for this lies in the fact that we are dealing with a fragment of ML
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with recursively defined functions fun f = (x : ty) -> e (and hence which
is a Turing-powerful programming language, i.e. which can express all partial
recursive functions from numbers to numbers)7. It turns out that each such
recursively defined function is the least upper bound with respect to ≤ctx of its
finite unfoldings:

(fun f = (x : ty) -> e) ≤ctx g : ty -> ty ′ ≡ ∀n ≥ 0 (fn ≤ctx g : ty -> ty ′) (9)

where the expressions fn are the ‘finite unfoldings’ of fun f = (x : ty) -> e,
defined as follows:

f0 � fun f = (x : ty) -> f x
fn+1 � fun(x : ty) -> e[fn/f ]

}
(10)

The least upper bound property in equation (9) follows immediately from the
definition of ≤ctx and the following ‘Unwinding Theorem’.

Theorem 5.3 (An unwinding theorem). Given

f : ty -> ty ′, x : ty � e : ty ′

for each n ≥ 0 define fn ∈ Progty->ty′ as in equation (10). Then for all

f : ty -> ty ′ � e′ : ty ′′

and all states s, it is the case that

s, e′[(fun f = (x : ty) -> e)/f ] ⇓ ≡ ∃n ≥ 0 (s, e′[fn/f ] ⇓) .

��
Proof. We can use the structurally inductive characterisation of termination
afforded by Theorem A.4 to reduce the proof to a series of simple (if tedious)
inductions. Writing fω for fun f = (x : ty) -> e, first show that

〈s , Fs[fn/f ] , e′[fn/f ]〉↘ ⊃ 〈s , Fs[fω/f ] , e′[fω/f ]〉↘
holds for all s, Fs, e′ and n, by induction on the derivation of 〈s , Fs[fn/f ] ,
e′[ff/f ]〉↘ from the rules in Sect. A.7. Conversely, show for that

〈s , Fs[fω/f ] , e′[fω/f ]〉↘ ⊃ ∃n ≥ 0(〈s , Fs[fn/f ] , e′[fn/f ]〉↘)

holds all s, Fs and e′, by induction on the derivation of 〈s, Fs[fω/f ] , e′[fω/f ]〉↘.
Doing this requires proving a sublemma to the effect that

〈s , Fs[fn/f ] , e′[fn/f ]〉↘ ⊃ 〈s , Fs[fn+1/f ] , e′[fn+1/f ]〉↘
which is done by induction on n, with the base case n = 0 proved by induction
on the derivation of 〈s , Fs[f0/f ] , e′[f0/f ]〉↘. The unwinding theorem follows
from these results by taking Fs = Id and applying Theorem A.4. ��
7 Compared with either Caml or Standard ML, fun f = (x :ty) -> e is a non-standard

canonical form; it is equivalent to the Caml expression let rec f = (fun(x : ty) ->
e) in f—see Sect. A.2.



394 Andrew M. Pitts

If the logical relation ≤idw is to coincide with ≤ctx as in Theorem 5.2(III), it
must have a property like (9). More generally, each ≤r should have a syntactic
version of the ‘admissibility’ property that crops up in domain theory:

e′[(fun f = (x :ty) -> e)/f ] ≤r g :ty ≡ ∀n ≥ 0 (e′[fn/f ] ≤r g :ty1->ty2). (11)

The problem with trying to use the simulation property of Theorem 5.2(I) as
a definition of ≤r is that the existential quantification over extensions r′ � r
occurring in it makes it unlikely that equation (11) could be proved for that
definition (although I do not have a specific counter-example to hand).

One can get round these difficulties by defining the logical simulation rela-
tion between expressions, ≤r, in terms of a similar, auxiliary relation between
frame stacks, Stackty(r); this in turn is defined using an auxiliary relation be-
tween canonical forms, Valty(r), that builds in the extensionality properties of
Theorem 5.2(II). Since only well-typed expressions are considered, before giving
the definitions of these auxiliary relations we need to define typing for (closed)
frame stacks. We write � Fs : ty � ty ′ to indicate that Fs is a well-typed, closed
frame stack taking an argument of type ty and returning a result of type ty ′.
This relation is inductively defined by the rules

� Id : ty � ty

� Fs : ty ′ � ty ′′

x /∈ fv(F)
[x �→ ty ] � F [x] : ty ′

� Fs ◦ F : ty � ty ′′

The set of well-typed frame stacks taking an argument of type ty and only in-
volving locations in the world w is defined to be

Stackty(w) � { Fs | ∃ty ′(� Fs : ty � ty ′) } . (12)

Definition 5.4 (A logical simulation relation). For all worlds w1, w2, state-
relations r ∈ Rel(w1, w2) and types ty , we define binary relations between pro-
grams, frame stacks and canonical forms:

≤r ⊆ Progty(w1) × Progty(w2)
Stackty(r) ⊆ Stackty(w1) × Stackty(w2)

Valty(r) ⊆ Valty(w1) × Valty(w2).

The relations between programs are defined in terms of those between frame
stacks:

e1 ≤r e2 : ty � (13)
∀r′ � r, ∀(s′

1, s
′
2) ∈ r′,∀(Fs1,Fs2) ∈ Stackty(r′)

(〈s′
1 , Fs1 , e1〉↘ ⊃ 〈s′

2 , Fs2 , e2〉↘) .

The relations between frame stacks are defined in terms of those between canon-
ical forms:

(Fs1,Fs2) ∈ Stackty(r) � (14)
∀r′ � r, ∀(s′

1, s
′
2) ∈ r′,∀(v1, v2) ∈ Valty(r′)

(〈s′
1 , Fs1 , v1〉↘ ⊃ 〈s′

2 , Fs2 , v2〉↘) .
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The relations between canonical forms are defined by induction on the structure
of the type ty , for all w1, w2 and r simultaneously:

(v1, v2) ∈ Valbool(r) ≡ v1 = v2 (15)
(v1, v2) ∈ Valint(r) ≡ v1 = v2 (16)

((), ()) ∈ Valunit(r) (17)
(v1, v2) ∈ Valint ref(r) ≡ !v1 ≤r !v2 : int &

∀n ∈ Z((v1 := n) ≤r (v2 := n) : unit)
(18)

(v1, v2) ∈ Valty1*ty2
(r) ≡ fst v1 ≤r fst v2 : ty1 &

snd v1 ≤r snd v2 : ty2

(19)

(v1, v2) ∈ Valty1->ty2
(r) ≡ ∀r′ � r, ∀v′

1,∀v′
2

(v′
1 ≤r′ v′

2 : ty1 ⊃ v1 v′
1 ≤r′ v2 v′

2 : ty2).
(20)

We extend the logical relation to open expressions via closing substitutions (of
canonical forms for value identifiers). Thus given Γ � e : ty and Γ � e′ : ty where
Γ = [x 1 �→ ty1, . . . , x n �→ tyn] say, and given r ∈ Rel(w1, w2) with loc(ei) ⊆ wi

for i = 1, 2, we define
Γ � e ≤r e′ : ty (21)

to mean that for all extensions r′ � r and all related canonical forms (vi, v
′
i) ∈

Valtyi
(r′) (i = 1..n), it is the case that e[�v/�x ] ≤r′ e′[�v′/�x ] : ty holds.

Proof of Theorem 5.2 (sketch). The proof that the relations ≤r of Defini-
tion 5.4 have all the properties required by Theorem 5.2 is quite involved. The
details can be found in Sects 4 and 5 of [15]. Here is a guide to finding one’s way
through those details.

For part (I) of the theorem we use the following connection between eval-
uation and the structurally inductive termination relation (a generalisation of
Theorem A.4):

〈s , Fs , e〉↘ ≡ ∃s′, v (s, e ⇒ v, s′ & 〈s′ , Fs , v〉↘) .

This, together with definitions (13) and (14), yield property (I) as in the proof
of [15, Proposition 5.1].

Part (II) of the theorem follows from definitions (15)–(20) once we know
that the restriction of the relation − ≤r − : ty to canonical forms coincides with
Valty(r)(−,−); this is proved in [15, Lemma 4.4].

For part (III) of the theorem we have to establish the so-called “fundamental
property” of the logical relation, namely that its extension to open expressions
as in (21) is preserved by all the expression-forming constructs of the language.
For example

if Γ [f �→ ty1 -> ty2][x �→ ty1] � e ≤r e′ : ty2
then Γ � (fun f = (x : ty1) -> e) ≤r

(fun f = (x : ty1) -> e′) : ty1 -> ty2 .

(22)
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This property and similar ones for each of the other expression-forming con-
structs are proved in [15, Proposition 4.8]. In particular, the proof of (22) makes
use of the Unwinding Theorem 5.3 to establish Γ � (fun f = (x : ty1) -> e) ≤r

(fun f = (x : ty1) -> e′) : ty1 -> ty2 from the fact (proved by induction on n)
that Γ � fn ≤r f ′

n : ty1 -> ty2 holds for the finite approximations fn, f ′
n defined

as in (10).
One immediate consequence of this fundamental property of the logical re-

lation is that ≤idw
is a reflexive relation. Also, it is not hard to see that if two

expressions are logically related and we change one of them up to the contex-
tual preorder, we still have logically related expressions. Thus if e1 ≤ctx e2 : ty ,
since we have e1 ≤idw e1 : ty , we also have e1 ≤idw e2 : ty . This is one half
of property (III). The other half also follows from the fundamental property.
For if e1 ≤idw e2 : ty , then for any context x : ty � e : ty ′ (where without
loss of generality we assume loc(e) ⊆ w), the fundamental property implies
that e[e1/x ] ≤idw e[e2/x ] : ty ′ holds. So if s, e[e1/x ] ⇓, then by Theorem A.4
〈s , Id , e[e1/x ]〉↘. Using the easily verified fact that (Id , Id) ∈ Stackty(idw), it
follows from e[e1/x ] ≤idw e[e2/x ]:ty ′ and definition (13) that 〈s , Id , e[e2/x ]〉↘
and hence that s, e[e2/x ] ⇓. Since this holds for all contexts e, we conclude that
e1 ≤idw e2 : ty does indeed imply that e1 ≤ctx e2 : ty . ��

Open Problems. The definition of ≤r, with its interplay between expression-
relations and frame stack-relations, was introduced to get round the difficulty
of establishing the necessary fundamental properties of the logical relation (and
hence property (III) of Theorem 5.2) in the presence of recursively defined func-
tions. Note that these difficulties have to be tackled even if the particular exam-
ples of contextual equivalence we are interested in do not involve such functions
(as in fact was the case in this paper). This reflects the unfortunate non-local
aspect of the definition of contextual equivalence: even if the expressions we are
interested in do not involve a particular language construct, we have to consider
their behaviour in all contexts and the context may make use of the construct.
Thus adding recursive functions complicates reasoning about non-recursive func-
tions with local state. What other features of ML might cause trouble? I have
listed some important ones in Fig. 6. There is some reason to think we could
reason about the contextual equivalence of ML structures and functors using the
logical relations methods outlined here: see the results about existential types
in [13]. The other features—recursive mutable data, references to values of arbi-
trary type, and object-oriented features—are more problematic. One difficulty is
that the definition of the logical relation (Definition 5.4) proceeds by induction
on the structure of types. In the presence of recursive types one has to use some
other approach in order to avoid a circular definition; here syntactic versions
of the construction of recursively defined domains [4] may be of assistance. A
more subtle problem is that some of our definitions (for example the notion of
extension of state-relations in Definition 5.1) exploit the fact that we restricted
attention to memory states with a very simple, ‘flat’ structure; many of the
features listed in Fig. 6 cause memory states to have a complicated, recursive
structure that blocks the use of some of the definitions as they stand.
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Can the method of proving contextual equivalences outlined here be extended to larger
fragments of ML with:

– structures and signatures (abstract data types)
– functions with local references to values of arbitrary types

(and ditto for exception packets)
– recursively defined, mutable data structures
– OCaml-style objects and classes?

Are there other forms of logical relation, useful for proving contextual equivalences?

Fig. 6. Some things we do not yet know how to do

Finally, it should be pointed out that the simulation property of the logical
relation in Theorem 5.2(I) is only a sufficient, but not a necessary condition for
e1 ≤ctx e2 : ty to hold. For example

awk � let a = ref 0 in
fun(f : unit -> unit) -> (a := 1 ; f () ; !a )

(23)

satisfies awk =ctx (fun(g : unit -> unit) -> g () ; 1) : (unit -> unit) -> int,
but it is not possible to use Theorem 5.2 to prove it; see Example 5.9 of [15],
which discusses this example.

6 Conclusion

We have described a method for proving contextual equivalence of ML functions
involving local state, based on a certain kind of logical relation parameterised
by state-relations. Theorem 5.2 summarises the properties of this logical rela-
tion that are needed for applications. However, the construction of a suitable
logical relation is complicated by the presence of recursive definitions in ML. We
got around this complication by using a reformulation of the structural oper-
ational semantics of ML in terms of frame stacks. This reformulation provides
a structurally inductive characterisation of termination of ML evaluation that
is not only used in the definition of the logical relation, but also provides a
very useful tool for proving general properties of evaluation, like the Unwinding
Theorem 5.3.

A Appendix: A Fragment of ML

A.1 Types

ty ::= bool booleans
int integers
unit unit
int ref integer storage locations
ty * ty pairs
ty -> ty functions
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A.2 Expressions

e ::= x , f value identifiers (x , f ∈ Var)
true boolean constants
false
if e then e else e conditional
n integer constants (n ∈ Z)
e = e integer equality
e + e addition
e - e subtraction
() unit value
!e look-up
e := e assignment
ref e storage creation
e == e location equality
e ; e sequence
e , e pair
fst e first projection
snd e second projection
fun(x : ty) -> e function abstraction
fun f = (x : ty) -> e recursively defined function
e e function application
let x = e in e local definition
� storage locations (� ∈ Loc)

Notes.

1. The concrete syntax of expressions is like that of Caml rather than Stan-
dard ML (not that there are any very great differences between the two
languages for the fragment we are using).

2. As well as having a canonical form for function abstractions, it simplifies the
presentation of the operational semantics to have a separate canonical form
fun f = (x : ty) -> e for recursively defined functions. In Caml this could
be written as

let rec f = (fun(x : ty) -> e) in f .

3. Var and Loc are some fixed, countably infinite sets (disjoint from each other,
and disjoint from the set of integers, Z = {. . . ,−2,−1, 0, 1, 2, . . .}).

4. What we call storage locations are called addresses in [9]. They do not occur
explicitly in the ML expressions written by users, but rather, occur implicitly
via environments binding value identifiers to addresses (and to other kinds
of semantic value). We will use a formulation of ML’s operational semantics
that does without environments, at the minor expense of having to consider
an extended set of expressions, in which names of storage locations can occur
explicitly.
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5. We write loc(e) for the finite subset of Loc consisting of all storage locations
occurring in the expression e.

6. We write fv(e) for the finite subset of Var consisting of all value identifiers
occurring freely in the expression e. This finite set is defined by induction
on the structure of e. The only interesting clauses are for the syntax-forming
operations that are binders:

fv(fun(x : ty) -> e) � fv(e) − {x }
fv(fun f = (x : ty) -> e) � fv(e) − {f , x }

fv(let x = e1 in e2) � fv(e1) ∪ (fv(e2) − {x }).

A.3 Evaluation Relation

This is of the form
s, e ⇒ v, s′

where

– e is a closed expression (i.e. fv(e) is empty)
– v is a closed canonical form, which by definition is a closed expression in the

subset of expressions generated by the grammar

v ::= x , f
true
false
n
()
v , v
fun(x : ty) -> e
fun f = (x : ty) -> e
�

– s, s′ are states, which by definition are finite functions from Loc to Z

– loc(e) ⊆ dom(s) and loc(v) ⊆ dom(s′).

The evaluation relation is inductively defined by the following rules. (The no-
tation e[e1/x ] used in some of the rules indicates the substitution of e1 for all
free occurrences of x in e; similarly, e[e1/x 1, e2/x 2, . . .] indicates simultaneous
substitution; in this paper we will only need to consider the substitution of
closed expressions, so I omit a discussion of avoiding capture of free identifiers
by binders during substitution. The notation s[� �→ n] used in some of the rules
denotes the state mapping � to n and otherwise acting like s.)

Canonical forms:

v in canonical form
s, v ⇒ v, s
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Conditional:

s, e ⇒ true, s′

s′, e1 ⇒ v, s′′

s, if e then e1 else e2 ⇒ v, s′′

s, e ⇒ false, s′

s′, e2 ⇒ v, s′′

s, if e then e1 else e2 ⇒ v, s′′

Integer equality:

s, e1 ⇒ n, s′

s′, e2 ⇒ n, s′′

s, e1 = e2 ⇒ true, s′′

s, e1 ⇒ n1, s
′

s′, e2 ⇒ n2, s
′′

n1 �=n2

s, e1 = e2 ⇒ false, s′′

Arithmetic:

s, e1 ⇒ n1, s
′

s′, e2 ⇒ n2, s
′′

op ∈ {+, -}
n is the result of combining n1 and n2 according to op
s, e1 op e2 ⇒ n, s′′

Look-up:

s, e ⇒ �, s′

(� �→ n) ∈ s′

s, !e ⇒ n, s′

Assignment:

s, e1 ⇒ �, s′

s′, e2 ⇒ n, s′′

s, e1 := e2 ⇒ (), s′′[� �→ n]

Storage creation:

s, e ⇒ n, s′

� /∈ dom(s′)
s, ref e ⇒ �, s′[� �→ n]

Location equality:

s, e1 ⇒ �, s′

s′, e2 ⇒ �, s′′

s, e1 == e2 ⇒ true, s′′

s, e1 ⇒ �1, s
′

s′, e2 ⇒ �2, s
′′

�1 �=�2
s, e1 == e2 ⇒ false, s′′
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Sequence:

s, e1 ⇒ v1, s
′

s′, e2 ⇒ v2, s
′′

s, e1 ; e2 ⇒ v2, s
′′

Pair:

s, e1 ⇒ v1, s
′

s′, e2 ⇒ v2, s
′′

s, (e1 , e2) ⇒ (v1 , v2), s′′

Projections:

s, e ⇒ (v1 , v2), s′

s, fst e ⇒ v1, s
′

s, e ⇒ (v1 , v2), s′

s, snd e ⇒ v2, s
′

Function application:

s, e1 ⇒ v1, s
′

s′, e2 ⇒ v2, s
′′

v1 = fun(x : ty) -> e
s′′, e[v2/x ] ⇒ v3, s

′′′

s, e1 e2 ⇒ v3, s
′′′

s, e1 ⇒ v1, s
′

s′, e2 ⇒ v2, s
′′

v1 = fun f = (x : ty) -> e
s′′, e[v1/f , v2/x ] ⇒ v3, s

′′′

s, e1 e2 ⇒ v3, s
′′′

Local definition:

s, e1 ⇒ v1, s
′

s′, e2[v1/x ] ⇒ v2, s
′′

s, let x = e1 in e2 ⇒ v2, s
′′

A.4 Type Assignment Relation

This is of the form
Γ � e : ty

where

– the typing context Γ is a function from a finite set dom(Γ ) of variables to
types

– e is an expression
– ty is a type.

It is inductively generated by the following rules. (The notation Γ [x �→ ty ] used
in some of the rules indicates the typing context mapping x to ty and otherwise
acting like Γ .)
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Value identifiers:

x ∈ dom(Γ )
Γ (x ) = ty
Γ � x : ty

Boolean constants:

b ∈ {true, false}
Γ � b : bool

Conditional:

Γ � e : bool
Γ � e1 : ty
Γ � e2 : ty
Γ � (if e then e1 else e2) : ty

Integer constants:

n ∈ Z

Γ � n : int

Integer equality:

Γ � e1 : int
Γ � e2 : int
Γ � (e1 = e2) : bool

Arithmetic:

Γ � e1 : int
Γ � e2 : int
op ∈ {+, -}
Γ � (e1 op e2) : int

Unit value:

Γ � () : unit

Look-up:

Γ � e : int ref
Γ � !e : int

Assignment:

Γ � e1 : int ref
Γ � e2 : int
Γ � (e1 := e2) : unit
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Storage creation:

Γ � e : int
Γ � ref e : int ref

Location equality:

Γ � e1 : int ref
Γ � e2 : int ref
Γ � (e1 == e2) : bool

Sequence:

Γ � e1 : ty1
Γ � e2 : ty2
Γ � (e1 ; e2) : ty2

Pair:

Γ � e1 : ty1
Γ � e2 : ty2
Γ � e1 , e2 : ty1 * ty2

Projections:

Γ � e : ty1 * ty2
Γ � fst e : ty1

Γ � e : ty1 * ty2
Γ � snd e : ty2

Function abstraction:

Γ [x �→ ty1] � e : ty2
x /∈ dom(Γ
Γ � (fun(x : ty1) -> e) : ty1 -> ty2

Recursively defined function:

Γ [f �→ ty1 -> ty2][x �→ ty1] � e : ty2
f , x /∈ dom(Γ )
f �=x
Γ � (fun f = (x : ty1) -> e) : ty1 -> ty2

Function application:

Γ � e1 : ty2 -> ty1
Γ � e2 : ty2
Γ � e1 e2 : ty1
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Local definition:

Γ � e1 : ty1
Γ [x �→ ty1] � e2 : ty2
x /∈ dom(Γ )
Γ � (let x = e1 in e2) : ty2

Storage locations:

� ∈ Loc
Γ � � : int ref

Theorem A.1 (Type soundness).

(e, s ⇒ v, s′) & (∅ � e : ty) ⊃ (∅ � v : ty). ��

A.5 Transition Relation

This is of the form
(s , e) → (s′ , e′)

where e, e′ are closed expressions and s, s′ are memory states with loc(e) ⊆
dom(s) and loc(e′) ⊆ dom(s′). The transition relation is inductively defined by
the following rules.

Basic reductions:

(s , if true then e1 else e2) → (s , e1)

(s , if false then e1 else e2) → (s , e2)

(s , n = n) → (s , true)
n1 �=n2

(s , n1 = n2) → (s , false)

op ∈ {+, -}
n is the result of combining n1 and n2 according to op
(s , n1 op n2) → (s , n)

(� �→ n) ∈ s
(s , !�) → (s , n)

(s , � := n) → (s[� �→ n] , ())

� /∈ dom(s)
(s , ref n) → (s[� �→ n] , �)
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(s , � == �) → (s , true)
�1 �=�2
(s , �1 == �2) → (s , false)

v a canonical form
(s , (v ; e)) → (s , e)

v1, v2 canonical forms
(s , fst (v1 , v2)) → (s , v1)

v1, v2 canonical forms
(s , snd (v1 , v2)) → (s , v1)

v1 = fun(x : ty) -> e
v2 a canonical form
(s , v1 v2) → (s , e[v2/x ])

v1 = fun f = (x : ty) -> e
v2 a canonical form
(s , v1 v2) → (s , e[v1/f , v2/x ])

v a canonical form
(s , let x = v in e) → (s , e[v/x ])

Simplification steps:

(s , e) → (s′ , e′)
(s , if e then e1 else e2) → (s′ , if e′ then e1 else e2)

(s , e1) → (s′ , e′
1)

op ∈ {=, +, -, :=, ==, ;, ,}
(s , e1 op e2) → (s′ , e′

1 op e2)

(s , e) → (s′ , e′)
v a canonical form
op ∈ {=, +, -, :=, ==, ,}
(s , v op e) → (s′ , v op e′)

(s , e1) → (s′ , e′
1)

op ∈ {!, ref , fst , snd }
(s , op e) → (s′ , op e′)

(s , e1) → (s′ , e′
1)

(s , e1 e2) → (s′ , e′
1 e2)

(s , e) → (s′ , e′)
v a canonical form
(s , v e) → (s′ , v e′)

(s , e1) → (s′ , e′
1)

(s , let x = e1 in e2) → (s′ , let x = e′
1 in e2)

Theorem A.2 (The relationship between evaluation and transition).

(s, e ⇒ v, s′) ≡ (s , e) →∗ (s′ , v)

where →∗ is the reflexive-transitive closure of →. ��

A.6 An Abstract Machine

The configurations of the machine take the form 〈s , Fs , e〉 where s is a state
(cf. Sect. A.3), e is a closed expression (cf. Sect. A.2) and Fs is a closed frame
stack. The frame stacks are given by:
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Fs ::= Id empty
Fs ◦ F non-empty

where F is an evaluation frame:

F ::= if [−] then e else e
[−] op e for op ∈ {=, +, -, :=, ==, ;, ,}
v op [−] for op ∈ {=, +, -, :=, ==, ,}
op [−] for op ∈ {!, ref , fst , snd }
[−] e
v [−]
let x = [−] in e

(where e ranges over expressions and v over expressions in canonical form). The
set fv(Fs) of free value identifiers of a frame stack Fs are all those value identifiers
occurring freely in its constituent expressions; Fs is closed if fv(Fs) is empty.

The transitions of the abstract machine, 〈s , Fs , e〉 → 〈s′ , Fs ′ , e′〉, are
defined by case analysis of, firstly, the structure of e and then the structure of
Fs:

Case e = v is in canonical form:

〈s , Fs ◦ (if [−] then e1 else e2) , v〉 → 〈s , Fs , e1〉, if v = true
〈s , Fs ◦ (if [−] then e1 else e2) , v〉 → 〈s , Fs , e2〉, if v = false
〈s , Fs ◦ ([−] op e) , v〉 → 〈s , Fs ◦ (v op [−]) , e〉, for op ∈ {=, +, -, :=, ==, ,}
〈s , Fs ◦ (v′ op [−]) , v〉 → 〈s , Fs , v′′〉,

if v′′ is the result of combining v′ and v according to op ∈ {=, +, -, ==, ,}
〈s , Fs ◦ (� := [−]) , v〉 → 〈s[� �→ n] , Fs , ()〉, if v = n
〈s , Fs ◦ (![−]) , v〉 → 〈s , Fs , n〉, if v = � and (� �→ n) ∈ dom(s)
〈s , Fs ◦ (ref [−]) , v〉 → 〈s[� �→ n] , Fs , �〉, if v = n and � /∈ dom(s)
〈s , Fs ◦ ([−] ; e) , v〉 → 〈s , Fs , e〉
〈s , Fs ◦ (fst [−]) , v〉 → 〈s , Fs , v1〉, if v = (v1 , v2)
〈s , Fs ◦ (snd [−]) , v〉 → 〈s , Fs , v2〉, if v = (v1 , v2)
〈s , Fs ◦ ([−] e) , v〉 → 〈s , Fs ◦ (v [−]) , e〉
〈s , Fs ◦ (v′ [−]) , v〉 → 〈s , Fs , e[v/x ]〉, if v′ = fun(x : ty) -> e
〈s , Fs ◦ (v′ [−]) , v〉 → 〈s , Fs , e[v′/f , v/x ]〉, if v′ = fun f = (x : ty) -> e
〈s , Fs ◦ (let x = [−] in e) , v〉 → 〈s , Fs , e[v/x ]〉

Case e is not in canonical form:

〈s , Fs , if e then e1 else e2〉 → 〈s , Fs ◦ (if [−] then e1 else e2) , e〉
〈s , Fs , e1 op e2〉 → 〈s , Fs ◦ ([−] op e2) , e1〉, for op ∈ {=, +, -, :=, ==, ;.,}
〈s , Fs , op e〉 → 〈s , Fs ◦ (op [−]) , e〉, for op ∈ {!, ref , fst , snd }
〈s , Fs , e1 e2〉 → 〈s , Fs ◦ ([−] e2) , e1〉
〈s , Fs , let x = e1 in e2〉 → 〈s , Fs ◦ (let x = [−] in e2) , e1〉
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Theorem A.3 (The relationship between evaluation and the abstract
machine).

〈s , Fs , e〉 →∗ 〈s′ , Id , v〉 ≡ (s,Fs[e] ⇒ v, s′)

where the application Fs[e] of a frame stack Fs to an expression e is defined by
induction on the length of Fs as follows:

{ Id [e] � e

(Fs ◦ F)[e] � Fs[F [e]]

(each evaluation frame F is an evaluation context containing a hole [−] that can
be replaced by e to obtain an expression F [e]). ��

A.7 A Structurally Inductive Termination Relation

This is of the form
〈s , Fs , e〉↘

where s is a memory state, Fs a frame stack and e a closed expression. It is
inductively defined by the following rules.

v a canonical form
〈s , Id , v〉↘

〈s , Fs , e1〉↘
v = true
〈s , Fs ◦ (if [−] then e1 else e2) , v〉↘

〈s , Fs , e2〉↘
v = false
〈s , Fs ◦ (if [−] then e1 else e2) , v〉↘

〈s , Fs ◦ (v op [−]) , e〉↘
op ∈ {=, +, -, :=, ==, ,}
〈s , Fs ◦ ([−] op e) , v〉↘

〈s , Fs , v′′〉↘
op ∈ {=, +, -, :=, ==, ,}
v′′ is result of combining v′ and v according to op
〈s , Fs ◦ (v′ op [−]) , v〉↘

〈s[� �→ n] , Fs , ()〉↘
v = n
〈s , Fs ◦ (� := [−]) , v〉↘
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〈s , Fs , n〉↘
v = �
(� �→ n) ∈ dom(s)
〈s , Fs ◦ (![−]) , v〉↘

〈s[� �→ n] , Fs , �〉↘
v = n
� /∈ dom(s)
〈s , Fs ◦ (ref [−]) , v〉↘

〈s , Fs , e〉↘
〈s , Fs ◦ ([−] ; e) , v〉↘

〈s , Fs , v1〉↘
v = (v1 , v2)
〈s , Fs ◦ (fst [−]) , v〉↘

〈s , Fs , v2〉↘
v = (v1 , v2)
〈s , Fs ◦ (snd [−]) , v〉↘

〈s , Fs ◦ (v [−]) , e〉↘
〈s , Fs ◦ ([−] e) , v〉↘

〈s , Fs , e[v/x ]〉↘
v′ = fun(x : ty) -> e
〈s , Fs ◦ (v′ [−]) , v〉↘

〈s , Fs , e[v′/f , v/x ]〉↘
v′ = fun f = (x : ty) -> e
〈s , Fs ◦ (v′ [−]) , v〉↘

〈s , Fs , e[v/x ]〉↘
〈s , Fs ◦ (let x = [−] in e) , v〉↘

〈s , Fs ◦ (if [−] then e1 else e2) , e〉↘
〈s , Fs , if e then e1 else e2〉↘

〈s , Fs ◦ ([−] op e2) , e1〉↘
op ∈ {=, +, -, :=, ==, ,}
〈s , Fs , e1 op e2〉↘

〈s , Fs ◦ (op [−]) , e〉↘
op ∈ {!, ref , fst , snd }
〈s , Fs , op e〉↘

〈s , Fs ◦ ([−] e2) , e1〉↘
〈s , Fs , e1 e2〉↘

Comparing the abstract machine steps in Sect. A.6 with the above rules it is
not hard to see that we have:
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Theorem A.4.

〈s , Fs , e〉↘ ≡ ∃s′, v (〈s , Fs , e〉 →∗ 〈s′ , Id , v〉) .

Hence by Theorem A.3, s, e⇓ holds if and only if 〈s , Id , e〉↘ does. ��

B Exercises

Exercise B.1. Let f , g and t be defined as in equations (3), (4) and (5). Use
the rules in Sect. A.3 to prove that

∅, t f ⇒ false, s and ∅, t g ⇒ true, s

hold for some state s. (Here ∅ denotes the empty state, whose domain of definition
is dom(∅) = ∅, the empty set of locations.)

Exercise B.2. Prove the type soundness property of evaluation stated in The-
orem A.1. Use induction on the derivation of the evaluation e, s ⇒ v, s′. You will
first need to prove the following substitution property of the type assignment
relation:

Γ � e : ty & Γ [x �→ ty ] � e′ : ty ′ ⊃ Γ � e′[e/x ] : ty ′.

Exercise B.3. Given e1, e2 ∈ Progty , define e1 ≤obs e2 : ty to mean that for all
x : ty � e : ty ′ and all states s

s, e[e1/x ] ⇒ v1, s1 ⊃ ∃v2, s2 . (s, e[e2/x ] ⇒ v2, s2) & obs(v1, s1) = obs(v2, s2)

where the function obs is defined in equation (2). Prove that e1 ≤obs e2 : ty holds
if and only if e1 ≤ctx e2 : ty does.

Exercise B.4. Prove Theorem A.2 relating the evaluation and transition rela-
tions of ML. First prove

(s , e) → (s′ , e′) ⊃ ∀v, s′′. (s′, e′ ⇒ v, s′′) ⊃ (s, e ⇒ v, s′′)

by induction on the derivation of (s , e) → (s′ , e′); deduce that if (s , e) →∗

(s′ , v), then s, e ⇒ v, s′. Prove the converse by induction on the derivation of
s, e ⇒ v, s′.

Exercise B.5. Given r ∈ Rel(w1, w2) and r′ ∈ Rel(w′
1, w

′
2) with w′

1 ⊇ w1 and
w′

2 ⊇ w2, show that r′ � r (Definition 5.1) holds if and only if for all (s′
1, s

′
2) ∈ r′

(s′
1�w1 , s

′
2�w2) ∈ r & ∀(s1, s2) ∈ r . (s′

1s1, s
′
2s2) ∈ r′.

(Here s�w denotes the restriction of the function s to w; and s′s is the state
determined by the states s′ and s as in Definition 5.1.)

Exercise B.6. Use the Unwinding Theorem 5.3 to prove the property of ≤ctx
stated in equation (9).
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Exercise B.7. Suppose f ∈ Progint->int is a closed expression with loc(f) =
∅ and such that for all n ∈ Z it is the case that ∅, f n⇓ holds. Show that f =ctx
memo f : int -> int where

memo f � let a = ref 0 in
let r = ref (f 0) in
fun(x : int) -> (if x = !a then ()

else (a := x ; r := f x )) ; !r .

(See [15, Example 5.7], if you get stuck.)

C List of Notation

& logical conjunction.
⊃ logical implication.
≡ logical bi-implication.
=ctx contextual equivalence—see Definition 3.1.
≤ctx contextual preorder—see Definition 3.1.
≤r logical simulation relation—see Theorem 5.2 and Def-

inition 5.4.
� extension relation between state-relations—see Defi-

nition 5.1.
dom(f) the domain of definition of a partial function f .
e[e1/x ] expression resulting from the substitution of expres-

sion e1 for all free occurrences of x in expression e.
e[e1/x 1, . . . , en/x n] expression resulting from the simultaneous substitu-

tion of expression ei for all free occurrences of x i in
expression e (for i = 1, . . . , n).

E an evaluation context—see equation (7) in Sect. 4.
E [e] the expression resulting from replacing the ‘hole’ [−]

in an evaluation context E by the expression e.
F an evaluation frame, special case of an evaluation

context—see Sect. A.6.
F [e] the expression resulting from replacing the ‘hole’ [−]

in an evaluation frame F by the expression e.
Fs a frame stack—see Sect. A.6.
Fs[e] the expression resulting from applying the frame

stack Fs to the expression e—see Theorem A.3.
� Fs : ty � ty ′ type assignment relation for frame stacks—see (12).
f [x �→ y] a partial function mapping x to y and otherwise act-

ing like the partial functionf .
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fv(e) finite set of free value identifiers of an expression e.
idw identity state-relation at world w—see Theo-

rem 5.2(III).
Γ � e : ty type assignment relation—see Sect. A.4.
Loc the fixed set of names of storage locations.
loc(e) finite set of storage locations occurring in the expres-

sion e.
∅ the empty set; the empty partial function; the empty

state; the empty typing context.
Progty the set of closed expressions of type ty—see Defini-

tion 5.1.
Progty(w) the set of closed expressions of type ty with locations

in the finite set w.
Rel(w1, w2) the set of binary relations between states in St(w1)

and in St(w1).
s, e ⇒ v, s′ evaluation relation—see Sect. A.3.
s, e⇓ termination relation derived from the evaluation re-

lation ⇒—see Definition 3.1.
(s , e) → (s′ , e′) transition relation—see Sect. A.5.
〈s , Fs , e〉 → 〈s′ , Fs ′ , e′〉 transition of the abstract machine—see Sect. A.6.
〈s , Fs , e〉↘ structurally inductive termination relation—see

Sect. A.7.
St(w) the set of memory states defined on a finite set w of

locations (i.e. Z
w, the set of functions from w to Z).

Stackty(w) the set of closed frame stacks taking an argument
of type ty and with locations in a finite set w of
locations—see (12).

Valty(w) the set of canonical forms of type ty with locations
in a finite set w of locations—see Sect. A.3.

w a finite subset of Loc, regarded as a ‘world’.
Z the set of integers, {. . . ,−2,−1, 0, 1, 2, . . .}.
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���� �� ������ ��	 �
��
�� ��� 
������

���������	�

� ��
 � � � � ��� � � ��� � 
���� � 
 � �	 �


���� ���������	�

� ��
 ����
� � �	�
� �� �

��������

� � � ���� � � �
� �� �

����������� ��� �������������


���� ������

� ��
 � � � �	����� � � � 	 
 �
� �� �

����

� � � 
 
����
� �� �


�����

����� 	
��
�������� �������

��� ��

������ �����
��
���� �� �
��
�� 	������ �	�� � 
�	���� 
��
������� �� ���
��������� �����	��� ��	�
��	�� �
��
� ������ 	�� ��	��
���� 	�
�	���� ������ ���
���� �

	���������� ��	�
��	�� ����� ��� 	�� ������	����� ����� ������	���

����
����� �� ��������� ��� ���� ��	 	�
�	���� ����� �	��� �	�� ��� ��	�
��	��
�	������� �� ������ ���
� �
��
� ����� �	� 	�
�	���� �� �����
� ��
��
�� �����
	���	 �� ���������� � !�����	 
����"���
� �� ��	�
��	�� ����� �� ���� ��� �����
�� �
��
�� ���� �� 
� ��	� ��	��� #������ ���� ���
	�
� ��� ����� �� ��� �

����
��
�������� ���
� ���������� �	� ����� ���
����� 
������ �
��
�� ���� ��	�� ������
$��
�� � ���	� ���� �

	�������� ��
������ �� ���� �� ���� ����� 	���������
����� ��� ����	 	��	���������� 
����
�� ���� �

	��������� �	� ��� 	�"��	�� ��
����	�� 
�� ���� �	� 
	�
��� �� �	�
��
�� 
��� ��	 ������ ����	�
���� ���� ���
���	 ��� ��	 	������
�� �Æ
���
� �� ���� ����	��
�� %�	���	��	�� �
��	���� ����
���� ��	�� �� �
��
� ����� �	� ����	 ����		�� ������ �� ���� ��� 	�� ��	��
���
���������� ���
� �����&
����� ������&�� ��� �	���������� �� �
��
� ����� �� ���
���	�

������ ����	 #����������� �� �
��
� ���� �� 
������� �� ��� 	�� �� ��� ����
�� �����
��� ���� ����	 ����� ���	 
����� �
��
� ����� � ��� ���������� ���� ���� � 	��
��	��
�� ���	 ���� �
��
� ����� � $�����	� ���� �	���������� �� ��� ��	� ������	�
#� ��	��
���	� 	����
��� 	�� ��	��
��� 
� � 	�� ����� ��� ����� � �������	���
����� #������� �� ��&�� ����� �� ��� ������ !������� � 
�����
�� 
����
���� ��
	�� ��	��
��� � � �� 	�� ����� ��� 	��� �	� ���
	�
�� 
� ��� ��������� �	���
��	��

� ��' � � � � ��� � ��' ( � � � � � � ) �

���� �	���
��� 	�� ��	��
��� �� 
� ���� ������	� ���� 
�� �� ��� ��� �� ��
�
��
� ����� ������ ���� 	�� ����� �� ��� ���� ������ ��� ������ 
� 	���
����
%�	 ������
�� � 	�� ���� � 	������� ��
�� ��
� �� �� � � )� � � �) � ������ 
�
	���
��� �� ������	���� *���	 ����� ��
� �� �� � � ) �� � ��� ������ ���� 
� 	����



Using, Understanding, and Unraveling the OCaml Language 475

��� ����� 	�
�����
 � �� � � � �� � ����� 
	����� �� ������	��� ��
�� ������� �����
��	������� ������ �� 
	���	��� �� �������	��� �������������� � ������	 �	���	��
�� �� ��	� 	�� ��
�� �� ����
���
 �� ���� 	�� � ��� �� ������ ���� �� ������ ���
������ ��� �� ����
���
 �� � ��
����� 	�� � ���� �

��	��
 ����������� ����	
��� ��
� �����	����	 ���� ��� ��	� ��

 ���� ��
�� �	� ��� ��� �� �������	��� 	�� ��
��� !�	���	��	�� 	��� �	� ����
����	�� ������ ���� ����������� �� ������  ��� ��� � � � � ��� � � �� �� �� �"��� ��
�� � � �� �� � � � ��� !�	 ���������� ������������ �� ������ ���� �� � � � �����
��
���	 �� ��� 	�
��� �� �� ���
�� �	��� �� � � ��� � � �� ���

������ ��	�
� #�$��� ��
�� �	� �������� ������	 �� ��
�� ��	 ������%���������

�����	
��� 	���	��� 
�����	
��� 	���	� ������ ��		��
���� �� �����
� �������
����� 
�����	
��� 	���	� �%������� �� ��� ������ ��	�� ����� #&��� �����������
��$���� �	� ��� �%��������� '����� ���� ���
��	 (����� �

	���� �� 	���	� ��
��
��� ���� �� ���� )**+� �,�� ��� �� ,������ -� 
�
� ./- ��	 ��	� 	���	����� ��

�����	
��� 	���	����

�����
� ����������  �
��
 �����
� ���������� ��� �� ����	���� �� ��� ��������

��
��
 	����

�������

� � � � �� � � � ��

� � �0� � �

 ��� ��� �� �� �%
	������ � �� �� ��$��� ���� � ������ � �� ��
� � ��� �����
����	 ������� ���
��	�� �� ��� 	�� ��� ���� ��� �%
	������ �0� �� �������
��
��� ��� ��
� � �

'�����	� ������� �� 	��� �������� �� 
	���	 �� �	��� �����
� ����������
��0�� �� ��� �

�������� �� � 
	������� � 0�� �� ��� �%
	������ ��  ����
�� ������ ���� ��� ������� ����	������ �������� ��� ���������� �� �����
�����
�� ��� � ��� 	� �� � �� 	� � ������ 1� �� ��(� �������
� �� ��� 
�	�����	��
2����� �� ��� ���
��
� �� 
	�������� ��� ����� ��� ���	�������� �� ��� ��
��

	�����

���� ��������� ��� ������ ����� ,���� �� ���� ��� ����
�� ��� ��� �� �%
	��������
��� 
	����� �� ��
� ����	���� ���	 �����
� ����������� 	������ �� ������
 ����
������� 
	������� �� ����	�� '�����	� ��
�� �	� ��� 	����	 ��� ������� ��$���
��
�� ��� 	���� ,� ��
� ����	���� 	������ �� ���������� ���� ����� 	����	 ��
���

 �� �����	���� ���� ��$��� ��
�� ���� �� �������	��� ��
��������� ������ ���
�

�������� �� ������������������ �"������� ���� �� � 	������ �������� ����������

	������ 
������ 
	����
�� ���������� !�	���	��	�� ��� ���������� ��
�	���� ��	
��
�� ���� ��$������
�� ��� �� �������� �� � ���
�� ����������� �� ��� ��
��
	���� ��	 ���
�� ��
���

�������� �	 

��� 
����� ������ ����� ���� ��� ��������
 ����� ��������� ���

������



476 Didier Rémy
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� 
 ���������� �� � �� 	�
 �� � �� 
�� � ��

������ 	��
�� 
��� � �� 	��
�� 
��� � �� �����

����� ����	
 ��� 
� 
���� 
� ��	��� ��

��� ���	�
��� �� ����� ��������	�


��� �� � ��
 ����� �
���� ������� ������
��� �� � ��
 ����� �
����� ���� ��������

�� 	��
 ��
�� ��� ����� ��
� ����
� ��	����� ��
��
 ��� ����������� �� ��	�	����


�	 �	 	�� ����� �� 
��� ������� ��	��	��� �� ���������� ����
�

����� ����� �� �� �� �� �� �
��� ��� �� �
	���
 �� �� �� � 
��


� ���� �� ���� �� ����� ���� �� �� �
� ����� ����� ���� �� ���� � �� � �� 	�
 �� � �� 
�� �

� �� �� �� � �� �������� ����� ��� �	
�� �		������
� ����� �
 ���
�� ��

������ 	��
�� 
��� � �� 	��
�� 
��� � �� �����
��� �� � ��
 ����� ����� ������� ����
��� �� � ��
 ����� �������� ������� ����



Using, Understanding, and Unraveling the OCaml Language 515

�������� �

Answers to Exercises

�������� �	 
��� 
��

��� ��� ���� � �����	
�

� ���� � �� �� 	
 �

� ���� ��� ��� � 	
 ���� ��� ��� ��� ���
� ���
 ���� ��� �� 	
 ���� ��� ��� ���� ����
� ���� ��� �� ���� �� 	
 ���� ��� ��� ��� ��� ������

�
����	
� ����� 
� �����
��� ��� ���� ����� �
����� � �	��

� ��� � 	
 ��	�� ������ �����
� ����� � ���� �������� 	
 ��	�� ������ ��������
� ����� � 	
 ��	�� ������ �������� � ���
� ��� ����� 	
 ��	�� ������ ��
� ��� ��� ��� ��� 	
 ���� ����� ��� �� ���� ���
� ��� ���� ��� �� � 	


��� ���� ����� ��� ���� ��� �	�� ����� � 	


��� ���� ����
 ���� ��� ��� �	�� ����� � 	


	� � � � ���� ��	�� ������ ������ ���� �� ���

�� ��� �����	
� ������ �
 ��������� ���
�� �� �
��� �
�� �� ������ �� ����� ���
������	
� ����� ������ ������ �
� 	������	����

�������� � ����������� �� ���� ����� � �����	
� ���� ��� ��	�� �� � ����	 
���	
� �
���� �
 �� ���� ���� � 	� � 
���� �	�� �����	
���	�� ��

��� ��� �� � ��� �� �
��� ���� �� � 	� � � � ���� �� ����� �� �� ���� �� 	�

����� � �	��

� ��� 	
 ��	�� ������ ��
� ���� ��� � � ��� 	


� � � ���� ��� �� �����
� ���
 �� � � � 	


���� �� � ��� �� ����
� ���� �� � � � 	


��� ���� ����
 ��� � �� � � �	�� ����� � 	


���� �� � ��� ��� � ����



516 Didier Rémy
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