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Preface

This book is based on material presented at the international summer school on
Applied Semantics that took place in Caminha, Portugal, in September 2000.
We aim to present some recent developments in programming language research,
both in semantic theory and in implementation, in a series of graduate-level
lectures.

The school was sponsored by the ESPRIT Working Group 26142 on Applied
Semantics (APPSEM), which operated between April 1998 and March 2002. The
purpose of this working group was to bring together leading reseachers, both in
semantic theory and in implementation, with the specific aim of improving the
communication between theoreticians and practitioners.

The activities of APPSEM were structured into nine interdisciplinary themes:

A: Semantics for object-oriented programming

B: Program structuring

C: Integration of functional languages and proof assistants
D: Verification methods

E: Automatic program transformation

F: Games, sequentiality, and abstract machines

G: Types and type inference in programming

H: Semantics-based optimization

I: Domain theory and real number computation

These themes were identified as promising for profitable interaction between
semantic theory and practice, and were chosen to contribute to the following
general topics:

— description of existing programming language features;
design of new programming language features;
implementation and analysis of programming languages;
— transformation and generation of programs;

verification of programs.

The chapters in this volume give examples of recent developments covering a
broad range of topics of interest to APPSEM.

We wish to thank the European Union for the funding which made the
school possible. Generous additional support was also provided by Adega Co-
operativa de Monc¢ao, Camara Municipal de Caminha, Centre International de
Mathématiques Pures et Appliquées (CIMPA), Fundagao para a Ciéncia e Tec-
nologia, Instituto de Inovacao Educacional, Project FACS- PraxisXXI/EEI/
14172/1998, Microsoft Research, Regiao de Turismo do Alto Minho, and So-
ciedade Interbancaria de Servigos (SIBS).

We are also very grateful to the members of the organizing committee for their
excellent organization of the school and their choice of a beautiful venue; to the
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scientific committee for planning the scientific programme; to the second readers
for their helpful reviews of the chapters of this volume; and to the lecturers and
participants who made the summer school such a stimulating event.

May 2002 Gilles Barthe
Peter Dybjer

Luis Pinto

Joao Saraiva
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An Introduction to Dependent Type Theory

Gilles Barthe! and Thierry Coquand?
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2 Institutionen f6r Datavetenskap, Chalmers Tekniska Hogskola, Géteborg, Sweden
coquand@cs.chalmers.se

Abstract. Functional programming languages often feature mecha-
nisms that involve complex computations at the level of types. These
mechanisms can be analyzed uniformly in the framework of dependent
types, in which types may depend on values. The purpose of this chapter
is to give some background for such an analysis.

We present here precise theorems, that should hopefully help the reader
to understand to which extent statements like “introducing dependent
types in a programming language implies that type checking is undecid-
able”, are justified.
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1 Introduction

Type systems were originally introduced in programming languages to predict
run-time errors at compile-time, that is before actually running the program. A
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well-known result of R. Milner [98] formalizes this idea by showing that “well-
typed programs cannot go wrong”. Hence it is sufficient to check that a program
is well-typed to ensure that it will not produce some forms of run-time errors.
Well-typedness itself is ensured by a type inference algorithm which computes
the possible types of a program. It should be quite intuitive, and we shall actually
formulate precisely this intuition in this chapter, that the possibility of deciding
if a program is well-typed or not relies on the possibility of deciding the equality
of types.

A dependent type is a type that may depend on a value, typically like an
array type, which depends on its length [18, 85,92, 109, 120, 133]. Hence deciding
equality of dependent types, and hence deciding the well-typedness of a de-
pendently typed program, requires to perform computations. If arbitrary values
are allowed in types, then deciding type equality may involve deciding whether
two arbitrary programs produce the same result; hence type equality and type
checking become undecidable. We come in this way to the fundamental tension
between the original use of type systems in programming languages, and the
introduction of dependent types.

Yet widely used functional languages like Haskell [29, 138], SML [99, 100, 114]
or Objective Caml [49,126] rely on increasingly advanced type systems. On the
one hand, computations at the level of types are becoming increasingly complex,
as illustrated for example by the introduction of functional dependencies in the
Haskell class system [78,95, 107]. On the other hand, type systems are integrating
increasingly complex extensions that lack apparent structure. One can argue that
it would be clearer to recognize the source of these complexities in the unifying
idea that types can be computational objects, i.e. depend on values, and to
present systematically these different extensions in the framework of dependent
types. This is a strong motivation for working with dependent types, which
appears for instance in [81, 34].

In this chapter, we present precise theorems, that should hopefully help the
reader to understand to which extent statements like “introducing dependent
types in a programming language implies that type checking is undecidable”,
are justified. Our theorems are expressed in the framework of Pure Type Sys-
tems (PTSs) [16, 17, 58], which provide a uniform way to represent type systems,
and thus account for predicative type theories such as Martin-Lof’s type theory
[91], impredicative type theories such as the Calculus of Constructions [45], as
well as less standard type systems that could be used as the basis of a func-
tional programming language [116,127]. Most of these systems feature complex
computations at the level of types, but retain decidable type checking. However,
adding unbounded recursion leads to undecidable type checking.

Contents. The first part of this chapter is concerned with presenting Pure Type
Systems and their properties that are relevant in programming. We particularly
focus on two prerequisites for the decidability of type checking: convertibility
checking, for which we provide an algorithm inspired from [40, 42], and normal-
ization, for which we provide a method based on a realizability interpretation
inspired from [91, 38] and which follows the operational interpretation of types.
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Pure Type Systems are too minimalist for practical programming and do
not support mechanisms to represent basic constructions such as structures and
datatypes. The second part of this chapter thus sketches an extension of Pure
Type Systems with structures and datatypes. We conclude with a brief presen-
tation of Cayenne and DML, two dependently typed programming languages.

Acknowledgments. Thanks to Venanzio Capretta, Pierre Courtieu, Peter Dybjer
and Tarmo Uustalu for commenting on an earlier version of the paper.

2 Pure Type Systems

Pure Type Systems (PTSs) [17,58] provide a framework to specify typed A-
calculi. PTSs were originally introduced (albeit in a slightly different form) by S.
Berardi and J. Terlouw as a generalization of Barendregt’s A\-cube [16, 17], which
itself provides a fine-grained analysis of the Calculus of Constructions [45].

2.1 Syntax

Unlike traditional type theories which distinguish between objects, constructors
and kinds, PTSs have a single category of expressions, which are called pseudo-
terms. The definition of pseudo-terms is parameterized by a set V of variables
and a set S of sorts. The latter are constants that denote the universes of the
type system.

Definition 1 (Pseudo-terms). The set T of pseudo-terms is defined by the
abstract syntax

T=V|S|TT|\VT.T|IV:-T.T

Pseudo-terms inherit much of the standard definitions and notations of pure
A-calculus. E.g.

1. The set of free variables of a pseudo-term M € T is defined as usual and
written FV(M). Further, we write A — B instead of Ilx: A. B whenever
xz /EV(B).

2. The substitution of N for all occurrences of x in M is defined as usual and
written M{x := N}. We may write M(N) for M{x := N} if x is clear from
the context.

8. The notion of B-reduction is defined by the contraction rule

(A:A. M)N  —pg M{z:= N}

The reflexive-transitive and reflexive-symmetric-transitive closures of —g are
denoted by —3 and =g respectively. We also write P lg Q) iff there exists
R e T such that P -3 R and Q —3 R.
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We also adopt the usual association and binding conventions thus application
associates to the left, abstraction associates to the right and application binds
more tightly than abstraction. Further, we write Ax: A. M for Axi:Aj. A\xo:
As. o dxpiAn. M and M P for M Py ... P,. Finally, we adopt some naming
conventions: we use x,v, z, etc. to denote elements of V; and s,s', etc. to denote
elements of S.

This first definition reveals three salient features of PTSs.

1. Pure Type Systems describe A-calculi ¢ la Church in which A-abstractions
carry the domain of the bound variables. As a result, many PTSs of interest
enjoy decidable type checking, see Subsection 3.3. This is in contrast with
type theories whose A-abstractions are not explicitly typed, see Subsection
2.2.

2. Pure Type Systems are minimal. The minimality of PTSs is useful for their
conceptual clarity but imposes strict limitations on their applicability, see
Section 4 for a description of some constructs that escape the realm of PTSs.

3. Pure Type Systems model dependent types. Indeed, the type constructor I7
captures in type theory the set-theoretic notion of generalized or dependent
function space. Recall that in set theory, one can define for every set A and
A-indexed family of sets (B;)zca a new set HIG 4 Bz, called generalized or
dependent function space, whose elements are functions with domain A and
such that f (a) € B, for every a € A. We say that [[,., B, is a dependent
function space because the set B, in which f(a) lives depends on a. The
IT-construction of PTSs works in the same way: informally, let A be a type
and let B(z) be a type containing a variable x of type A. Then the type
ITa: A. B(x) is the type of terms f such that, for every a: A, fa: B(a).

The typing system of Pure Type Systems is parameterized in such a way that
different type theories may be captured by a suitable choice of three parameters:
the set S of sorts, which are the universes of the type system, the set of axioms,
which introduce a typing relation between universes, and the set of rules, which
determine which dependent function types may be formed and where they live.

Definition 2 (Specifications). A PTS-specification is a triple S = (S, A, R)
where

1. § is a set of sorts;
2. ACS xS is a set of axioms;
3. RCS XS XS is a set of rules.

Following standard practice, we use (s1, s2) to denote rules of the form (s1, 2, $2).

Every specification S induces a Pure Type System AS as described below, see
Subsection 2.3 for examples of specifications.
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(axiom) () F s1:s2 if (s1,82) € A
(start) % if x /edom(I")
(weakening) rr lf,‘mg r i :FBC -5 if x /edom(I")
'+ A:s I''c:AF B: sy .
roduct if (s1,82,83) € R
p ) I'F (IIz:A.B) : s3 (51, 82,83)
L 't F:(IIn:A.B) I'kFa:A
(application)
I'- Fa:B{z:=a}
. INe:AFb:B Il (IIz:A B):s
(abstraction)
I' - AxAb:IIx:A. B
. ’.
(conversion) reA:B I'EB:s if B=g B’
r+A:pB

Fig. 1. Rules for Pure Type Systems

Definition 3 (Typing rules).
1. The set G of contexts is given by the abstract syntax
G=016,V:T

Substitution (and any other map) is extended from expressions to contexts
in the usual way. Also, we let C denote context inclusion, and define the
domain of a context by the clause dom(x1:A1,...,x0:An) = {21,...,2,}.
Finally we let I'; A. .. denote elements of G.

2. A judgment is a triple of the form I' = A: B where I' € G and A,B € T.
I', A and B are the context, the subject and the predicate of the judgment.

8. The derivability relation & is defined on judgments by the rules of Figure 1.
IfI' v A: B then I', A, and B are legal. If moreover B € S, then A is a

type.

There are some important differences between judgments, say in simply typed
A-calculus, and judgments in PTSs. First, contexts may introduce type variables,
typically with assertions of the form A : s with s € §. Second, contexts are
ordered lists so as to handle possible dependencies. For example, the context
A:s, a: A (read A is a type of sort s and a is of type A) introduces a “type
variable” and an “object variable” and is meaningful, whereas a : A, A: s (a is
of type A and A is a type of sort s) is not.

The typing system for PTSs is concise and consists of seven rules: (axiom)
embeds the relation A into the type system. (start) and (weakening) allow the
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introduction of variables in a context. (product) allows for dependent function
types to be formed, provided they match a rule in R. (abstraction) allows to
build M-abstractions; note that the rule has a side condition requiring that the
dependent function type is well-formed. (application) allows to form applications;
note that, in order to accommodate type dependencies, the type of an application
is obtained by substituting the second argument into the codomain of the type
of the first argument of the application. The last rule (conversion) ensures that
convertible types, i.e. types that are (5-equal, have the same inhabitants. The
(conversion) rule is crucial for higher-order type theories, because types are \-
terms and can be reduced, and for dependent type theories, because terms may
occur in types.

2.2 Variations on Pure Type Systems

Pure Type Systems feature typed A-abstractions of the form Ax:A. M and
therefore only cover typed A-calculi a¢ la Church. However, there have been a
number of proposals to adapt PTSs to typed A-calculi a la Curry, that feature
untyped, or domain-free, A-abstractions of the form Az . M:

— Type Assignment Systems: in [15], S. van Bakel, L. Liquori, S. Ronchi della
Rocca and P. Urzyczyn introduce a cube of Type Assignment Systems which
feature (1) a stratification of expressions into objects, constructors (of which
types are a special case) and kinds; (2) an implicit type abstraction and
implicit type application a la ML for objects. Hence objects are untyped
A-terms and do not carry any type information.

— Domain-Free Type Systems: [23] introduces a variant of Pure Type Systems,
coined Domain-Free Pure Type Systems, which only differs from PTSs by the
use of untyped A-abstractions. Domain-Free Pure Type Systems are tightly
related to PTSs via an erasure function |.| which removes domains from A-
abstractions, and can be used to represent standard logics exactly as PTSs.
However, Domain-Free Pure Type Systems and Pure Type Systems exhibit
slightly different behaviors, in particular w.r.t. type checking and w.r.t. the
equational theory of inconsistent type theories, see [21] and Exercise 11.

— Implicit Type Systems: in [101], A. Miquel introduces an Implicit Calculus
of Constructions, which extends the Domain-Free Calculus of Constructions
with the implicit operations of Type Assignment Systems. Unlike [15] which
features implicit type abstraction/application for objects and explicit type
abstraction/application for kinds, the Implicit Calculus of Constructions fea-
tures explicit and implicit type abstraction/application, both for objects and
constructors. Formally, this is achieved by the introduction of two type for-
mers: the V-type former for implicit dependent function type and the IT-type
former for the usual, explicit, dependent function type.

The use of untyped A-abstractions leads to undecidable type checking even for
non-dependent type systems. In fact, even the domain-free variant of A2 has un-
decidable type checking. However, a limited form of decidability is still possible,
see Exercise 14.
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Aw AC

A2 AP2

Aw APw

A— AP

Fig. 2. The A-cube

2.3 Instances

In this subsection, we recast some existing type theories in the framework of
Pure Type Systems.

Non-dependent Type Systems. In [16,17], H. Barendregt proposes a fine-
grained analysis of the Calculus of Constructions based on the so-called A-cube.
The cube, depicted in Figure 2, consists of eight Pure Type Systems, most of
which correspond to type systems that occur in the literature; arrows repre-
sent inclusion between systems. Systems on the left-hand side of the cube are
non-dependent, because an expression M : A with A : x (such an expression
corresponds to a program) cannot appear as a subexpression of B : * (such an
expression corresponds to a type); in logical terms, non-dependent systems of the
A-cube correspond to propositional logics. Among these systems one finds the
simply typed A-calculus A —, the polymorphic A-calculus A2, that corresponds
to Girard’s system F, and the higher-order A-calculus Aw that corresponds to
Girard’s F,, [64].

Definition 4. Let S = {*,0} and A = {(x:0)}.
1. The system XA — is obtained by setting
R ={(x)}
2. The system A2 is obtained by setting
R = {(*,%),(0,%)}

3. The system \w is obtained by setting

R = {(*7*)7 (Dr*)v (D7 D)}
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There are further well-known examples of non-dependent Pure Type Systems,
for example AU and AU, that correspond to Girard’s System U and System
U~ respectively [64].

Definition 5. Let S = {x,0,A} and A= {(x,0),(0,A)}.
1. The system \U~ is obtained by setting
R = {(%%),(0,%),(0,0), (A, B)}
2. The system AU is obtained by setting
R = {(%%),(0,),(0,8), (A,%), (A, 8)}

These systems are inconsistent in the sense that one can find a pseudo-term
M such that the judgment A : * = M : A is derivable. An interesting open
question concerns the existence of fixpoint combinators in inconsistent Pure
Type Systems, see Exercise 11.

Our last examples of non-dependent PTSs correspond to systems with pred-
icative polymorphism. Recall that polymorphism in A2 is impredicative in the
sense that one may form a type, i.e. an element of %, by quantifying over *. There
are weaker PTSs that allow the quantification to be formed but have it live in a
different universe.

Definition 6.
1. The system A2, is obtained by setting

S: {*7D,A}
A={(x:0)}
R = {(*,%), (0,%,A),(3,A)}

2. The system A2y is obtained by setting

S ={x0}
A={(+:0)}
R = {(x,%), (0, 0),(0,0)}

The system A2, distinguishes between types, i.e. pseudo-terms of type *, and
polytypes, i.e. pseudo-terms of type /A which contain a universal quantification
over *. If we identify polytypes and kinds, i.e. pseudo-terms of type O, we obtain
the system A2, which is higher-order thanks to the rule (3, 0). In contrast to A2,
A2, admits set-theoretical models, see Exercise 2, and can be given a realizability
interpretation, see Subsection 3.4.
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Dependent Types. PTSs on the right-hand side of the A-cube feature the rule
(*,0) which allows dependent types to be formed. Indeed, these systems allow
to type expressions B : * which contain as subexpressions M : A : x. In logical
terms, these systems correspond to predicate logics.

Definition 7. Let S = {*,0} and A= {(x:0)}.

1. The system AP is obtained by setting

R = {(*, *)7 (*7 D)}

2. The system AP2 is obtained by setting

R = {(*7 *)7 (D7 *)a (*7 D)}

3. The system AC is obtained by setting
R = {(*’ *)7 (D’ *)7 (*7 D)? (D’ D)}

The system AP captures the essence of Logical Frameworks [24, 69,106, 120].
Variants of AP are implemented by Automath [106], EIf [119] and Alf [88]. Ex-
ercise 3 illustrates how formal theories can be encoded in such systems. The
system AP2, which is the PTS counterpart of the type system of [84], is power-
ful enough to encode the usual connectives and quantifiers, with their standard
natural deduction rules, see Exercise 4. Finally, AC, which is the most complex
system of the A-cube, is the PTS counterpart of the Calculus of Constructions
[45]; its connections with higher-order logic are analyzed in [56].

Next we turn to an extension of the Calculus of Constructions with universes.

Definition 8. The system AC* is obtained by setting

S={x0 (ieN)}
A={(x:00),(0i : Oi1) (i €N)}
R = {(*a *)7 (Dia *), (*7 Di)a (Di7 Dj> E‘max(i,j)) (Za] € N)}

A. Miquel [102] has recently given an elegant translation of intuitionistic Zermelo
set theory with the Anti-Foundation Axiom in AC“—actually, Miquel’s encoding
only uses universes up to Os.

The next PTS combines dependent types and predicative polymorphism. It
is inspired by R. Harper and J. Mitchell’s work on the ML type system [71] and
by the type system of Cayenne [12].

Definition 9. The system ACy is obtained by setting

S = {0}

A={(x: D)}
R = {(x,%),(0,%,0),(x,0),(0,0)}
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It can be shown that ACy has set-theoretical models as A2y, see e.g. [71]. In
Subsection 3.4, we give a realizability interpretation of A\Cy.

Our final example of PTS is exactly the original impredicative (and inconsis-
tent) version of Martin-Lof’s type theory [90].

Definition 10. The system A\x is obtained by setting

S ={x}
A={(x:%)}
R ={(x %)}
As for AU and AU, there exists a pseudo-term M such that A:x = M : A.

3 Properties of Pure Type Systems

Pure Type Systems have an extensive theory which covers different aspects of
type theory, including computational properties, decidability questions or rep-
resentability questions. The purpose of this section is to summarize some of the
most significant results in this theory and to emphasize their relevance in a gen-
eral theory of type systems. Most proofs are omitted, since they can be found
elsewhere, see [17, 56, 58].

3.1 Definitions

Some properties of PTSs rely on the erasure of legal terms being weakly normal-
izing.

Definition 11.

1. The set T of (domain-free) pseudo-terms is defined by the abstract syntax
T=VI|S|TT|\XV.T|OV:T.T

Substitution is defined as usual and denoted by {. := .}. As for domain-
full pseudo-terms, we may write M(N) for M{x := N} if z is clear from
the context and M (Ny, ..., Ng) for M{xy := N1}...{xy := N} whenever
T1,...,TE are clear from the context.

2. [-reduction is defined by the contraction rule

(\t.M)N =5 M{z:= N}

The reflezive-transitive and reflexive-symmetric-transitive closure of =3 are
denoted by —p and =g respectively.
3. Weak head reduction —p, is the relation

(M. P)QR —yn Plz:=Q} R

(Weak-head reduction differs from [(-reduction by applying only at the top-
level.)
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Note that — g is confluent and that there is an obvious erasure function |.| : 7 —
T which removes tags from A-abstractions.

Definition 12.

1. A domain-free pseudo-term M is in weak head normal form if there is no
N € T such that M —,n, N. We let WHNF denote the set of weak head
normal forms.

2. A domain-free pseudo-term M is weakly head normalizing if there exists
N € WHNF such that M —,n N. We let WHN denote the set of weakly
head normalizing terms.

3. A domain-free pseudo-term M is in B-normal form if there is no N € T
such that M —3 N. We let NFg denote the set of B-normal forms.

4. A domain-free pseudo-term M is B-weakly normalizing if there exists N €
NFg such that M —g N. We let Wﬁﬁ denote the set of B-weakly normalizing
terms. B B B

5. A domain-free pseudo-term M 1is (-strongly normalizing iff all reduction
paths starting from M are finite, i.e. there is no infinite reduction sequence

M—)ng _>QM2_>Q

We let SNg denote the set of B-strongly normalizing terms.
6. By abuse of notation, we say that a (domain-full) pseudo-term M belongs to
WHNF (resp. WHN, NFgz, WNg, SN ) if |[M| does.

Finally, for any set X C T, we write AS E X iff M € X for every judgment
I' = M : A derivable in the system AS.

3.2 Basic Properties

The first lemma collects some closure properties of typing judgments.
Lemma 1.

1. Substitution. If I'z:A, A+ B:CandI'Fa: A, then Iy A(a) F B(a) : C(a).

2. Correctness of Types. If I' = A : B then either B€ S or3s€S. I' F B :s.

8. Thinning. If ' + A: B, Aislegal and ' C A, then A - A: B.

4. Strengthening. If I,z : A, Io - b: B and x /&V(I2)UFV(b)UFV(B) then
F17F2 Fb:B.

The proof of strengthening is rather involved [25].
Proposition 1.

1. Confluence. Let M,N € T. If M =g N then M, N —s3 P for some P € T.
2. Subject Reduction. If ' = M : A and M —g N then I' = N : A.

The proof of Subject Reduction relies on confluence being a property of arbi-
trary pseudo-terms, not only of legal terms. Furthermore, Subject Reduction
and Confluence ensure that the type system of PTSs is sound in the sense that
any two convertible legal terms are convertible through legal terms [60] and that
weak head normalization implies logical consistency.
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Proposition 2 (Consistency).

1. For every s € S, there is no M € WHNF such that A:s - M : A.
2. If AS |= WHN then there is no s € S and M € T such that A:s = M : A.

Proof. 2 follows from 1 by Subject Reduction, so we focus on 1. We prove 1 by
contradiction, using confluence of §-reduction. Assume that such an M exists.
We analyze the possible shapes of M:
— if M were a dependent function type, then A would be convertible to a sort,
which is impossible by confluence of g-reduction;
— if M were a A-abstraction, then A would be convertible to an expression of
the form ITz: B. C', which is impossible by confluence of g-reduction;
— if M were a sort, then A would be convertible to a sort, which is impossible
by confluence of (-reduction.

Hence M must be an application. Since M is legal and M € WHNF, we must
have M € B where B is defined by the syntax

B=V|BT

Furthermore, M should be of the form A P; ... Py since A is the only variable
declared in the context. But then A would be of dependent function type ITx:
B. C, which is impossible by confluence of 3-reduction.

We conclude this subsection with properties related to specific classes of PTSs.
Definition 13. Let S = (S, A, R) be a specification.
1. S is functional if for every si, 2,85, 83,55 € S,

(s1,82) € A A(s1,85) €A =39
(81,82,83) € R A (81,82,85) € R = s3

5
53

2. S is injective if it is functional and for every sy, s, s2, 5,83 € S,
(s1,52) €A A(s),s2) € A = 5 =4
(s1,82,83) € RA (s1,85,83) ER = 59 =5}

Functional PTSs enjoy Uniqueness of Types, and Injective PTSs enjoy a Classi-
fication Lemma. Both properties are useful for type checking [20].

Lemma 2.

1. Uniqueness of Types. If S is functional, then
r-M:A N I'FM:B = A=3B
2. Classification. If S is injective, then

'M:AANT F A:s=elmt(I'M)=s
I'-M:ANA€S =sort(['|M)=A

where elmt(.].) : G x T — S and sort(.].) : G x T — S are defined by
stmultaneous recursion in Figure 3.

Note that the functions elmt(.|.) and sort(.|.) are non-deterministic when their
first argument is a pseudo-context in which a variable occurs twice. However,
such pseudo-contexts are not legal.
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elmt(lo,z: A, |z
sort(lop,x: A, I'i|x

sort(Ip|A)
=elmt(lo,z : A, In|z)~

) =
) =
elmt(I'|s) = (sort(I'|s))"
sort(I|s) = st
elmt(I"|M N) = u(elmt(I'|N), elmt(I"|M))
sort(I'|M N) = (elmt(I'|M N))~
elmt(I|Az:A. M) = p(sort(I'|A),elmt(I,z : A|M))
sort(I'|Az:A. M) = (elmt(I"|Ax:A. M)~
elmt(I'|Ix: A. B) = (sort(I'|IIz: A. B))™"
sort(I'[IIx: A. B) = p(sort(I'|A),sort(I,z : A|B))
where
s” =s"if (s’,s)
st =4 if (s,s
o(s1,82) = s3 if (51,52,83) ER
u(s1,s2) = sg if (s1,83,82) ER

Fig. 3. Classification

3.3 Type Checking and Type Inference

Some applications of PTSs require the decidability of type checking. In practice,
type checking is often reduced to type inference, which aims at inferring the
possible types of a given expression in a fixed context.

Definition 14. Let AS be a Pure Type System.

1. The type checking problem for AS consists in deciding, given I, M and A,
whether the judgment I' = M : A is derivable according to the rules of Pure
Type Systems.

2. The type inference problem for AS consists in deciding, given I and M,
whether there exists A € T such that the judgment I' = M : A is derivable
according to the rules of Pure Type Systems.

The typing rules of PTSs do not yield a type inference algorithm, in particular
because the typing rules are not syntax-directed. Indeed, one cannot determine
from the shape of M what the last rule to derive I" - M : A must be; this is partly
caused by the rules of (weakening) and (conversion), which can be applied at
any point in a derivation. The standard strategy to recover syntax-directedness
is as follows:

1. first, specify a strategy to check convertibility of legal terms;
2. second, push applications of (weakening) as high as possible in the derivation
tree, by using a restricted weakening rule

I'+A:B I'kFC:s

if A r
I''z:CF A:B ifAeSUVAdom(T)

and distribute applications of (conversion) over the remaining rules.
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Convertibility is undecidable in general, see Exercise 13, but for G-weakly nor-
malizing terms one can decide convertibility simply by reducing the expressions
to their normal form and checking whether these normal forms coincide. Below
we present an alternative, inspired from [40], where convertibility is checked by
reducing expressions to weak-head normal form and proceeding recursively on
subexpressions of these weak-head normal forms.

Definition 15.

1. Weak-head reduction —,;, is the smallest relation such that
(M:AP)QR —u, P{z=Q}R

(Weak-head reduction differs from [-reduction by applying only at the top-
level.)
2. The relation M < N is defined by the rules of Figure 4.

M, & N, ... Ms;< Ng
x M, ... Ms < x N1 ... Ng

As A B B
HOz:A. B I A'. B’

M e M
A M < oA M’

M — ., M’ M < N’ N —un N’

M /=M’ or N /=N’
M < N

Fig. 4. Checking convertibility

Lemma 3.

1. The relation < is symmetric and transitive.
2. If M € WNg and M =g N then M < N.

The following lemma is an adaptation of [23].
Lemma 4. Assume I' = M : A, I' = M’ : A" and M < M' and M, M" € NFp.

1. If A=3 A then M =g M.
2. If A, A" € S then M =5 M'.

Soundness follows.
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Corollary 1 (Soundness). Suppose AS = WNg. Assume I' = M : A, I' +
M : A and M & M'.

1. [fA =3 A/ thenM:g M/.
2. If A,A" € § then M =g M'.

Proof. By hypothesis, M —3 N and M’ —5 N’ with N, N’ € NFg. By Subject
Reduction I' W N: Aand I' = N’ : A’. By Lemma 3.2, M < N and M’ & N/,
and by Lemma 3.1, N < N’. Hence by Lemma 4.1, N =g N'. It follows that
M =g M.

Corollary 2 (Completeness). Assume AS = WNg. If I' - M : A and M =g
N then M < N. B

Proof. Immediate from Lemma 3.2.

Decidability of < follows.

Proposition 3 (Decidability of convertibility). Assume AS = WNg. Fur-
thermore, suppose that ' v M : A and I" &+ M’ : A’ are derivable, and that
A=A or A,A' € S. Then M < M’ and M =5 M’ are equivalent and decid-
able. More precisely, the algorithm of Figure 4 terminates for the inputs M and
M’

Proposition 3 together with [25] yield a general decidability result for decidable
PTSs, where a PTS AS is decidable if S = (S, A, R) and A, R, s’ € S. (s,8') €
A, Js3 € S. (s1,52,53) € R and equality on S are decidable.

Theorem 1. Let AS be a decidable PTS with S = (S, A, R). Assume that AS |=
WNg. Then type checking and type inference for AS are decidable.

The question remains to define efficient, sound and complete type inference al-
gorithms for decidable and normalizing PTSs. Unfortunately, defining such al-
gorithms is problematic because of the second premise of the (abstraction) rule
[123]. Hence several authors have proposed type inference algorithms that use
a modified (abstraction) rule, and shown that these algorithms are sound and
complete for interesting classes of PTSs. Typically, these modified (abstraction)
rules replace the second premise by a syntactic condition [20,122], or check the
second premise using another system [26, 123, 131]. Below we provide an example
of a type inference algorithm that uses such a modified (abstraction) rule and
that is sound and complete for full PTSs.

Recall that AS is full if S = (S, A, R) and for every s1,s9 € S there exists
ss € S such that (s1, s2, s3) € R. Such systems have “enough” rules and do not
require to check the second premise of the (abstraction) rule; instead it is enough
to check that if b: B then B is not a topsort.

Definition 16.
1. Let—», be a relation on T. We write I' Fog M =5, A for

A ET. T beg M: A N A, A
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(axiom) () Fsa 81182 if (s1,82) € A
r Fsd A —Pwh S .
tart - fzeV\d r
(start) INex:Abg z: A n \ dom(I")
(Weakening) I' o A:B I' kg C —Pwh S fzeV \ dOn’l(F)
INex:Cly A:B and AeVUS
r l_sd A —Pwh S1 F, r: A }_sd B —Pwh S2 .
duct f (s1,s2, eER
(product) I' bog (IIz:A.B) : s3 if (51, 82, 53)
by F —pn (Tz: A’ B I CA
(application) a n (T ) ¢ 4 if Ae A
I' by Fa:B{z:=a}
) Nr:Arg b:B BeS = 3'eS. (B,s)e A
(abstraction)

I Fg M:Ab: IIx: A. B

Fig. 5. Syntax-directed rules for Full Pure Type Systems

2. The derivability relation I' Fsg M : A is given by the rules of Figure 5.

The type checking algorithm is sound and complete for full PTSs.
Proposition 4. For full PTSs AS such that AS = WNg:

1. Soundness: I' g M:A = I'+- M:A

2. Completeness: ' = M :A = JA €T.I'kyq M:A N As A

3. Decidability: if AS is decidable, then type inference and type checking for AS
are decidable.

We refer to [19,20,123,131] for type inference algorithms that are sound and
complete for larger classes of PTSs.

3.4 Normalization

In this subsection, we present a (weak) normalization proof for the domain-free
variant of AC that was introduced in Definition 9. The normalization argument,
which comes from [91, 38|, has a simple and intuitive structure, based on a re-
alizability interpretation, and is modular, so that it extends in a uniform way if
we add further constructs (X-types, data types...).

Note however that the simple structure of the proof relies strongly on the
language being predicative. Indeed, the proof proceeds by giving an interpretation
of each type in an inductive way, which follows the structure of the type. This is
not possible for impredicative calculi; we return to this point at the end of this
section.
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Realizability Interpretation. The interpretation is defined only using 7, with
its reduction and conversion relations. Remarkably, the definition of the inter-
pretation does not need to refer to the typing system. All terms are considered
up to B-conversion.

Definition 17. The set B of neutral terms is defined to be the set of terms of
the form x a1 ... ap where x is a variable and a1, ... ,a are normalizing terms.

Small Types and Types. We define when a term A € T is a small type, and in
this case, what is the set ¢4 of terms realizing A.

— if A is neutral then A is a small type and ¢4 = B;

— if Ais ITz : B.C and B is a small type and C(u) is a small type whenever
u € ¢¢ then A is a small type; furthermore, in this case, ¢4 is the set of all
terms ¢ such that ¢ u € ¢c(,) whenever u € ¢c¢.

Notice that in the first clause, we take all neutral terms to be small types. This
is crucial in order to get a simple realizability model, which does not refer to
any typing system.

Next we define the set of all types and if A is a type we define 14 the set of
terms realizing A. The term x will be a type, but is not a small type:

— if A is neutral then A is a type and ¥4 = B;

— if Ais Iz : B.C and B is a type and C(u) is a type whenever u € 1)¢ then
A is a type; furthermore, in this case, ¥4 is the set of all terms ¢ such that
t u € Yo(y) whenever u € Y¢;

— if A is x then A is a type and v 4 is the set of all small types.

If A is a type we shall write also ¢ |- A for t € ¢ 4. Hence, A I x iff A is a small
type. See below for a justification of the inductive definition of ¥4 and ¢ 4.

We now turn to proving properties of the interpretation. Our first lemma
establishes that the interpretations ¢4 and ¥4 coincide on small types and that
¥4 is a set of normalizing terms for every type A.

Proposition 5.

1. If A is a small type then A is a type and ¢ = 4.
2. If A is a type and t € 14 thent € WNg.

Proof. By induction on the proof that A is a small type (resp. a type). One needs
to prove at the same time, also by induction, that if A is a small type (resp. a
type) then ¢ (resp. ¥4) contains all neutral terms, and hence all variables.

Soundness. At this point, we can connect our “semantical” interpretation of
terms with the typing relation of (Domain-Free) Pure Type Systems. In order to
express the soundness of the typing relation w.r.t. our realizability interpretation,
we say that v = uy,...,u, fits I' = z1 : Ay, ..., 2z, : A, iff Ay is a type and
up lF Ay, ... and A, (uq,...,uy—1) is a type and uy, - Ap(ug, ..., up_1).
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Proposition 6. If '+ A : x and vy fits I' then Ay is a small type. If ' = A : O
and y fits I' then Ay is a type. If ' =t : A and vy fits ' then Ay is a type and
ty IF Axy.

Proof. By induction on the derivation of I' F A : x.

It follows that every legal term is normalizing.

Corollary 3 (Weak Normalization). If I' = M : A then M € WNg.
Hence the system is consistent and has decidable type checking.
Corollary 4. There is no term M such that A:x = M : A.

The result follows immediately from Proposition 2.

Corollary 5. Type checking is decidable.

Again the result follows immediately from Proposition 4.

Comment on This Proof. What is crucial in this proof is the mutual inductive
and recursive definition of first both the set type of small types and for each
A € type the subset ¢4 C T and then both the set TYPE of types and for
each A € TYPE the subset 14 C 7. Though these definitions have a definite
inductive flavor (and are used as such without further comments in [91)), it seems
interesting to explain such definitions in set theory. We only justify the definition
of type and ¢, because the definition of TYPE and % has a similar justification.
Note that this justification of the definition of the set TYPE and the function ¢
is extracted from P. Aczel’s work on Frege structures [5].

We consider the poset of pairs of the form X, f with X C 7T and f: X —
P(T) with X1, f1 < Xo, fo iff X7 C X5 and the function fs extends the function
f1- This poset is not complete but it is such that any directed subset has a least
upper bound. It follows that any monotone operator on this poset has a least
fixpoint. We define S, ¢ as the least fixpoint of the operator #(X, f) =Y, g where
Y and g are defined by the clauses:

— if A is neutral then A € Y and g(4) = B;
—if Ais Iz : B.C and B € X and C(u) € X whenever u € f(C) then A €Y
and g(A) is the set of all terms ¢ such that ¢t u € f(C(u)) whenever u € f(C).

Realizability and Impredicativity. As emphasized earlier, predicativity is crucial
to our proof. Indeed, if we try to analyze the present argument with * : *, we see
there is a problem to define ¢ IF : intuitively, one tries to use ¢, in the definition
of ¢.. In the words of [91], the interpretation of the type * “would so to say
have to have been there already before we introduced it”. This circularity is
broken by using a stratification in two steps: first we proceed with the definition
of small types, and then turn to the definition of types. Now if we switch to
an impredicative calculus such as the Calculus of Constructions, the circularity
reappears since we need the interpretation of a type, namely *, for defining the
interpretation of a small type, namely ITx : *.z.
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4 Beyond Pure Type Systems

Pure Type Systems are minimal languages and lack type-theoretical constructs
to carry out practical programming. In this section, we introduce two exten-
sions of PTSs. The first one deals with the representation and manipulation of
structures; the second one deals with inductive definitions.

4.1 Structures

Introducing structures allows to program in a modular way, to formalize alge-
braic structures and to represent the notion of subset in type theory. Below we
review two standard approaches to introducing structures in dependent type
theory. First, we present the traditional approach based on X-types, a straight-
forward generalization of product types to a dependently typed setting. The
second approach we present is based on dependent record types, which provide
a more palatable representation of structures.

X -Types. In simply typed A-calculus, A x B is the type of pairs whose first and
second components respectively inhabit A and B. In PTSs, types might depend
on terms, so the type B might contain a free variable = of type A. The strong
sum Yz: A. B is the type of pairs (M, N)sx.. p such that M inhabits A and
N inhabits B(M). Note that pairs are labeled with their types, so as to ensure
uniqueness of types and decidability of type checking.

Definition 18.

1. The set of expressions is extended as follows
T= ... |EV:T.T|(T, T)y|fst T|snd T
2. mw-reduction is defined by the contraction rules

fst (M, N)sypa. B o2 M
snd <M, N>Z'm:A. B~z N

8. The notion of specification is extended with a setU C S x S X S of rules for
Y -types. As usual, we use (s1,82) as an abbreviation for (s1, s2, $2).

4. The typing system is extended with the rules of Figure 6. Moreover, the
conversion rule is modified so as to include w-conversion.

As an example, let us consider an extension of the Calculus of Constructions
with strong sums. We start with the rule (x,x*), which serves two purposes:

— first, the rule allows to form subsets of small types such as the type of
prime numbers N : %, PRIME : N — x F Xn : N. PRIME n : *. Such a
representation of subset types is said to be strong in the sense that one can
deduce prime (fst M) from M : (X¥'n : N. prime n). Alternative formalisms
for supporting subsets are discussed e.g. in [129, 136];
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't A:s1 INe:AtF B:ss
' XYz: A B:s3

(81,82,83) cu

I'-M:A I'-N:B{z:=M} ' Yz:A B:s
't (M, N)sp.a. B: Xz:A. B

I'+-M:YXx:A B
'k fst M: A

' M:YXx:A B
I' - snd M : B(fst M)

Fig. 6. Typing rules for Y-types

— second, the rule captures a strong form of existential quantification that
enforces the axiom of choice. In particular, we can extract from a proof p of
Xn : N. prime n, read as “there exists a prime number n”, both a witness
fst p of type N and a proof snd p that fst p is prime.

Likewise, the rule (O, *,0) allows to form “subsets” of kinds. Combined with
the rule (O,0) this rule allows to introduce types of algebraic structures, e.g.
the type MONOID of monoids

el:x. Yo:el > el >el. Ye:el. MLAWS el 0 e

where MLAWS el o e state that o is associative and e is a neutral element for o.
Note that the definition of MLAWS involves conjunction, universal quantification
and equality. These are defined in Figure 7.

One may wish to consider further rules but some of them lead to an incon-
sistency. For example, the rule (O, ) allows to form a type U : * isomorphic to
*; this is known to cause an inconsistency, see Exercise 9.

We conclude this paragraph by sketching an extension of our previous real-
izability argument to X-types. In fact, it is enough to add the following clauses
to the definitions of the interpretations:

— if Ais Yz : B.C and B is a small type and C(u) is a small type whenever
u € ¢¢ then A is a small type; furthermore, in this case, ¢4 is the set of all
terms ¢ such that fst ¢ € ¢p and snd t € P (st 1);

— if Ais Yz : B.C and B is a type and C(u) is a type whenever u € ¢¢ then
A is a type; furthermore, in this case, ¥4 is the set of all terms ¢ such that
fstt € Yp and snd ¢ € Yo (st ¢)-

Under these interpretations, the results of Subsection 3.4 including soundness
scale up to X-types.

Records and Modules. Dependent record types [12,27,28,47,124] provide
another framework in which to represent structures. In contrast to X-types,
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records feature labels that can be used to extract every piece of a structure via
the dot notation. For example, the type MONOID of monoids of the previous
subsection is cast in terms of records as

sig{el : %, o:el > el > el, e:el, p: MLAWS el 0 e}

(in order to enforce decidable type checking, we would need to tag records with
their types as for X-types). Using record selection rules, we can extract from
any M : MONOID its unit M.e of type M.el; compare with X-types where the
unit of the monoid is fst (snd (snd M)).

Dependent records come in different flavors. For example, dependent records
can be defined as labeled pairs. In the latter case, dependent record types are of
the form sig{L, r: A} and dependent records are of the form struct{l,r = a}.
Furthermore, as emphasized in [124], records can be either:

— left-associating, in which case they pass any label that is not theirs to their
first component. Left-associating records are extensible in the sense that
allow to add a new field to the structure without destroying left-associativity;

— right-associating, in which case they pass any label that is not theirs to
their second component; right-associating records show directly how the rest
of a package depends on a given field and hence provide support for the
specialization of structures. E.g. it is easy to define a type of monoids whose
underlying type is N from a right-associating representation of monoids.

Some formalisms [12,47] define records as labeled tuples of arbitrary length. For
example, the language Cayenne introduces a notion of record and signature (i.e.
record type) so that we can write for instance

struct{z = a,y =b,z=c} :sig{z: A,y : B(x),z: C(z,y)}

ifa: A, b: B(a) and ¢ : C(a,b). Furthermore record selection rules can be used
to infer from m : sig{z : A,y : B(x),z : C(z,y)} that

max: A m.y : B(m.x) m.z : C(m.x,m.y)

Through such a formalism, Cayenne provides a simple module system: a module
is essentially simply a record with dependent types. Furthermore, this module
system can be used to represent elegantly the notion of class used in Haskell
[138]. For instance one can express the class of reflexive relations over a type A
as

sig{r: A—>A—=xp:lx:A.rzxz}

There are some further choices in the design of a system with dependently
typed records. For example, some type systems [27] include record subtyping as
a primitive, whereas other type systems use coercive subtyping [86] to capture
record subtyping. Furthermore, some formalisms [12, 47, 48, 124] provide support
for manifest fields as in

sig{z : N,y =0,z : N}
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If m is an object of this type, then we should have not only m.x : N, m.z : N
but also m.y = 0, even if m is a variable. Thus, for this extension, the evaluation
of a term may depend on the type of this term. As typing depends on evaluation
through the conversion rule, the theory of such an extension is rather intricate.
For example, it is not possible any more to use the convertibility algorithm of
Subsection 3.3 nor the realizability interpretation of Subsection 3.4. One possible
strategy for factoring out the complexity of type systems with record types and
manifest fields is to cast the latter in terms of singleton types which allow to
form for every a : A a new type {a} whose sole element is a. The theory of
singleton types is studied e.g. in [10, 50, 135] but many issues remain open.

Further Reading. The reader may consult [48,70,83,87,128] for further in-
formation on modules in functional programming languages and dependent type
theory.

4.2 Inductive Definitions

Inductive definitions provide a mechanism to introduce inductive types, define
recursive functions over these types, and in the case of dependent type the-
ory, to prove properties about elements of such inductive types using induction
principles. It is therefore not surprising that such definitions are ubiquitous in
typed functional programming languages and proof assistants. However the two
families of languages do not support the same class of inductive definitions. For
example:

— proof assistants allow users to introduce complex inductive definitions such
as inductive families. Typical examples of such families are of the form I — *
or I - J — %, where I, J are inductive types such as the type of natural
numbers or the type of expressions of an object language upon which we want
to program or reason. Inductive families have been used extensively to give
relational specifications of e.g. programming language semantics and cryp-
tographic protocols [31,115]. In contrast, standard functional programming
languages do not support inductive families;

— functional programming languages allow for non-positive type definitions and
for non-terminating recursive definitions whereas proof-assistants do not, as
the combination of non-termination with dependent types leads to unde-
cidable type checking. To enforce decidable type checking, proof-assistants
either require recursive functions to be encoded in terms of recursors or use
pattern-matching and check that recursive calls are guarded, as explained
below.

In this subsection, we give some examples of inductive definitions in type theory,
and briefly discuss the influence of these definitions on termination and decidable
type checking.

Examples. Basic examples of inductive types include booleans, natural num-
bers and lists. We also present streams, which form a prime example of coinduc-
tive type.



An Introduction to Dependent Type Theory 23

Booleans. The small type B : % of booleans has two constructors tt : B and ff : B.
Furthermore, the type B comes equipped with a recursor Rp that can be used
to define functions and prove properties on booleans. The typing rule for Ry is

I'ta:Tkt) I'tEd:TH) I'Fb:B
I' b Rg(b,a,a’) : T(b)

and its reduction rules are
Rg(tt,a,a’) - a  Rp(ff,a,a’) — d

We can extend the realizability model of Subsection 3.4 to booleans by casting
B as a small type and defining ¢ I- B as meaning that ¢ is a neutral term or tt
or ff.

Natural Numbers. The small type N : * of natural numbers has two constructors
0:Nands:N — N. Furthermore, the type N comes equipped with a recursor Ry
that can be used to define functions and prove properties on natural numbers.
The typing rule for Ry is

''ta:T00) 'kt d:Ie:NT(x)—>T(sz) I'Fn:N
I' - Rn(n,a,a’) : T(n)

and its reduction rules are
Rn(0,a,a’) - a  Ry(sn,a,a’) — a’ n Ry(n,a,a’)

Observe that the usual rule for recursion can be recovered by setting 7" to be
non-dependent: in this case, we get that Ry(n,a,a’) : T provided n : N, a : T
and a’ : N — T — T. Also note that adding natural numbers is a strict extension
to the language, even if we restrict recursion to the non-dependent case: indeed,
the impredicative encoding of natural numbers does not allow to type Ry, see
e.g. [65].

We can extend the realizability model of Subsection 3.4 to natural numbers
by casting N as a small type and defining I N as the smallest set of terms
containing neutral terms, 0 and such that, if ¢ - N then s ¢ I N. Notice that
this definition is inductive.

Streams. The small type S : % of streams of booleans has two destructors hd :
S — B and tl : S — S. Furthermore, the type S comes equipped with a corecursor
Rg that can be used to define constructions on streams. The typing rule for Rg
is

I'+tra:X—-B I'tad: X—>X I'Fax:X
I' + Rs(a,ad’,x): S

and its reduction rules are

hd (Rs(z,a,a’)) - ax  tl (Rs(z,a,a’)) = Rs(a’ z,a,a’)
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This definition of streams is closely related to the encoding of abstract datatypes
with existential types of J. Mitchell and G. Plotkin [103].

We can extend the realizability model of Subsection 3.4 to streams of booleans
by casting S as a small type and defining I S as the greatest set of terms such
that if ¢ IF'S then hd ¢ IF B and tl ¢ IF' S (one can check that if ¢ is neutral then
t IF'S). Notice that this definition is coinductive.

Intuitionistic Theory of Inductive Definitions. The rules for natural num-
bers given in the previous paragraph were suggested by Martin-Lof, who also
gave the rules for ordinals. The small type O : * of ordinals has three construc-
tors 0: Q,s: O - O and | : (N - O) — O. Furthermore, the type O comes
equipped with a recursor Rg that can be used to define functions and prove
properties on ordinals. The typing rule for Ry is

I'kta:T(O) 't d:He:0.T(x) = T(s x)
't o :HuN—-O (Ie:N.Tuz) >T(lu) ' o0:0
I' + Ro(o,a,a’,a") : T(0)

and its reduction rules are

Rp(0,a,a’,d") = a
Ro(s 0,a,a’,d") = a’ o Rp(o,a,a’,a")
Ro(l 0,a,a’,a") = a’ o AnN. Rg(o n,a,ad’,a”)

This is an example of an iterated inductive definition, since the definition of O
refers to the previous definition of N. Iterated inductive definitions are very useful
in programming, but they also have strong roots in proof theory, see for exam-
ple [33]. The connections with Type Theory originate from D. Scott’s work on
constructive validity [130]. Scott’s work was itself inspired from [137], where W.
Tait studies possible reductions of comprehension principles to the intuitionistic
theory of inductive definitions. Such a possibility had been suggested by Godel,
and Tait’s work shows that such a reduction is possible for IT{-comprehension.

The W-type schema, introduced by P. Martin-Lof in [93], gives an elegant
representation of the inductive definitions introduced by Tait. This schema was
further generalized by K. Petersson and D. Synek [109], who give the most
general form of Post systems in type theory. Such a formulation may be used
to represent interactive systems, as suggested by P. Hancock and A. Setzer [68],
but also to encode set theory in type theory, as suggested by P. Aczel [4,6] and
further analyzed by B. Werner [140], see Exercise 17.

Although Martin-Lof’s treatment of inductive definitions did not include a
general schema for inductive definitions, see however [89], it is natural to want
such a schema. Indeed, there have been a number of proposals for such schemata,
see e.g. [46,52,53,55,85,112,113,121].

Datatypes in Programming Languages. It is folklore that datatypes can be
defined by recursive equations and that recursive functions can be defined using
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case-expressions and fixpoints. For example, the datatype N can be defined by
the recursive equation N = U + N (where U denotes the unit type) if we do
not use labeled sums and by the recursive equation N = 0 + s N if we do; note
that constructors are not named in the first case, and named in the second.
Furthermore if we use labeled sums to define N, as in [108], then the typing rules
for case-expressions and fixpoints are

I'ta:T(0) I't o :He:N.T(sz) I'tn:N
I' + case(n,a,a’) : T(n)

If:A—-BFe:A—B
I'-fixf.e:A— B

and the reduction rules are:

case(0,a,a’) = a
case(s n,a,a’) = a' n

fix f.e—e{f:=fix f. e}

(Such rules raise the question of termination of recursive functions; this question
is discussed below.)

Based on these observations, [41] suggests to transfer to type theory the
pattern-matching and case notations used in functional programming languages.
In this vision, the analogy between proofs and programs can be pushed even
further:

— constructors correspond to introduction rules;

— case expressions correspond to deduction by cases;

— recursively defined functions correspond to arguments by structural induc-
tion.

Decidability of Type Checking and Type Inference. The introduction of datatypes
in the language yields new difficulties for type inference and type checking. Two
problems arise: the first problem, which arises in a non-dependent setting, is that
one needs to define a decidable equality between datatypes. The second problem,
which occurs in a dependent setting only, is that checking convertibility between
types may require computing with recursive functions. We briefly expose both
problems and their possible solutions.

Let us start with defining equality between datatypes. If we view them as
solutions to recursive equations, datatypes are infinite objects since

N=0+sN=0+s(0+sN)=...

If we take this view, then it is not immediate to define a decidable notion of
equality between datatypes. Two such definitions appear in the literature, de-
pending on the form of recursive equations used to define datatypes:
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— if datatypes are defined without using labeled sums, then it is natural that

datatypes are compared by structures. This approach has been suggested
by L. Cardelli [36] and further analyzed in a non-dependent setting by a
number of authors, including R. Amadio and L. Cardelli [9], D. Kozen and
J. Palsberg and M. Schwartzback [80], M. Brandt and F. Henglein [32], S.
Jha and J. Palsberg and T. Zhao [77,110];

if datatypes are defined with labeled sums, then it is natural that constructor
names are compared when defining equality, so that the datatype C = black+
white is not equal to the datatype B = tt + ff.

Let us now turn to checking equality between types in dependent type theory.
As emphasized in the introduction, checking equality between types may require
checking equality between expressions, which itself may require unfolding re-
cursively defined functions. Hence these functions must be terminating if one is
to achieve decidable type checking. Termination of recursively defined functions
can be enforced in several ways.

— Syntactic checks for termination. [41] introduces a simple guard predicate

to ensure termination of fixpoint expressions: in a nutshell, the criterion re-
quires that the definition of f(e) only makes recursive calls of the form f(e)
where €’ is structurally smaller than e. This definition of the guard predicate
has been refined e.g. by E. Giménez [62], by A. Abel and T. Altenkirch [1,
3], and by F. Blanqui, J.-P. Jouannaud and M. Okada [30, 79], leading to in-
creasingly complex conditions that allow more expressions to be typed. This
line of research bears some similarities with other works on the termination
of functional programs, see e.g. [61, 82];

Type-based termination. P.N. Mendler [96,97] propose systems where the
termination of recursive definitions is enforced by the type system. Later,
E. Giménez and other authors [2,8,62,63,22] have pursued a type-based
approach to the termination of recursive definitions. In a nutshell, the notion
of type is extended to record the size of an element of an inductive type, and
the termination of recursive functions is ensured by requiring that, if e is
of size n + 1, then the definition of f(e) only makes recursive calls of the
form f(e’) where €’ is of size smaller or equal to n. If we specialize such an
approach to natural numbers, one gets the following rules (where contexts
are omitted for readability):

Fn:N
F0: N Fsn:N

Fn:N Ffo:A Ffs:N— A
F case n of {0 = fo|ls= fs}: A

[N = AFe: N A
Ffix f.e:N*° = A
where ¢ ranges over arbitrary sizes, ¢ denotes the successor of ¢, N* denotes
the naturals of length smaller or equal to ¢+ and N*° denotes the naturals
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of arbitrary length. Again, this approach has some similarities with other
work on functional programming [74,111]. While type-based termination
criteria overcome some defects of syntactic criteria, their theory remains to
be investigated, especially in the context of dependent types.

Modularity. Several functions are “generic” in the data type upon which they
operate: for example one can produce generic size and equality functions for
each first-order data type. Generic programming [14,72,76] is an attempt to
provide programmers with facilities to program such functions once and for all.
T. Altenkirch and C. McBride [7] have recently shown how generic programming
concepts can be programmed in dependent type theory, see also [117,118].

Further Reading. The reader may consult [43,54,55,62,94,113] for further
information on inductive definitions in dependent type theory.

5 Dependent Types in Programming

5.1 Cayenne

Cayenne is an Haskell-like language with dependent types developed by L. Au-
gustsson [12]. Although Cayenne is very close to the Agda proof assistant [37],
there are some key differences:

— the intended use of Cayenne is the same as a functional language in that one
actually wants to run programs using a compiler that produces efficient code
(and not only prove theorems). In Cayenne this is achieved by a stripping
function that removes all typing information from programs;

— Cayenne allows for arbitrary datatypes and recursive definitions, given that
for a programming language there is no formal or moral reason to avoid
non-wellfounded datatypes and unrestricted general recursion.

Hence convertibility and type checking are undecidable in Cayenne, i.e. there is
no algorithm to decide whether a given program is correct w.r.t. the typing rules
of Cayenne. In practice this problem is solved by setting a bound on the number
of unfoldings of recursive definitions that are performed during convertibility
checking.

Cayenne also features some important differences with functional program-
ming languages. In particular, Cayenne does not have a primitive notion of class
or module. As stated in Subsection 4.1, modules are represented in Cayenne us-
ing dependent record types with manifest fields. One interesting aspect of this
representation is to show that dependent types may be of great help in designing
simple module systems.

Cayenne is strictly more expressive than Haskell, in that it types more pro-
grams, for example the function printf, the SASL tautology function, and in-
terpreters for typed languages, see [12,13] and Exercise 1.
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5.2 DML

DML is a dependently typed extension of ML developed by H. Xi and F. Pfenning
[141,145]. The original motivation behind DML is to use dependent types to
carry useful information for optimizing legal ML programs [144, 142]. This design
choice leads DML to be a conservative extension of ML in the sense that the
erasure function ||.|| that removes type dependencies maps legal DML judgments
to legal ML judgments. Further, a legal DML expression e evaluates to a DML
value v iff ||e]| evaluates to a ML value v, in which case |[v]| = v'.

The key feature of DML is to combine full recursion and dependent types
while still enjoying decidability of type checking and a phase distinction [35].
This is achieved by a careful design of the syntax. In a nutshell, DML adopts a
layered syntax that distinguishes between types and programs, and singles out a
set of pure programs, called indices, that are the only programs allowed to occur
in types. Formally, indices are taken to be expressions over a constraint domain
X that comes as a parameter of DML and the convertibility relation is defined
from the equality relation induced by X. It is interesting to note that this notion
of convertibility is sometimes more intuitive and powerful than the usual notion
of convertibility in dependent type theory. For example, if we take X to be the
constraint domain of natural numbers and let I. n A be the type of A-lists of
length n, then types such as L (n +m) A and L (m + n) A are convertible
because commutativity of addition holds in the underlying constraint domain;
see Exercise 15.

In order to provide the type system with sufficient flexibility, DML features
restricted subset types, singleton types and existential types that are used to
enforce the connection between run-time values and indices, and to interface
dependently typed programs with standard programs, such as the ones found in
libraries, that are not dependently typed.

Finally, DML shares two important properties of ML that were stated in the
definition: first, well-typed DML cannot go wrong. Second, type equality and
type inference for DML programs are decidable, provided that the underlying
constraint domain is decidable and that the programs are explicitly typed.

5.3 Further Reading

[13,34,51,66,67,94,104,105,132, 139,141, 143] address a number of issues re-
lated with dependent types in programming,.

Exercises

Throughout the exercises, we let Az, y,z : A. M denote Az : A. Ay : A. Az : A. M.

1. SASL tautology function. Define boolean conjunction A : B — B — B. Next
define a function F' : N — % such that F 0 = B and F (sn) = B —
F n. Finally define 745 : IIn : N. F' n — B such that 75,9 0 f = f and
Teasl (S1) [ = A (Tast 1 (f tt)) (7sast n (f ff)). Using the realizability model
of Section 3.4, prove directly that IIn : N. F'n — B is a small type and that
Tsasl IF IIn : N. FF'n — B.



An Introduction to Dependent Type Theory 29

2. Set-theoretical models of A2x. Recall that one can build a set-theoretical
model of simply typed A-calculus as follows: starting from sets A; ... A,
define [st] to be the smallest set such that A; ... A, € [*]and X — Y € [¥]
for every X,Y € [+]. The idea is to interpret every type variable as an
element of [+] and to extend the interpretation to an arbitrary type by setting
[A — B] = [A] — [B]. Extend the interpretation to terms by defining [t],
for every valuation p : V — (J Acl+] A and show that the interpretation is
sound in the sense that I" = M : A implies [t], € [A] where p is a valuation
satisfying I'. Then extend this model to A2y.

3. Encoding arithmetic in AP. The context for arithmetic introduces two base
types ¢ and o, which respectively correspond to individuals, here expressions
that denote numbers, and formulae. In addition, there are the usual opera-
tions on natural numbers and the usual logical connectives and quantifiers.

L ox, 0: *, N:0o—0— o,
0:¢, =:L—>t—o0, V:io—o0—o,
SiL— L, <:it— 1= o, D:o—>0— o0,
+ii—o 10—, V:(t—0)—o, —:0—0

X iL—>lL—>L, 3:(t—=0) = o,

The context provides enough structure for terms and formulae of first-order
arithmetic to be encoded into the system. To build/manipulate proofs, we
encode the basic judgment form ‘¢ is a logical truth’ by adding a declaration

true: 0 — *

Following [69, Section 4.1], one can then introduce relevant assumptions to
encode proofs, see Exercise 4. Prove that the encoding is adequate in the
sense of [69,120].

4. Impredicative encoding of logic in AC. Define A-terms that correspond to
the standard natural deduction rules for the connectives and quantifiers of
Figure 7. Also, try to define a first and second projection for existential
quantification. [Hint: the second projection is not definable.]

5. Pure Type Systems for Higher-Order Logic. AHOL is an extension of A\w
that allows variables of type O to be introduced in the context of judgments.
Formally AHOL is obtained by setting

8 = {*7D7A}
A= {(*7 D)’ (Dv A)}
R = {(*7 *)’ (D7 *)’ (D7 D)}

Show that AHOL captures exactly Church’s higher-order logic in the PTS-
framework, see e.g. [56].
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Operator  Definition
V:HOT:x (T — %) = « = A\Tx. A\PT — . (Ilz : T.Px)
F:OT:*. (T — %) =« = AT APT — . (IIp : x.1Iz : T.((P ) = p) — p)
Tix=Illzx:xx—2x
Leix=lx:*xx
AN:ik =% —x=AA,B:x(Ilx:x.A— B— x).
Vik =% =% = A, Bx. (Iz: x.(A —>z) > (B —>2x) > x)
ik =k = A (A — L)
x> x> x=AA, B:xA (A— B) (B— A).
= 0T % T =T — = AXTsAz,yx. [IP : T — x. (Pz) — (Py).

Fig. 7. Second-order encoding of logic

6. The Berardi-Paulin embedding. The following function [.]. can be used as a
foundation for extracting programs from proofs:

[#]r = x e VU{x 0O}

[[Tz:A. Bl = {E?}J[A}F' Blroa gt}fer:vii: xand ' = B: O

[)\QT:A. M]F B { [)\Af][z]”;‘ [M]r i)ft}{erl;vii: Fand DE MBS

M N {FA\?}?[N]F gtger;igg:A:DandF TANB

[Mz:Al =[T,z:[Ar

Show that if I' = M : A is derivable in AC then [I'] F [M]r : [A]r is
derivable in Aw. Conclude that AC' is conservative over Aw in the following
sense:

I' = A: s derivable in \w

/ /. . .
' M: A derivable in )\C} = dM'eT.I't M": Aderivable in A\C'

7. The principle of proof-irrelevance. The principle, due to N. G. de Bruijn,
states that all proofs of a proposition A are equal. There are several possible
ways to implement the principle in a type theory. The simplest one is to
add pi : ITA: x. [Tx,y: A. x = y in the context. Using the Berardi-Paulin
embedding, show that proof-irrelevance is consistent in the Calculus of Con-
structions. Then show that the principle is not derivable in the Calculus of
Constructions. [Hint: show that there is no pseudo-term M in normal form
such that = M : [TA:x. [z, y: A. x = y].
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Consistency of the axiom of infinity. The axiom, see e.g. [39], is given by the
context I

A:x, f:A—>Aa: A R:A—>A—x h:llx: ARz x —1,
ho :Hx,y,z: ARxy—>Ryz—Rxz hy:Hx: ARz (f x)

Intuitively, the context asserts the existence of a small type A with infinitely
many elements. Using the consistency of proof-irrelevance, show that the
context is not instantiable in A\C'. Then prove that the context is consistent
by showing that there is no M in normal form such that I'n, = M : L. [Hint:
show first by induction on normal forms, that if we have a term in normal
form of type A in this context I, then this term has the form f" a and if a
term in normal form is of type R u v then we have u = fP a, v = f? a with
p<gq]

Inconsistency of some X-types. The context I}, below is inconsistent in A\C
because it allows for a direct interpretation of AU, see [39]:

Ijip=DB:%, E:B—x% e:x—= B, H:[TA:x. A& (E (e A))

Conclude that the rule (O, %) for X-types is inconsistent. In fact it is possible
to provide a direct encoding of A+ in AC' extended with the rule (O, %) for
X -types, see [71,73].

Induction principles for booleans. The following context I, which introduces
a type of booleans with its associated induction principle, is not instantiable
in AP2 and AC, see [57]:

Ig3=B:%,0,1:B, h:IIC:B—-xC0—-C1—Izx:B.Czx

This is surprising since the Berardi-Paulin embedding [I5] of [ is instan-
tiable in A2 and hence in Aw by taking:

B=IX:%xX—>X-—->X
0=2X:*x \x,y: X. x
1=AX % Az,y: X.y

h=XC:x. Ax,y:C.\Nb:B.bCzxy

The argument is proved via a model construction that has already been used
to provide models of AC' where the axiom of choice holds [134]. This model
is described intuitively as follows. Let us write A, B,C, ... terms of type *
and K, L, M, ... terms of type O. Let A be the set of pure (open) A-terms.
The sort * is interpreted by {0, A}, so that [A] is @ or A. The terms ¢ : A
are interpreted by stripping away all types/kind information; for instance
AA :x )z 0 A.x becomes A\x.x € A. More generally, we define:

— [Mx: Ad] = Ax.[t];

- [MX : K.t] =t];

— [IIz : A.B] to be the set of all terms ¢ such that if u € [A] then ¢t u €

[[B]]w::u;
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— [IIX : K.B] to be the set of all terms ¢ such that if € [K] then
te [[B]]X::a;
— [IIz : A.L] to be the set of all functions « such that if ¢ € [A] then
a(t) € [L]z:=t;
— application is defined in the obvious way.
Observe that the definition of dependent function space agrees with the in-
terpretation of * because the interpretations of [[1z : A.B] and [IIX : K.B]
are either () or A.
Now we reason by contradiction to prove that Iy is not instantiable by
closed expressions B, 0, 1, h. If it were, we would have [B] = A because [B]
is inhabited. Now define o : A — % by the clause:

aw)={ued|v=[0]ve=T1]}

For every v € A, we have a(v) € [*] since a(v) = ) or a(v) = A. Furthermore
a([0]) = a([1]) = A. Now by definition of the model, we should have, for all
t,u,v € A

[h] t uwv e a(v)

but a(v) may be empty, a contradiction. Hence the context I is not instan-
tiable in AP2. Make the argument precise by showing that the construction
does provide a model of AP2.

Fizpoints in inconsistent Pure Type Systems. In [75], T. Hurkens provides a
strikingly short paradox Yy for AU ~. Check that Y is a looping combinator
in the sense of [44], and that its domain-free counterpart Y is a fixpoint
combinator in the sense that it verifies

FY : I[TA:x. (A— A) — A

and
YAf=f (Y Af)

see [21].

Paradozical Universes in Pure Type Systems. The construction of Yy relies
on the existence of a paradoxical universe, that is of a type ¢/ : O and two
functions 7 : (U — ) - U and o : U — U — * such that

(c(r X))y Iz:U. X(x) Ny =71(0cx)

Call such a paradoxical universe strong if furthermore 7(ox) —3 x. Strong
paradoxical universes are of interest because they yield fixpoint combinators.
However, show that there is no strong paradoxical universe in a PTS with
the axiom # : O and rule (O,0) and for which M is S-strongly normalizing
whenever I' = M : Aand I' - A : O. [Hint: strong paradoxical universes allow
to formalize Russell’s paradox which yields a non-normalizing expression.|
Pure Type Systems with Fizpoint Combinators. Consider an extension of
PTSs with a fixpoint construct px : A. M, as given by the typing rule

e: A+ M:A I'F A:s
' pur:A M:A
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and the reduction relation —y given by the contraction rule
pr: A M —y M{z:=px: A. M}

Similar extensions are considered e.g. in [11] for the Calculus of Construc-
tions and in [59] for PTSs. Show that type checking is undecidable for the
extension of the Calculus of Constructions with a fixpoint construct. One can
use a similar argument to conclude that Cayenne has undecidable type check-
ing. [Hint: recall that N = ITX:%. X — (X — X) — X is the second-order
encoding of natural numbers. Show that every partial recursive function f
is representable by a closed term F' s.t. = F : N — N, i.e. for every n: N,

fan=m < F [n] —»gy [m]

Deduce that convertibility is undecidable. See [125] for a detailed argument.]
Type Checking Domain-Free Pure Type Systems. Type checking for Domain-
Free Pure Type Systems is undecidable in general, even for the Domain-Free
variant of A2, but becomes decidable if one restricts oneself to judgments in
normal form [23]. Define a type checking algorithm for such judgments.
Leibniz equality vs. convertibility. In dependent type theory, one can define
concatenation APP and inversion REV with the types

APP: Im,n :N. ITA:x. Lm A) —» (Ln A) — (L (m+n) A)
REV:IIm:N. ITA:x. (L m A) — (L m A)

Now consider the context
m:N, [:LmA, n:N,I':LnA
and introduce the abbreviations

Iy =REV (m+n) A(APPmn All)
lo=apPnmA(REVn Al') (REVm Al)

What are the types of [; and I3? Can we prove [y = l; where = denotes
Leibniz equality? Why? [Hint: check whether m+n and n+m are convertible
for open expressions m and n.]

John Magor’s equality. John Major’s equality ~ [94], which is useful for
defining functions by pattern-matching in dependent type theory, is given
by the typing rules

I'+a:A I''tb:B I'F AB:s
I'Fa~b:x

I'+a:A I'F A:s
I'Freflea:a~a

r a A ' &:1Ib:A (a~b)—s
¢: P a (refl~ a) I'tyra~d

'_
I'-eqelimAad pa :Pa

a,

-
r
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and by the rewrite rule
eqelim A a @ ¢ a (refl a) — ¢

Can we prove l; ~ ls where [; and [5 are defined as in the previous exercise?
[Note that John Major’s equality is not derivable in AC']

W -types. Given a type B that depends upon z : A, one can define the type
Wz : A. B whose canonical elements have the form sup a f with a : A and
f:B(a) > Wz : A. B (note that this is an inductive definition). Intuitively,
elements of Wz : A. B are well-founded trees whose possible branchings
are indexed by the type A. For instance, consider the types Ny with zero
element, N; with one element, and N, with two elements 0 and 1; further
consider the type family T'(x) such that T(0) = Ny and T(1) = N;. Then
a canonical inhabitant of Wx : Ny. T'(z) is either a tree with one node, or
a tree with one unique subtree in Wa : Na. T(x), hence one can think of
Wax : No. T(z) as a type “isomorphic” to the type of natural numbers.
Show by induction Wz : A. B — — Iz : A. B, which says intuitively that if
Wz : A. B is inhabited then it cannot be the case that all B(x) are inhabited.
(Classically at least one B(x) is empty.)

Furthermore show by induction that the relation ~ on Wz : A. B is an
equivalence relation:

sup ay fi ~sup az fo = A (Izy: B(ai). Yap: Blaz). fi1 1~ fo x2)
(HSL'Q : B(CLQ). E.’El : B((ll). fl Ty ~ fg 1’2)

This inductive definition of equality is due to P. Aczel, who uses it to define
t € u meaning that ¢ is an immediate subtree of u by

tesupa f = Yx:B(a). t~f .

These definitions can be used to build a model of constructive set theory [4].
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Abstract. A tension in language design has been between simple se-
mantics on the one hand, and rich possibilities for side-effects, exception
handling and so on on the other. The introduction of monads has made
a large step towards reconciling these alternatives. First proposed by
Moggi as a way of structuring semantic descriptions, they were adopted
by Wadler to structure Haskell programs. Monads have been used to
solve long-standing problems such as adding pointers and assignment,
inter-language working, and exception handling to Haskell, without com-
promising its purely functional semantics. The course introduces monads,
effects, and exemplifies their applications in programming (Haskell) and
in compilation (MLj). The course presents typed metalanguages for mon-
ads and related categorical notions, and then describes how they can be
further refined by introducing effects.
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1 Monads and Computational Types

Monads, sometimes called triples, have been considered in Category Theory (CT)
only in the late fifties (see the historical notes in [BW85]). Monads and comon-
ads (the dual of monads) are closely related to adjunctions, probably the most
pervasive notion in CT. The connection between monads and adjunctions was
established independently by Kleisli and Eilenberg-Moore in the sixties. Mon-
ads, like adjunctions, arise in many contexts (e.g. in algebraic theories). There
are several CT books covering monads, for instance [Man76,BW85,Bor94]. It is
not surprising that monads arise also in applications of CT to Computer Science
(CS). We intend to use monads for giving denotational semantics to program-
ming languages, and more specifically as a way of modeling computational types
[Mog91]:

...to interpret a programming language in a category C, we distinguish
the object A of values (of type A) from the object T'A of computations
(of type A), and take as denotations of programs (of type A) the elements
of TA. In particular, we identify the type A with the object of values (of
type A) and obtain the object of computations (of type A) by applying an
unary type-constructor T' to A. We call T' a notion of computation, since
it abstracts away from the type of values computations may produce.

Ezxample 1. We give few notions of computation in the category of sets.

— partiality TA = A, ie. A+ {L}, where L is the diverging computation

— nondeterminism T'A = Py;,, (A), i.e. the set of finite subsets of A

— side-effects TA = (AXS)S, where S is a set of states, e.g. a set UL of stores
or a set of input/output sequences U*
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— exceptions TA = A+ E, where F is the set of exceptions

— continuations TA = R(RA), where R is the set of results

— interactive input TA = (uX.A + XY), where U is the set of characters.
More explicitly T'A is the set of U-branching trees with only finite paths and
A-labelled leaves

— interactive output TA = (uX. A+ (Ux X)), i.e. U*xA up to iso.

Further examples (in the category of cpos) could be given based on the denota-
tional semantics for various programming languages

Remark 2. Many of the examples above are instances of the following one: given
a single sorted algebraic theory Th = (X, Axz), TA is the carrier of the free
Th-algebra over A, i.e. the set Tx;(A) of X-terms over A modulo the equivalence
induced by the equational axioms Ax. For instance, for nondeterminism T'h is
the theory of commutative and idempotent monoids, and for exceptions is the
theory with one constant for each exception e € F and no axioms.

More complex examples can be obtained by combination of those above, e.g.

— TA=((A+E)xS)% and TA = ((AxS)+ E)® capture imperative programs
with exceptions

— TA = pX.Prin(A+ (Actx X)) captures parallel programs interacting via a
set Act of actions (in fact T'A is the set of finite synchronization trees up to
strong bisimulation)

— TA = puX.Prin((A+ X)xS) captures parallel imperative programs with
shared memory.

Wadler [Wad92a] advocates a similar idea to mimic impure programs in a pure
functional language. Indeed the Haskell community has gone a long way in ex-
ploiting this approach to reconcile the advantages of pure functional program-
ming with the flexibility of imperative (or other styles of) programming. The
analogies of computational types with effect systems [GL86] have been observed
by [Wad92a], but formal relations between the two have been established only
recently (e.g. see [Wad98]).

In the denotational semantics of programming languages there are other in-
formal notions modeled using monads, for instance collection types in database
languages [BNTWO95] or collection classes in object-oriented languages [Man98].
It is important to distinguish the mathematical notion of monad (or its refine-
ments) from informal notions, such as computational and collection types, which
are defined by examples. In fact, these informal notions can be modeled with a
better degree of approximation by considering monads with additional proper-
ties or additional structures. When considering these refinements, it is often the
case that what seems a natural requirement for modeling computational types
is not appropriate for modeling collection types, for instance:

— most programming languages can express divergent computations and sup-
port recursive definitions of programs; hence computational types should
have a constant L : T'A for the divergent computation and a (least) fix-
point combinator Y : (TA — TA) — TA,;



Monads and Effects 45

— in database query languages the result of a query is a finite collection of
elements; hence it is natural to have an empty collection @ : TA and a way
of merging the result of two queries, using a binary operation + : TA —
TA — TA.

Therefore, programming languages suggest one refinement (of monads), while
query languages suggest a different and incompatible refinement.

There are at least three equivalent definitions of monad/triple called (see
[Man76]): in monoid form (the one usually adopted in CT books), in extension
form (the most intuitive one), and in clone form (which takes composition in
the Kleisli category as basic). Of these we consider only triples in monoid and
extension form.

Notation 1 We assume knowledge of basic notions from category theory, such
as category, functor and natural transformation. In some cases familiarity with
universal constructions (products, sums, exponentials) and adjunction is as-
sumed. We use the following notation:

— given a category C we write:
IC| for the set/class of its objects,
C(A, B) for the hom-set of morphisms from A to B,
go f and f;g for the composition A — f— B
id4 for the identity on A

— F :C — D means that F is a functor from C to D, and
o: F —'&G means that o is a natural transformation from F to G

-C T D means that G is right adjoint to F (F is left adjoint to G).

F

g— C7

Definition 3 (Kleisli triple/triple in extension form). A Kleisli triple
over a category C is a triple (T,n,*), where T : |C| = |C|, na : A — TA for
AelC|, f*:TA—TB for f: A— TB and the following equations hold:

— na =1idra
—na;f*=fforf:A—=TB
— 59 =(f;9) forf:A=TBandg: B— TC.

Kleisli triples have an intuitive justification in terms of computational types
— 14 is the inclusion of values into computations
a: A" Ha): TA

— f* is the extension of a function f from values to computations to a function
from computations to computations. The function f* applied to a compu-
tation ¢ returns the computation let a<=cin f(a), which first evaluates ¢ and
then applies f to the resulting value a

a:A f—yf(a):TB
c: TA et ac=cin fla): TB
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In order to justify the axioms for a Kleisli triple we have first to introduce a
category Cpr whose morphisms correspond to programs. We proceed by analogy
with the categorical semantics for terms, where types are interpreted by objects
and terms of type B with a parameter (free variable) of type A are interpreted
by morphisms from A to B. Since the denotation of programs of type B are
supposed to be elements of T'B, programs of type B with a parameter of type A
ought to be interpreted by morphisms with codomain 7B, but for their domain
there are two alternatives, either A or T'A, depending on whether parameters of
type A are identified with values or computations of type A. We choose the first
alternative, because it entails the second. Indeed computations of type A are the
same as values of type T'A. So we take Cr(A, B) to be C(A,T'B). It remains to
define composition and identities in Cr (and show that they satisfy the unit and
associativity axioms for categories).

Definition 4 (Kleisli category). Given a Kleisli triple (T, n,_*) over C, the
Kleisli category Cr is defined as follows:

the objects of Cr are those of C

the set Cr(A, B) of morphisms from A to B in Cr is C(A,TB)
the identity on A in Cp isma: A —TA

— fe€Cr(A,B) followed by g € Cr(B,C) inCp is f;9*: A—TC.

It is natural to take 14 as the identity on A in the category Cr, since it maps a
parameter x to [z], i.e. to x viewed as a computation. Similarly composition in
Cr has a simple explanation in terms of the intuitive meaning of f*, in fact

x:AlJ;fx:TB y:Bi L yy:TC
x:Aﬁ&ety@f(x)ing(y):TC

i.e. f followed by ¢ in Cy with parameter x is the program which first evaluates
the program f x and then feed the resulting value as parameter to g. At this
point we can give also a simple justification for the three axioms of Kleisli triples,
namely they are equivalent to the following unit and associativity axioms, which
say that Cp is a category:

- fing=ffor f:A=>TB
—na;f*=ffor f: A—>TB
- (f;9%);h = f;(g;h) for f: A->TB,g: B—>TC and h: C - TD.

Ezxample 5. We go through the examples of computational types given in Ex-
ample 1 and show that they are indeed part of suitable Kleisli triples.

— partiality TA= A, (= A+{1})

74 is the inclusion of A into A

if f: A—TB, then f* L =1 and f* a= f a (when a € A)
— nondeterminism T'A = Py, (A)

14 is the singleton map a+ — 4}

if f: A= TB and c € TA, then f* ¢ =U{f z|z € ¢}
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— side-effects TA = (AxS)°
N4 is the map a+ —\s: S.(a,s)
if f: A->TB and c € TA, then f* c=MXs: Slet(a,8) =csinf as
— exceptions TA=A+F
14 is the injection map a+ —inl a
if f: A— TB, then f*(inr e) = inr e (where e € E) and f*(inl a) = f a
(where a € A)
— continuations T4 = R(E")
na is the map a+ —{\k: R4k a)
if f:A—TBandc¢€TA, then f*c= (M :RB.c(Aa: A.f ak))
— interactive input TA = (uX.A + XY)
114 maps a to the tree consisting only of one leaf labelled with a
if f: A— TB and c € TA, then f* cis the tree obtained by replacing leaves
of ¢ labelled by a with the tree f a
— interactive output TA = (uX.A + (Ux X))
N4 is the map a1 —{¢,a)
if f: A— TB, then f* (s,a) = (s*s',b), where f a = (s,b) and s * s’ is
the concatenation of s followed by s’

Ezxercise 6. Define Kleisli triples in the category of cpos similar to those given
in Example 5, but ensure that each computational type T'A has a least element
L. DIFFICULT: in cpos there are three Kleisli triple for nondeterminism, one
for each powerdomain construction.

Ezxercise 7. When modeling a programming language the first choice to make is
which category to use. For instance, it is impossible to find a monad over the
category of sets which supports recursive definitions of programs, the category
of cpos (or similar categories) should be used instead. Moreover, there are other
aspects of programming languages that are orthogonal to computational types,
e.g. recursive and polymorphic types, that cannot be modeled in the category of
sets (but could be modeled in the category of cpos or in realizability models). In
this exercise we consider modeling a two-level language, where there is a notion
of static and dynamic, then the following categories are particularly appropriate

— the category s(C), where C is a CCC, is defined as follows
an object is a pair (As, Agq) with A, Ag € |C|, A is the static and A is the
dynamic part;
a morphism in s(C)((As, Aq), (Bs, Bq)) is a pair (fs, fq) with fs € C(As, Bs)
and fy € C(AsxAg, Bg), thus the static part of the result depends only on
the static part of the input.

— the category Fam(C), where C is a CCC with small limits, is defined as
follows
an object is a family (A4;|i € I) with I a set and A; € |C| for every i € [;
a morphism in Fam(C)((A;|i € I),(Bj|j € J)) is a pair (f,g) with f : T — J
and g is an I-index family of morphisms s.t. g; € C(A;, By;) for every i € I.

Define Kleisli triples in the categories s(C) and Fam(C) similar to those given

in Example 5 (assume that C is the category of sets). Notice that in a two-level
language static and dynamic computations don’t have to be the same.
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1.1 Monads and Related Notions

This section recalls some categorical notions, namely T-algebras and monad
morphisms, and facts that are not essential to the subsequent developments.
First we establish the equivalence of Kleisli triples and monads.

Definition 8 (Monad/triple in monoid form). A monad over C is a triple
(T,n, 1), where T : C — C is a functor, n :ide = T and p: T? = T are natural
transformations and the following diagrams commute:

T
T34 HTA, 124 TA A p2g 1A 1y
Tpua HA . HA .
idra l idra
T?A TA TA
nA

Proposition 9. There is a bijection between Kleisli triples and monads.

Proof. Given a Kleisli triple (T, 7,_*), the corresponding monad is (7,7, u),
where T is the extension of the function T' to an endofunctor by taking T f =
(fimg)* for f: A — B and pa =id} 4. Conversely, given a monad (T, 7, 1), the
corresponding Kleisli triple is (T, 1, -*), where T is the restriction of the functor
T to objects and f* = (T f);up for f: A— TB.

Monads are closely related to algebraic theories. In particular, T-algebras
correspond to models of an algebraic theory.

Definition 10 (Eilenberg-Moore category). Given a monad (T,n, ) over
C, the Eilenberg-Moore category CT is defined as follows:

— the objects of CT are T-algebras, i.e. morphisms o : TA — A in C s.t.

724 —HA L A A" 1A
To o «
id
TA A A
a

A is called the carrier of the T-algebra «
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— a morphism f € CT(a,3) from a: TA — A to 3:TB — B is a morphism
f:A— B inC s.t.

rf

TA TB

a B8

A B
f

identity and composition in CT are like in C.

G
Any adjunction C T D induces a monad over C with T" = F;G. The
F
Kleisli and Eilenberg-Moore categories can be used to prove the converse, i.e. that
any monad over C is induced by an adjunction. Moreover, the Kleisli category
Cr can be identified with the full sub-category of CT of the free T-algebras.

Proposition 11. Given a monad (T,n, 1) over C there are two adjunctions

U U’
C T cT C T Cr
F F

which induce T. Moreover, there is a full and faithful functor @ : Cr — CT s.t.

F or

D
Cr

Proof. The action of functors on objects is as follows: U(a : TA — A) 2 A,
FA2 s :T?A > TA UAZTA F'A2 A, and $A 2 iy : T?A — TA.

Definition 12 (Monad morphism). Given (T,n,u) and (T7,n', ") monads
over C, a monad-morphism from the first to the second is a natural transfor-
mation o : T = T s.t.
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A A 2y
N\ 04 oTA
P
T'A T'(TA)
) T oa
Ha
T A

(note that the morphism ora; T o4 is equal to Toa;0r:4, since o is natural).
An equivalent definition of monad morphism (in terms of Kleisli triples) is a
family of morphisms o4 : TA —T'A for A €|C| s.t.

— NA;0A =1y
— fop=oa;(f;0B)" for f: A= TB

We write Mon(C) for the category of monads over C and monad morphisms.

There is also a more general notion of monad morphism, which does not require
that the monads are over the same category.

Monad morphisms allow to view T’-algebras as T-algebras with the same
underlying carrier, more precisely

Proposition 13. There is a bijective correspondence between monad morphisms
T’ \% or

o:T — T and functors V : CT" — CT s.t. U

C
Proof. The action of V' on objects is V(o' : T'A — A) 2 oa; :TA— A, and
Ty Vo
o4 is defined in terms of V as o4 2 TA —— 4 T(T'A) T HA g,

Remark 14. Filinski [Fil99] uses a layering (4 : T(T'A) — T'A of T' over T in
place of a monad morphism o4 : TA — T’ A. The two notions are equivalent, in
particular (4 is given by V' u/y, i.e. o a5 1y

2 Metalanguages with Computational Types

It is quite inconvenient to work directly in a specific category or with a specific
monad. Mathematical logic provides a simple solution to abstract away from
specific models: fix a language, define what is an interpretation of the language
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in a model, and find a formal system (on the language) that capture the desired
properties of models. When the formal system is sound, one can forget about
the models and use the formal system instead. Moreover, if the formal system
is also complete, then nothing is lost (as far as one is concerned with properties
expressible in the language, and valid in all models). Several formal systems have
been proved sound and complete w.r.t. certain class of categories:

— many sorted equational logic corresponds to categories with finite products;
— simply typed A-calculus corresponds to cartesian closed categories (CCC);
— intuitionistic higher-order logic corresponds to elementary toposes.

Remark 15. To ensure soundness w.r.t. the given classes of models, the formal
system should cope with the possibility of empty carriers. In contrast, in mathe-
matical logic it is often assumed that all carriers are inhabited. Categorical Logic
is the branch of CT devoted mainly at establishing links between formal systems
and classes of categorical structures.

Rather than giving a complete formal system, we say how to add computational
types to your favorite formal system (for instance higher-order A-calculus, or a
A-calculus with dependent types like a logical framework). The only assumption
we make is that the formal system includes many sorted equational logic (this
rules out systems like the linear \-calculus). More specifically we assume that
the formal system has the following judgments

I+ I' is a well-formed context

't 7 type 7 is a well-formed type in context I’

I'ke:r e is a well-formed term of type 7 in context I
I' ¢ prop ¢ is a well-formed proposition in context I’

I'-o¢ the well-formed proposition ¢ in context I" is true

and that the following rules are derivable

' 7 type . I+
—_— ———— xfreshin I ——7=1I()
0+ Izrz:7hk I'tz:7
I'Fe:7m I'Feg:T . L
— this says when an equation is well-formed

I'tr I'ko . I'te:m INx:7kF ¢
— weak ———— x freshin I”  sub
Nz:7F¢ 't ¢lz =€
I'te:T1 I'Fe=ey:7 I'tFeg=ey:7 I'Feg=e3:7T
I'Fe=e:T I'Fey=e;:T1 I'Fey=e3:T
Nx:tk¢prop I'ber=ey:7 'k @lr:=e]
cong
I'F ¢lx := eg]

Remark 16. More complex formal systems may require other forms of judgment,
e.g. equality of types (and contexts), or other sorts besides type (along the line
of Pure Type Systems). The categorical interpretation of typed calculi, including
those with dependent types, is described in [Pit00b,Jac99].
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The rules for adding computational types are

't 1 type . I'Fe:r
-7 — lift ——————
I'F Tt type I'tle]r:TT
I'e : T Nrx:mbey: T
let Lon nrerin x /EV (1)

' lety x<ejines : Ty

[e]7 is the program/computation that simply returns the value e, while
letT z<=e1iney is the computation which first evaluates e; and binds the
result to x, then evaluates e,.

I'Fe:Tmp TIx:mbFe=e:Tn

— let. &V
et.§ I'Fletyr z<eine; = letr x<einey : T'my xz/ (72)

this rule expresses congruence for the let-binder.

'+ €1 ZTTl
F,xllel—eQ:TTg F,xQZTQ}_eg:TTg T /@V(Tg)
— asSsocC
I+ letT x2<:(letT Tri1<=eq in 62) ineg = N xo /@V(TS)

lety z1<eq in (letp xo<egines) : T3

this rule says that only the order of evaluation matters (not the parentheses).

I'tey:mn LNr:mbey:Tr
I'F lety z<lej|rines = eg|x :=e1] : Ty
I'te: Tt
T letr x<=einfz|r =e: T'T

- T3 x /EFV (1)

these rules say how to eliminate trivial computations (i.e. of the form [e]r).

In calculi without dependent types side-conditions like  /&'V(m) are always
true, hence they can be ignored.

Remark 17. Moggi [Mog91] describes the interpretation of computational types
in a simply typed calculus, and establishes soundness and completeness results.
In [Mog95] Moggi extends such results to logical systems including the evaluation
modalities proposed by Pitts.

For interpreting computational types monads are not enough, parameterized
monads are needed instead. The parameterization is directly related to the form
of type-dependency allowed by the typed calculus under consideration. The need
to consider parametrized forms of categorical notions is by now a well-understood
fact in categorical logic (it is not a peculiarity of computational types).

We sketch the categorical interpretation in a category C with finite products of
a simply typed metalanguage with computational types (see [Mog91] for more
details). The general pattern for interpreting a simply typed calculus according
to Lawvere’s functorial semantics goes as follows

— a context I' - and a type - 7 type are interpreted by objects of C, by abuse
of notation we indicate these objects with I'" and 7 respectively;
— aterm I' F e: 7 is interpreted by a morphism f: " — 7 in C;
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[RULE[SYNTAX SEMANTICS |
T
F 7 type =T
F T type =TT
lift
I'ke:T =f:I' >
T'Fler:Tr =fin.: =Tt
let
I'te :Tn =fi:['=>Tn
Nrx:mkFe:Tm =fo:I'xmi =T
I'tletr z<=eiines : Tmo = (dr, f1); fs : I’ = T2

Fig. 1. Simple interpretation of computational types

— a (well formed) equational I' - e; = eg : 7 is true iff f; = fo : [’ — 7 as
morphisms in C.

Figure 1 gives the relevant clauses of the interpretation. Notice that the in-
terpretation of let needs a parameterized extension operation _*, which maps
f:CxA—=TBto f*:CxTA—TB.

2.1 Syntactic Sugar and Alternative Presentations

It is convenient to introduce some derived notation, for instance:

— an iterated-let (lety T<=€ine), which is defined by induction on |e| = |Z|

. A _ _. A . .
letr p<=Pine = e letr xo, T<eq, €ine = letr xo<epin (letr T<eine)

Haskell’s do-notation, inspired by monad comprehension (see [Wad92a]), ex-
tends the iterated-let by allowing pattern matching and local definitions

In higher-order A-calculus, the type- and term-constructors can be replaced
by constants:

— T becomes a constant of kind e — e, where e is the kind of all types;
— le]r and lety z<=eq ines are replaced by polymorphic constants

unity : VX : 0. X - TX letp : VXY : 0 (X =2 TY) > TX - TY

where unity = AX : oAz : X. [z]r and
letr 2 AX,Y : o \f: X — TY.\c: TX lety a<=cin f .
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In this way the rule (let.£) follows from the &-rule for A-abstraction, and the other
three equational rules can be replaced with three equational axioms without
premises, e.g. 1.5 can be replaced by

X Y:oz: X, f: X >TYFletra<s[zlrinfa=fz:TY

The polymorphic constant unity corresponds to the natural transformation
1. In higher-order A-calculus it is possible to define also polymorphic constants

mapr : VX,V 0 (X 2Y)>TX - TY flatr : VX : 0. T?X — TX

corresponding to the action of the functor 7" on morphisms and to the natural
transformation p

— mapr 2 AX,)Y i e Af: X = Y.Ae: TX letr x<=cin[f z]r
— flatr 2 AX ;e ) : T2 X lety z=cinz

The axiomatization taking as primitive the polymorphic constants unitr and
let amounts to the definition of triple in extension form. There is an alterna-
tive axiomatization, corresponding to the definition of triple in monoid form,
which takes as primitive the polymorphic constants mapr, unity and flaty (see
[Wad92a]).

2.2 Categorical Definitions in the Metalanguage

The main point for introducing a metalanguage is to provide an alternative
to working directly with models/categories. In fact, several categorical notions
related to monads, such as algebra and monad morphisms, can be reformulated
axiomatically in a metalanguage with computational types.

Definition 18 (Eilenberg-Moore algebras). a: TA — A is a T-algebra iff
—z:Arazlr=x:A
— ¢:T?AF a(lety r<=cinz) = a(lety z<=cin[a z]r) : A

f:A— Bis a T-algebra morphism from a: TA — A to 8:TB — B iff
—c¢:TAF f(a c) = B(letr x<=cin[fz]r) : B

We can consider metalanguages with many computational types, correspond-
ing to different monads on the same category. In particular, to define monad
morphisms we use a metalanguage with two computational types T and T".

Definition 19 (Monad morphism). A constant o : VX : «TX — T'X is a
monad morphism from T to T' iff

—X:iex:XFo X [z]lr=[z]p:T'X

- XY:ec:TX,f: X —>TYF oY (letpz<cin f z) =
letyr z<=0 X cino Y (f z): T'Y
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3 Metalanguages for Denotational Semantics

Translation of a language into another provides a simple and general way to give
semantics to the first language in terms of a semantics for the second. In deno-
tational semantics it is quite common to define the semantics of a programming
language PL by translating it into a typed metalanguage M L. The idea is as
old as denotational semantics (see [Sco93]), so the main issue is whether it can
be made into a viable technique capable of dealing with complex programming
languages. Before being more specific about what metalanguages to use, let us
discuss the main advantages of semantics via translation:

— to reuse the same ML for translating several programming languages.
PL,y

Wsl
. M rterp o
%sl

PL,

Here we are assuming that defining a translation from PL to ML is often
simpler than directly defining an interpretation of PL in C. In this case it is
worth putting some effort in the study of M L. In fact, once certain properties
of ML have been established (e.g. reasoning principles or computational
adequacy), it is usually easy to transfer them to PL via the translation.

— to choose M L according to certain criteria, usually not met by programming
languages, e.g.

e a metalanguage built around few orthogonal concepts is simpler to study,
while programming languages often bundle orthogonal concepts in one
construct for the benefit of programmers;

e ML may be equipped with a logic so that it can be used for formalizing
reasoning principles or for translating specification languages;

e ML may be chosen as the internal language for a class of categories (e.g.

CCCQC) or for a specific semantic category (e.g. that of sets or cpos).
— to use ML for hiding details of semantic categories (see [Gor79]). For in-

stance, if ML is the internal language for a class of categories, it has one
intended interpretation in each of them. A translation into M L will induce
a variety of interpretations

Ci

inW
transl

ML

in%x

Cn

Even if M L has only one intended interpretation, it may be difficult to work
with the semantic category directly. For instance, if the semantic category
is a functor category, like those proposed for modeling local variables or
dynamic generation of new names (see [Sta96]).

PL
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A standard typed A-calculus is a good starting point for a metalanguage. How-
ever, it is more controversial whether the metalanguage should be equipped with
some logic (ranging from equational logic to higher-order predicate logic) or have
an operational semantics.

After describing the advantages of giving semantics to a programming lan-
guage PL via translation into a metalanguage M L, we explain how metalan-
guages with computational types can help in structuring the translation from
PL to ML by the introduction of auxiliary notation (see [Mo0s92,Mog91])

transl transl

PL ML(X) ML

and by incrementally defining auxiliary notation (as advocated in [Fil99],
[LELJ95,LH96] and [CM93,Mog97))

transl transl transl transl

PL ML(Z,) .- - ML(5,) ML

Remark 20. The solutions proposed are closely related to general techniques
in algebraic specifications, such as abstract datatype, stepwise refinement and
hierarchical specifications.

3.1 Computational Types and Structuring

Language extension is a typical problem of denotational and operational seman-
tics. For instance, consider extending a pure functional language with side-effects
or exceptions, we have to redefine the whole operational/denotational semantics
every time we consider a new extension. The problem remains even when the
semantics is given via translation in a typed lambda-calculus: one would keep
redefining the translation. Mosses [Mos90] identifies this problem very clearly,
and he stresses how the use of auxiliary notation may help in making semantic
definitions more reusable. An approach, that does not make use of monads, has
been proposed by Cartwright and Felleisen [CF94].

Moggi [Mog91] identifies monads as an important structuring device for de-
notational semantics (but not for operational semantics!). The basic idea is that
there is a unary type constructor 7T, called a notion of computation, and
terms of type T'r, should be thought of as programs which compute values of
type 7. The interpretation of T is not fixed, it varies according to the computa-
tional features of the programming language under consideration. Nevertheless,
there are operations (for specifying the order of evaluation) and basic properties
of them, which should be common to all notions of computation. This suggests
to translate a programming language PL into a metalanguage M Ly (X) with
computational types, where the signature X' gives additional operations (and
their properties). Hence, the monadic approach to define the denotational
semantics of a programming language PL consists of three steps:

— identify a suitable metalanguage M Lp(X), this hides the interpretation of
T and X like an interface hides the implementation of an abstract datatype,
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— define a translation of PL into M Ly (X),
— construct a model of M Lp(X), e.g. via translation into a metalanguage M L
without computational types.

A suitable choice of X can yield a simple translation from PL to M Lt (X'), which
does not have to be redefined when PL is extended, and at the same time keep
the translation of M Ly (X) into ML fairly manageable.

3.2 Examples of Translations

To exemplify the use of computational types, we consider several programming
languages (viewed as A-calculi with constants), and for each of them we define
translations into a metalanguage M Ly (X) with computational types, for a suit-
able choice of Y, and indicate a possible interpretation for computational types
and Y.

CBN Translation: Haskell. We consider a simple explicitly typed fragment
of Haskell corresponding to the following typed A-calculus:

T € Typerasken := Int type of integers
| 1 — 72 functional type
| 71X product type
e € Expraskenn = variable
[n|es+er numerals and integer addition
| if0 eg then e; else es  conditional
|letx: 7 =ejiney local definition
| px : T.e recursive definition
| Az : T.e abstraction
| e1 ea application
| (e1,e2) pairing
| 7; e projection

The type system for Haskell derives judgments of the form I' - e : 7 saying
that a term e has type 7 in the typing context I'. Usually, in denotational
semantics only well-formed terms need to be interpreted (since programs rejected
by a type-checker are not allowed to run), thus we want to define a translation
mapping well-formed terms I" Fpy, e : 7 of the programming language into well-
formed terms I' by e : 7 of the metalanguage (with computational types).
More precisely, we define a translation _” by induction on types 7 and raw terms
e, called the CBN translation (see Figure 2). The signature Y, for defining
the CBN translation of Haskell consists of

- Y:VX:e(TX - TX) = TX, a (least) fix-point combinator
— a signature for the datatype of integers.

Lemma 21 (Typing). If {z; : 7;|i € m} Fpr e : 7 is a well-formed term of
Haskell, then {x; : T1]'|i € m} by €™ @ T is a well-formed term of the
metalanguage with computational types.
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7 € Typenasken|7" € Type(M L1 (X))
Int Int
T — T2 T = Tty
T1 X T2 Tr{'xXTty
e € Expraskel e” € Exp(MLr(X,))
T T
n ]z
eo +e1 letr zo, x1<eg, el in [zo + z1]7
if0 eg then e; else ez|letr x<=ef inif © = 0 then e} else ey
letz: 7 =ejines Az : TT".€3) et
UT : T.€ Y 7 Az :T1".e")
Az T.e Az : T1".€e"|r
€1 e letr f<elin f eb
(e1,€2) [(e1, e3)]r
T € letr z<=e™ inm; =

A

{zimliemtbpre:n)" ={z; : T7'li € m} by " : T7"

Fig. 2. CBN translation of Haskell

Remark 22. The key feature of the CBN translation is that variables in the
programming languages are translated into variables ranging over computational
types. Another important feature is the translation of types, which basically
guides (in combination with operational considerations) the translation of terms.

Ezercise 23. Extend Haskell with polymorphism, as in 2nd-order A-calculus, i.e.
T € Typerasken =X | ... |VX 1 0.7 e € Expraskers := ... | AX 1ee|eT

where X ranges over type variables. There is a choice in extending the CBN
translation to polymorphic types. Either type abstraction delays evaluation, and
then (VX : e.7)" should be VX : ¢.T'7", or it does not, and then (VX : e.7)"
should be VX : e.7". In the latter case there is a problem to extend the CBN
translation on terms. A way to overcome the problem is to assume that com-
putational types commute with polymorphic types, i.e. the following map is an
iso
¢ : T(VX :07) > AX :eletpx<cinfz X]p : VX : 017

In realizability models several monads (e.g. lifting) satisfy this property, indeed
the isomorphism is often an identity. In these models, a simpler related property
is commutativity of computational types with intersection types.

Algol Translation. Some CBN languages (including Algol and PCF) allow
computational effects only at base types. Computational types play a limited
role in structuring the denotational semantics of these languages. Nevertheless
it is worth to compare the translation of such languages with that of Haskell.
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7 € Type aigor |7 € Type(M L1 (X,))
Loc TlLoc
Int Tlnt
Cmd T1
L — T2 =15
T1 X T2 TXTS
e c EmpAlgol e’ e Exp(MLT(Ea))
T T
n [nlT
eo + e1 letr xo, z1<e€f, et in [xo + z1]7
if0 eg then e; else ea|*letr z<ef inif x = 0 then ef else €5
letz:7=-ejines (Az:7%.€3) e}
UT : T.C xY 7% (Az: 7%.e%)
AT T.€ v 7% e?
€1 €2 el e3
(e1,e2) (ef,€3)
T e ;e
| DEY
le letr l<=e®in get [
skip [0lr
€0 :=e1 letr I, n<eg,efinset I n
€o; el letr <e§ inef

for the definition of xlet and *Y see Remark 26

({zi:mliem}bpre: )" é {zi:7'li e m} byp e : 7°
Fig. 3. Algol translation
We consider an idealized-Algol with a fixed set of locations. Syntactically it is

an extension of (simple) Haskell with three base types: Loc for integer locations,
Int for integer expressions, and Cmd for commands.

T € Typeaigor = Loc | Int | Cmd | 74 — 7o | 71 XT2
e€ Expaigor i=x | | location
Inley+er|le contents of a location
| if0 eg then e else eq
| skip | eg := €1 null and assignment commands
| eo; €1 sequential composition of commands

|letx:7=ejines | pr:7e | Ax:Te| ey e | (e1,e2) | m e
The Algol translation _* is defined by induction on types 7 and raw terms
e (see Figure 3). The signature X, for defining the Algol translation consists of

- Y :VX:e(TX - TX)— TX, like for the Haskell translation

— a signature for the datatype of integers, like for the Haskell translation

— a type Loc of locations, with a fixed set of constants | : Loc, and operations
get : Loc — T'Int and set : Loc — Int — T'1 to get/store an integer from/into
a location.
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Remark 24. In Algol expressions and commands have different computational
effects, namely: expressions can only read the state, while commands can also
modify the state. Hence, a precise model would have to consider two monads,
T A = Af_ for state reading computations and T,.A = (AxS)f_ for computa-
tions with side-effects, and a monad morphism from T, to Ts..

Lemma 25 (Typing). If {z; : ;i € m} Fpr e : 7 is a well-formed term of Al-
gol, then {z; : 78li € m} Fpp € 2 7% is a well-formed term of the metalanguage
with computational types.

Remark 26. The Algol translation seems to violate a key principle, namely that
the translation of a program should have computational type. But a valid Algol
program is a term of base type, and the Algol translation indeed maps base
types to computational types. More generally, the Algol translation maps Algol
types in (carriers of) T-algebras. Indeed T-algebras for a (strong) monad are
closed under (arbitrary) products and exponentials, more precisely: A;xAg is
the carrier of a T-algebra whenever A; and A, are, and B4 is the carrier of a T-
algebra whenever B is [EXERCISE: prove these facts in the metalanguage]. The
T-algebra structure o, : T'T — 7 on the translation 7 of a type in Typeaigor is
used for defining the translation of terms, namely to extend the let and fix-point
combinator from computational types to T-algebras:

I'te:Trny Iz:mbes:m
et 1 1 11 €2: Ty

I'F xletr v<e1ines 2 o, (lety x<eqinfes]r) : T2
Nx:tke:T

_ kY
'Y 7 (\x:T.e) = o (Y m (Ae: Trlefr = ad]r): T

Intuitively, applying a. to a computation pushes its effects inside an element of
type 7. For instance, if 7 is of the form 7, — T'79, then o, maps a computation
¢ : T of a function to the function Az : 7y.lety f<cin f(z).

The Algol translation suggests to put more emphasis on T-algebras. Indeed,
[Lev99] has proposed a metalanguage with two kinds of types: value types inter-
preted by objects in C, and computation types interpreted by objects in CT.

CBYV Translation: SML. We consider a simple fragment of SML with integer
locations. Syntactically the language is a minor variation of idealized Algol. It
replaces Cmd by Unit and skip by (), sequential composition of commands has
been removed because definable eg; ey is definable by (A : Unit.es)e;, recursive
definitions are restricted to functional types.

T € Typesnr = Loc | Int | Unit | 74 = 72 | 71 X7

e€ Expsyr i=x || n|eg+er|le]if0eytheneselsees | ()| eg:=er

| letzx:7=ejines | puf : 71 = Az Ty

| Ax:T.e|epex|(er,ea) | me

The CBV translation ¥ (see Figure 4) is defined by induction on types
7 and raw terms e. When {z; : 7|i € m} Fpr e : 7 is a well-formed term of
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7 € Typesmr|T° € Type(M L7 (X))
Loc Loc
Int Int
Unit 1
T — T2 ™ = T1y
T X T T X Ty
e e EIpSML e’ e EIp(MLT(Ev))
T [z]r
n [n]z
eo +e1 letr xo, z1<e€g, €] in [xo + z1]7
if0 ep then e; else e2 letr v<=¢f inif x = 0 then e else e}
letz:7=-erines letT x<€7 in e}
uf i1 = Az TelxY (11— 1) (Af (11— ) AT e?)
Az T.e Az :7".€e’]r
e1 e letr f,x<ef,e5in f =
(e1,€e2) letr 1, zo<e7, €5 in [(z1, z2)]T
e lety z<e" in[m; z|r
| [
le letr I<=e” in get [
0 [O]r
ey :=e1 letr I, n<=eg, el inset I n

A
{zi:mliem}bpre: )" ={z;:7li €m}btmr e’ : T7°

Fig. 4. CBV translation of SML

SML, one can show that {x; : 77[i € m} by €¥ @ T7Y is a well-formed term of
the metalanguage with computational types. The signature X, for defining the
CBYV translation is X, i.e. that for defining the Algol translation.

Ezercise 27. So far we have not said how to interpret the metalanguages used as
target for the various translations. Propose interpretations of the metalanguages
in the category of cpos: first choose a monad for interpreting computational
types, then explain how the other symbols in the signature X' should be inter-
preted.

FEzercise 28. The translations considered so far allow to validate equational laws
for the programming languages, by deriving the translation of the equational
laws in the metalanguage. Determine whether § and 7 for functional types, i.e.
(Ax:T11.e0) e1 =ex[z:=e1] i and (Az:m.ex) =e: T — 7o with x /&V(e),
are valid in Haskell, Algol or SML. If they are not valid suggest weaker equational
laws that can be validated. This exercise indicates that some care is needed in
transferring reasoning principles for the A-calculus to functional languages.

Ezercise 29. Consider Haskell with integer locations, and extend the CBN trans-
lation accordingly. Which signature X' should be used?
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Ezercise 80. SML has a construct, ref e, to create new locations. Consider this
extension of SML, and extend the CBV translation accordingly. Which signature
2’ and monad T in the category of cpos should be used?

Exercise 31. Consider SML with locations of any type, and extend the CBV
translation accordingly. Which signature X' should be used (you may find con-
venient to assume that the metalanguage includes higher-order A-calculus)? It
is very difficult to find monads able to interpret such a metalanguage.

3.3 Incremental Approach and Monad Transformers

The monadic approach to denotational semantics has a caveat. If the program-
ming language PL is complex, the signature X identified by the monadic ap-
proach can get fairly large, and the translation of M Ly (X) into M L may become
quite complicated. An incremental approach can alleviate the problem of in
defining the translation of M L (X) into M L. The basic idea is to adapt to this
setting the techniques and modularization facilities advocated for formal soft-
ware development, in particular the desired translation of MLy (X) into ML
corresponds to the implementation of an abstract datatype (in some given lan-
guage). In an incremental approach, the desired implementation is obtained by
a sequence of steps, where each step constructs an implementation for a more
complex datatype from an implementation for a simpler datatype.

Haskell constructor classes (and to a less extend SML modules) provide
a very convenient setting for the incremental approach (see [LHJ95]): the
type inference mechanism allows concise and readable definitions, while
type-checking detects most errors. What is missing is only the ability to
express and validate (equational) properties, which would require extra
features typical of Logical Frameworks (see [Mog97]).

This approach requires a collection of modules with the following features:

— they should be parametric in X, i.e. for any signature X (or at least for a
wide range of signatures) the module should take an implementation of X
and construct an implementation of X' 4+ X,,..,, where X, is fixed

— the construction of the signature ., may depend on some additional pa-
rameters of a fixed signature X,

The first requirement can be easily satisfied, when one can implement X,
without changing the implementation of Y (this is often the case in software
development). However, the constructions we are interested in are not persistent,
since they involve a re-implementation of computational types, and consequently
of X. The translations we need to consider are of the form

I: MLT(Zpar + 2+ Znew) — MLT(EPU,T + 2)

where X,,.,, are the new symbols defined by I, X the old symbols redefined by
I, and ¥, some fixed parameters of the construction (which are unaffected by
I). In general I can be decomposed in
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— a translation Iney : MLp(Xper + Znew) = MLp(Xp,) defining the new
symbols (in X, ) and redefining computational types,

— translations I,y : M Lp(X,,) = MLp(X,er + Xop) redefining an old symbol
op in isolation (consistently with the redefinition of computational types),
for each possible type of symbol one may have in X.

Filinski [Fil99] has proposed a more flexible approach, which uses metalan-
guages with several monads T; (rather than only one), and at each step it intro-
duces a new monad 7" and new operations (defined in term of the pre-existing
ones), without changing the meaning of the old symbols. Therefore, one is con-
sidering definitional extensions, i.e. translations of the form

I: MLy g, (Zotd + Xye) = MLz, (Xo1a)

new K

which are the identity on MLy, , (Xq). In Filinski’s approach one can use
the translations I, and I,,, whenever possible, and more ad hoc definitions
otherwise. In fact, when Filinski introduces a new monad 7", he introduces also
two operations called monadic reflection and reification

reflect : VX : 0¢.7 = T'X reify : VX : 0. T'X — 7

that establish a bijection between T'X and its implementation 7 (i.e. a type in
the pre-existing language). Therefore, we can define operations related to 7" by
moving back and forth between T’ and its implementation (as done in the case
of operations defined on an abstract datatype).

Semantically a monad transformer is a function F' : [Mon(C)| — |[Mon(C)|
mapping monads (over a category C) to monads. We are interested in monad
transformers for adding computational effects, therefore we require that for any
monad 7" there should be a monad morphism ing : T'— F'T. It is often the case
that F' is a functor on Mon(C), and in becomes a natural transformation from
idason(c) to F'. Syntactically a monad transformer is a translation

Ip: MLT/,T(Epar) — MLT(EPC”«)

which is the identity on MLy (Xp4.). In other words we express the new monad
T" in terms of the old monad T' (and the parameters specified in X4, ).

3.4 Examples of Monad Transformers

In the sequel we describe (in a higher-order A-calculus) several monad transform-
ers corresponding to the addition of a new computational effect, more precisely
we define

— the new monad T, and the monad morphism in : T — T’

— operations on T"-computations associated to the new computational effect

— an operation op’ : VX : e A — (B — T'X) — T'X exatending to T'-
computations a pre-existing operation op : VX : ¢ A — (B - TX) - TX
on T-computations.

Intuitively op X : A — (B — TX) — TX amounts to having an A-indexed
family of algebraic operations of arity B on T X.



64 Nick Benton, John Hughes, and Eugenio Moggi

Monad Transformer I, for Adding Side-Effects

— signature X4, for parameters
states S : e

— signature X, for new operations
lookup lkp’ : T'S
update upd’ : S — T'1
— definition of new monad 7” and monad morphism in : T — 1"
T'X 2§ = T(XxS)
[x] 7 2 )s: S.[(z, )]
let x<cin f x 2 \s: Sletr (z,8')<c sinf x ¢
in X ¢ 2 As: Slety x<=cin [(z,s)]T
definition of new operations
lkp' 2 \s S.[(s, 9)]T
upd' s 2\ S.[(x, 8)]T
extension of old operation
op) Xaf = As:S.op (XxS)a (Ab:B.fbs)
Remark 32. The operations lkp’ and upd’ do not fit the format for op. However,
any *op : A — TB induces an op : VX : ¢ A — (B — TX) — TX in the right
format, namely op X a f 2 let7 b<=*op ain f b.

Monad Transformer I, for Adding Exceptions
— signature X, for parameters
exceptions I : e
— signature X, for new operations
raise raise’ :VX :e.E -5 T'X
handle handle' : VX : 0. (E - T'X) > T'X - T'X
— definition of new monad 7’ and monad morphism in : T — T”
T'X 2 T(X + E)
2] 2 [inl 27
letyr x<cin f x 2 lety u<=cin (caseuof x = f x|n = [inr n|r)
in X ¢ 2 lety z<=cin [inl z]p
definition of new operations
raise’ X n 2 [inr n]p
handle’ X f ¢ 2 letr u<=cin (caseuwof z = [inl |7 |n = f n)
extension of old operation
op’Xaféop(X—i—E)af

Remark 33. In this case the definition of op’ is particularly simple. In fact, the
same definition works for extending any operation of type VX : e.7[Y := T X],
where 7 is a type whose only free type variable is Y. The case of an A-indexed
family of algebraic operations of arity B correspondstor=A — (B —-Y) = Y.



Monads and Effects 65

Monad Transformer I., for Adding Complexity

— signature X,,, for parameters
monoid M : e
1: M
x: M — M — M (we use infix notation for x)
to prove that 7" is a monad, we should add axioms saying that (M, 1, ) is
a monoid
— signature X, for new operations

cost tick! : M — T'1
— definition of new monad 7’ and monad morphism in : T — T”
T'X 2 T(XxM)
A
[z]r = (@, 1)]r
letpr z<=cin f x 2 Jety (x,m)<cin (lety (y,n)<f zin[(y,m *xn)|r)
inXc2 letr x<cin[(z, 1)]r
definition of new operations
tick! m 2 [(x,m)]T
extension of old operation

op’Xaféop(XxM)af

Monad Transformer I, for Adding Continuations

— signature X, for parameters
results R: e

— signature X, for new operations
abort abort’ :VX :e.R —T'X

call-cc called VXY : 0 (X - T'Y) - T'X) > T'X
— definition of new monad 7’ and monad morphism in : T — T”
T'X 2 (X 5 TR) - TR
[z]7r 2 Me: X > TRk x
letyr x<cin f x 2 \k:Y — TR.c Ae.f z k)
in X ¢ 2 M : X = TRletp z=cink x
definition of new operations
abort’ X r 2 \k: X = TR.[r]r
called XY f 2Nk X - TR.f Az k'Y = TR.[k z]1) k
extension of old operation

op) Xaf2XMe:X > TRopRa(\o:B.fbk)

Remark 34. The operation callec’ and other control operators do not fit the
algebraic format, and there is no way to massage them into such format. Unlike
the others monad transformers, I.,, does not extend to a functor on Mon(C).

Exercise 35. For each of the monad transformer, prove that 7" is a monad.
Assume that T is a monad, and use the equational axioms for higher-order \-
calculus with sums and products, including n-axioms.
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Exzxercise 36. For each of the monad transformer, define a fix-point combinator
for the new computational types Y’ : VX : o (T'X — T'X) — T'X given a
fix-point combinator for the old computational types Y : VX : . (TX — TX) —
T X. In some cases one needs the derived fix-point combinator Y for carriers of
T-algebras (see Remark 26).

Ezercise 37. Define a monad transformer I, for state-readers, i.e. T'X El S —
TX. What could be X7 Define a monad morphism from T, to Ts..

Ezercise 38. Check which monad transformers commute (up to isomorphism).
For instance, I, and I., do not commute, more precisely one gets

— TserexX = S = T((X + E)xS) when adding first side-effects and then
exceptions

— TeztseX = S = T((XxS) + E) when adding first exceptions and then
side-effects

Ezxercise 89. For each of the monad transformers, identify equational laws for
the new operations specified in X,,.,,, and show that such laws are validated by
the translation. For instance, I, validates the following equations:

s: S Fletyr x <upd sinlkp’ =letr: * <upd sin[s]p : T'S
5,8 : S+ letp * <upd sinupd s' =wupd s :T'1

s: Sk lety s<lkp’ inupd s = [*]p : T'1

X:eoc:T'X Flety s<lkp’inc=c: T'X

Exercise 40 (Semantics of Effects). Given a monad T over the category of sets:

— Define predicates for ¢ € T'X 25 T(X xS) corresponding to the prop-
erties “c does not read from S” and “c does not write in S”.
Such predicates are extensional, therefore a computation that reads the state
and then rewrites it unchanged, is equivalent to a computation that ignores
the state.

— Define a predicate for ¢ € T'X 2 T(X + E) corresponding to the property
“c does not raise exceptions in E”.

4 Monads in Haskell

So far we have focussed on applications of monads in denotational semantics,
but since Wadler’s influential papers in the early 90s [Wad92a,Wad92b, Wad95)
they have also become part of the toolkit that Haskell programmers use on a day
to day basis. Indeed, monads have proven to be so useful in practice that the
language now includes extensions specifically to make programming with them
easy. In the next few sections we will see how monads are represented in Haskell,
look at some of their applications, and try to explain why they have had such
an impact.



Monads and Effects 67

4.1 Implementing Monads in Haskell

The representation of monads in Haskell is based on the Kleisli triple formulation:
recall Definition 1.4:

A Kleisli triple over a category C is a triple (T,n, _*), where T : |C| —
ICl,ma : A — TAfor Ae|C|, f* : TA— TB for f: A— TB and the
following equations hold: ...

In Haskell, C is the category with Haskell types as objects and Haskell functions
as arrows, 1" corresponds to a parameterised type, 7 is called return, and _* is
called >>=. This would suggest the following types:

return :: a > T a
(>>=) :: (@a->Tb) > (Ta->Th)

where a and b are Haskell type variables, so that these types are polymorphic.
But notice that we can consider >>= to be a curried function of two arguments,
with types (a => T b) and T a. In practice it is convenient to reverse these
arguments, and instead give >>= the type

(>>=) :: Ta->(@->Tb) >Thb
Now the metalanguage notation let x<=e; ines can be conveniently expressed as
el >>= \x > e2

(where \x -> e is Haskell’s notation for Az.e). Intuitively this binds x to the
result of el in e2; with this in mind we usually pronounce “>>=" as “bind”.

Example /1. The monad of partiality can be represented using the built-in
Haskell type

data Maybe a = Just a | Nothing

This defines a parameterised type Maybe, whose elements are Just x for any
element x of type a (representing a successful computation), or Nothing (repre-
senting failure).

The monad operators can be implemented as

return a = Just a
m >>= f = case m of

Just a > f a
Nothing -> Nothing

and failure can be represented by
failure = Nothing

As an example of an application, a division function which operates on pos-
sibly failing integers can now be defined as
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divide :: Maybe Int -> Maybe Int -> Maybe Int
divide a b = a >>= \m ->
b >>= \n ->
if n==0 then failure
else return (a ‘div‘ b)

Try unfolding the calls of >>= in this definition to understand the gain in clarity
that using monadic operators brings.

Ezxample 42. As a second example, we show how to implement the monad of
side-effects in Haskell. This time we will need to define a new type, State s a,
to represent computations producing an a, with a side-effect on a state of type
s. Haskell provides three ways to define types:

type State s a = s -> (s,a)
newtype State s a = State (s -> (s,a))
data State s a = State (s —> (s,a))

The first alternative declares a type synonym: State s a would be in every
respect equivalent to the type s -> (s,a). This would cause problems later:
since many monads are represented by functions, it would be difficult to tell just
from the type which monad we were talking about.

The second alternative declares State s a to be a new type, different from
all others, but isomorphic to s -> (s,a). The elements of the new type are
written State f to distinguish them from functions. (There is no need for the
tag used on elements to have the same name as the type, but it is often convenient
to use the same name for both).

The third alternative also declares State s ato be a new type, with elements
of the form State £, but in contrast to newtype the State constructor is lazy:
that is, State | and L are different values. This is because data declarations
create lifted sum-of-product types, and even when the sum is trivial it is still
lifted. Thus State s a is not isomorphic to s -> (s,a) — it has an extra
element — and values of this type are more costly to manipulate as a result.

We therefore choose the second alternative. The monad operations are now
easy to define:

return a = State (\s —> (s,a))

State m >>= f = State (\s -> let (s’,a) =m s
State m’ = f a
in m’ s’)

The state can be manipulated using
readState :: State s s
readState = State (\s —> (s,s))

writeState :: s -> State s ()
writeState s = State (\_ —> (s,0)))
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For example, a function to increment the state could be expressed using these
functions as

increment :: State Int ()
increment = readState >>= \s ->
writeState (s+1)

4.2 The Monad Class: Overloading Return and Bind

Haskell programmers make use of many different monads; it would be awkward
if return and >>= had to be given different names for each one. To avoid this,
we use overloading so that the same names can be used for every monad.
Overloading in Haskell is supported via the class system: overloaded names
are introduced by defining a class containing them. A class is essentially a signa-
ture, with a different implementation for each type. The monad operations are
a part of a class Monad, whose definition is found in Haskell’s standard prelude:

class Monad m where
return :: a ->m a
(>>=) ::ma->(a->mb) ->mbd

Here the class parameter m ranges over parameterised types; read the declaration
as “A parameterised type m is a Monad if it supports implementations of return
and >>= with the given types”.

Implementations of these operations are provided by making a corresponding
instance declaration, for example:

instance Monad Maybe where
return a = Just a
m >>= f = case m of
Just a > f a
Nothing -> Nothing

which corresponds to the definition of the Maybe monad given earlier. For the
monad of side-effects, we write

instance Monad (State s) where
return a = State (\s —> (s,a))

State m >>= f = State (\s -> let (s’,a) =m s
State m’ = f a
in m’> s’)

Notice that although we defined the type State with two parameters, and the
Monad class requires a type with one parameter, Haskell allows us to create the
type we need by partially applying the State type to one parameter: types with
many parameters are ‘curried’. Indeed, we chose the order of the parameters in
the definition of State with this in mind.

Now when the monadic operators are applied, the type at which they are
used determines which implementation is invoked. This is why we were careful
to make State a new type above.
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A great advantage of overloading the monad operators is that it enables us
to write code which works with any monad. For example, we could define a
function which combines two monadic computations producing integers into a
computation of their sum:

addM a b = a >>= \m —>
b >>= \n —>

return (m+n)

Since nothing in this definition is specific to a particular monad, we can use this
function with any: addM (Just 2) (Just 3) is Just 5, but we could also use
addM with the State monad. The type assigned to addM reflects this, it is'

addM :: (Monad m) => m Int -> m Int -> m Int

The “(Monad m) =>” is called a context, and restricts the types which may be
substituted for m to instances of the class Monad.

Although addV is perhaps too specialised to be really useful, we can derive a
very useful higher-order function by generalising over +. Indeed, Haskell’s stan-
dard Monad library provides a number of such functions, such as

1iftM :: Monad m => (a ->b) ->ma ->mb

1iftM2 :: Monad m => (a -=> b ->c) ->ma ->mb->mc
sequence :: Monad m => [m a] -> m [a]

With these definitions,

addM = 1iftM2 (+)

Programming with monads is greatly eased by such a library.

Exercise 43. Give a definition of sequence. The intention is that each compu-
tation in the list is executed in turn, and a list made of the results.

Finally, Haskell provides syntactic sugar for >>= to make monadic programs
more readable: the do-notation. For example, the definition of addM above could
equivalently be written as

addM a b = dom <- a
n <-b
return (m+n)

The do-notation is defined by

do e = e

do x <- e e >>= (\x -> do ¢)

do e e >>= (\_ -> do ¢)

C

1 Actually type inference produces an even more general type, since the arithmetic is
also overloaded, but we will gloss over this.
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Applying these rules to the definition of addM above rewrites it into the form
first presented. The do-notation is simply a shorthand for bind, but does make
programs more recognisable, especially for beginners.

Example 44. As an example of monadic programming, consider the problem of
decorating the leaves of a tree with unique numbers. We shall use a parameterised
tree type

data Tree a = Leaf a | Bin (Tree a) (Tree a)

and define a function

unique :: Tree a -> Tree (a,Int)

which numbers the leaves from 1 upwards in left-to-right order. For example,

unique (Bin (Bin (Leaf ’a’) (Leaf ’b’)) (Leaf ’c’))
= Bin (Bin (Leaf (’a’,1)) (Leaf (°b’,2))) (Leaf (°c’,3))

Intuitively we think of an integer state which is incremented every time a leaf is
encountered: we shall therefore make use of the State monad to define a function

unique’ :: Tree a -> State Int (Tree (a,Int))
First we define a function to increment the state,

tick :: State Int Int

tick = do n <- readState
writeState (n+1)
return n

and then the definition of unique’ is straightforward:

unique’ (Leaf a) = do n <- tick
return (Leaf (a,n))
unique’ (Bin t1 t2) = 1iftM2 Bin (unique’ t1) (unique’ t2)

Notice that we use 1iftM2 to apply the two-argument function Bin to the results
of labelling the two subtrees; as a result the notational overhead of using a monad
is very small.

Finally we define unique to invoke the monadic function and supply an initial
state:

unique t = runState 1 (unique’ t)

runState s (State f) = snd (f s)

It is instructive to rewrite the unique function directly, without using a
monad — explicit state passing in the recursive definition clutters it significantly,
and creates opportunities for errors that the monadic code completely avoids.
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5 Applying Monads

So far we have shown how monads are represented in Haskell, and how the
language supports their use. But what are monads used for? Why have they
become so prevalent in Haskell programs? In this section we try to answer these
questions.

5.1 Input/Output: The Killer Application

Historically, input/output has been awkward to handle in purely functional lan-
guages. The same applies to foreign function calls: there is no way to guarantee
that a function written in C, for example, does not have side effects, so calling
it directly from a Haskell program would risk compromising Haskell’s purely
functional semantics.

Yet it is clear enough that input/output can be modelled in a purely func-
tional way: we must just consider a program to be a function from the state of
the universe before it is run, to the state of the universe afterwards. One possibil-
ity is to write the program in this way: every function depending on the external
state would take the universe as a parameter, and every function modifying it
would return a new universe as a part of its result. For example a program to
copy one file to another might be written as

copy :: String -> String -> Universe -> Universe
copy from to universe =
let contents = readFile from universe
universe’ = writeFile to contents universe
in universe’

Such a program has a purely functional semantics, but is not easy to im-
plement. Of course, we cannot really maintain several copies of the universe
at the same time, and so ‘functions’ such as writeFile must be implemented
by actually writing the new contents to the filestore. If the programmer then
accidentally or deliberately returns universe instead of universe’ as the fi-
nal result of his program, then the purely functional semantics is not correctly
implemented. This approach has been followed in Clean though, using a linear
type system to guarantee that the programmer manipulates universes correctly
[BS96].

However, having seen monads we would probably wish to simplify the pro-
gram above by using a State monad to manage the universe. By defining

type I0 a = State Universe a
and altering the types of the primitives slightly to

readFile :: String -> I0 String
writeFile :: String -> String -> I0 ()

then we can rewrite the file copying program as
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copy :: String -> String -> I0 O
copy from to = do contents <- readFile from
writeFile to contents

which looks almost like an imperative program for the same task?.

This program is both purely functional and efficiently implementable: it is
quite safe to write the output file destructively. However, there is still a risk that
the programmer will define inappropriate operations on the I0 type, such as

snapshot :: IO Universe
snapshot = State (\univ -> (univ, univ))

The solution is just to make the 10 type abstract [JW93]! This does not change the
semantics of programs, which remains purely functional, but it does guarantee
that as long as all the primitive operations on the I0 type treat the universe in
a proper single-threaded way (which all operations implemented in imperative
languages do), then so does any Haskell program which uses them.

Since the I0 monad was introduced into Haskell, it has been possible to write
Haskell programs which do input/output, call foreign functions directly, and yet
still have a purely functional semantics. Moreover, these programs look very
like ordinary programs in any imperative language. The contortions previously
needed to achieve similar effects are not worthy of description here.

The reader may be wondering what all the excitement is about here: after all,
it has been possible to write ordinary imperative programs in other languages
for a very long time, including functional languages such as ML or Scheme; what
is so special about writing them in Haskell? Two things:

— Input/output can be combined cleanly with the other features of Haskell,
in particular higher-order functions, polymorphism, and lazy evaluation. Al-
though ML, for example, combines input/output with the first two, the abil-
ity to mix lazy evaluation cleanly with I/O is unique to Haskell with monads
— and as the copy example shows, can lead to simpler programs than would
otherwise be possible.

— Input/output is combined with a purely functional semantics. In ML, for
example, any expression may potentially have side-effects, and transforma-
tions which re-order computations are invalid without an effect analysis to
establish that the computations are side-effect free. In Haskell, no expres-
sion has side-effects, but some denote commands with effects; moreover, the
potential to cause side-effects is evident in an expression’s type. Evaluation
order can be changed freely, but monadic computations cannot be reordered
because the monad laws do not permit it.

2 The main difference is that we read and write the entire contents of a file in one
operation, rather than byte-by-byte as an imperative program probably would. This
may seem wasteful of space, but thanks to lazy evaluation the characters of the
input file are only actually read into memory when they are needed for writing to
the output. That is, the space requirements are small and constant, just as for a
byte-by-byte imperative program.
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Peyton-Jones’ excellent tutorial [Pey01] covers this kind of monadic program-
ming in much more detail, and also discusses a useful refinement to the semantics
presented here.

5.2 Imperative Algorithms

Many algorithms can be expressed in a purely functional style with the same
complexity as their imperative forms. But some efficient algorithms depend crit-
ically on destructive updates. Examples include the UNION-FIND algorithm,
many graph algorithms, and the implementation of arrays with constant time
access and modification. Without monads, Haskell cannot express these algo-
rithms with the same complexity as an imperative language.

With monads, however, it is easy to do so. Just as the abstract I0 monad en-
ables us to write programs with a purely functional semantics, and give them an
imperative implementation, so an abstract state transformer monad ST allows us
to write purely functional programs which update the state destructively [LJ94]3.
Semantically the type ST a is isomorphic to State -> (State,a), where State
is a function from typed references (locations) to their contents. In the imple-
mentation, only one State ever exists, which is updated destructively in place.

Operations are provided to create, read, and write typed references:

newSTRef :: a -> ST (STRef a)
readSTRef :: STRef a -> ST a
writeSTRef :: STRef a -> a -> ST ()

Here STRef a is the type of a reference containing a value of type a. Other
operations are provided to create and manipulate arrays.

The reason for introducing a different monad ST, rather than just providing
these operations over the I0 monad, is that destructive updates to variables in
a program are not externally visible side-effects. We can therefore encapsulate
these imperative effects using a new primitive

runST :: ST a -> a

which semantically creates a new State, runs its argument in it, and discards
the final State before returning an a as its result. (A corresponding function
runI0 would not be implementable, because we have no way to ‘discard the final
Universe’). In the implementation of runST, States are represented just by a
collection of references stored on the heap; there is no cost involved in creating
a ‘new’ one therefore. Using runST we can write pure (non-monadic) functions
whose implementation uses imperative features internally.

Ezample 45. The depth-first search algorithm for graphs uses destructively up-
dated marks to identify previously visited nodes and avoid traversing them again.

3 While the I0 monad is a part of Haskell 98, the current standard [JHe™99], the
ST monad is not. However, every implementation provides it in some form; the
description here is based on the Hugs modules ST and LazyST [JRtYHG199].
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For simplicity, let us represent graph nodes by integers, and graphs using the
type

type Graph = Array Int [Int]

A graph is an array indexed by integers (nodes), whose elements are the list
of successors of the corresponding node. We can record which nodes have been
visited using an updateable array of boolean marks, and program the depth-first
search algorithm as follows:

dfs g ns = runST (do marks <- newSTArray (bounds g) False
dfs’ g ns marks)

dfs’ g [] marks = return []
dfs’ g (n:ns) marks =
do visited <- readSTArray marks n
if visited then dfs’ g ns marks
else do writeSTArray marks n True
ns’ <- dfs’ g ((g!n)++ns) marks
return (n:ns’)

The function dfs returns a list of all nodes reachable from the given list of roots
in depth-first order, for example:

dfs (array (1,4) [(1,[2,3]D), (2,[4]), @3,[4]), (4, [1DD =
[1)2,4’3]

The type of the depth-first search function is
dfs :: Graph -> [Int] -> [Int]

It is a pure, non-monadic function which can be freely mixed with other non-
monadic code.

Imperative features combine interestingly with lazy evaluation. In this ex-
ample, the output list is produced lazily: the traversal runs only far enough to
produce the elements which are demanded. This is possible because, in the code
above, return (n:ns’) can produce a result before ns’ is known. The recursive
call of dfs’ need not be performed until the value of ns’ is actually needed?.
Thus we can efficiently use dfs even for incomplete traversals: to search for the
first node satisfying p, for example, we can use

head (filter p (dfs g roots))

safe in the knowledge that the traversal will stop when the first node is found.

King and Launchbury have shown how the lazy depth-first search function
can be used to express a wide variety of graph algorithms both elegantly and
efficiently [KL95].

4 Hugs actually provides two variations on the ST monad, with and without lazy be-
haviour. The programmer chooses between them by importing either ST or LazyST.



76 Nick Benton, John Hughes, and Eugenio Moggi

The ST monad raises some interesting typing issues. Note first of all that
its operations cannot be implemented in Haskell with the types given, even
inefficiently! The problem is that we cannot represent an indexed collection of
values with arbitrary types — if we tried to represent States as functions from
references to contents, for example, then all the contents would have to have the
same type. A purely functional implementation would need at least dependent
types, to allow the type of a reference’s contents to depend on the reference itself
— although even given dependent types, it is far from clear how to construct a
well-typed implementation.

Secondly, we must somehow prevent references created in one State being
used in another — it would be hard to assign a sensible meaning to the result.
This is done by giving the ST type an additional parameter, which we may think
of as a ‘state identifier’, or a region [TT97] within which the computation oper-
ates: ST s a is the type of computations on state s producing an a. Reference
types are also parameterised on the state identifier, so the types of the operations
on them become:

newSTRef :: a -> ST s (STRef s a)
readSTRef :: STRef s a -> ST s a
writeSTRef :: STRef s a -> a -> ST s ()

These types guarantee that ST computations only manipulate references lying
in ‘their’ State.

But what should the type of runST be? It is supposed to create a new State
to run its argument in, but if we give it the type

runST :: ST s a -> a

then it will be applicable to any ST computation, including those which ma-
nipulate references in other States. To prevent this, runST is given a rank-2
polymorphic type:

runST :: (forall s. ST s a) —> a

(“Rank-2 polymorphic” refers to the fact that forall appears to the left of a
function arrow in this type, so runST requires a polymorphic argument. Rank-2
polymorphism was added to both Hugs and GHC, just to make this application
possible [Jon].) This type ensures that the argument of runST can safely be run
in any State, in particular the new one which runST creates.

Ezxample 46. The expression
runST (newSTRef 0)

is not well-typed. Since newSTRef 0 has the type ST s (STRef s Int), then
runST would have to produce a result of type STRef s Int — but the scope of
s does not extend over the type of the result.
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Ezample 47. The expression

runST (do r<-newSTRef 0O
return (runST (readSTRef r)))

is not well-typed either, because the argument of the inner runST is not poly-
morphic — it depends on the state identifier of the outer one.

The inclusion of the ST monad and assignments in Haskell raises an interest-
ing question: just what is a purely functional language? Perhaps the answer is:
one in which assignment has a funny type!

5.3 Domain Specific Embedded Languages

Since the early days of functional programming, combinator libraries have been
used to define succinct notations for programs in particular domains [Bur75].
There are combinator libraries for many different applications, but in this section
we shall focus on one very well-studied area: parsing. A library for writing parsers
typically defines a type Parser a, of parsers for values of type a, and combinators
for constructing and invoking parsers. These might include

satisfy :: (Char -> Bool) -> Parser Char

to construct a parser which accepts a single character satisfying the given pred-
icate,

(Il1) :: Parser a -> Parser a -> Parser a

to construct a parser which accepts an input if either of its operands can parse
it, and

runParser :: Parser a -> String -> a

to invoke a parser on a given input.

A parsing library must also include combinators to run parsers in sequence,
and to build parsers which invoke functions to compute their results. Wadler
realised that these could be provided by declaring the Parser type to be a
monad [Wad92a]. Further combinators can then be defined in terms of these
basic ones, such as a combinator accepting a particular character,

literal :: Char -> Parser Char
literal c = satisfy (==c)

and a combinator for repetition,

many :: Parser a -> Parser [a]
many p = liftM2 (:) p (many p) ||| return []

which parses a list of any number of ps.

Given such a library, parsing programs can be written very succinctly. As
an example, we present a function to evaluate arithmetic expressions involving
addition and multiplication:



78 Nick Benton, John Hughes, and Eugenio Moggi

eval :: String -> Int
eval = runParser expr

expr = do t <- term
literal ’+’

e <- expr
return (t+e)
|1l term

term = do ¢ <- closed
literal ’x’

t <- term
return (c*t)
|1l closed

closed = do literal ’(’
e <- expr
literal )’
return e
[l numeral

numeral = do ds <- many (satisfy isDigit)
return (read ds)

With a good choice of combinators, the code of a parser closely resembles the
grammar it parses®:%!

In recent years, a different view of such combinator libraries has become
popular: we think of them as defining a domain specific language (DSL), whose
constructions are the combinators of the library [Hud98]. With this view, this
little parsing library defines a programming language with special constructions
to accept a symbol and to express alternatives.

Every time a functional programmer designs a combinator library, then, we
might as well say that he or she designs a domain specific programming lan-
guage, integrated with Haskell. This is a useful perspective, since it encourages
programmers to produce a modular design, with a clean separation between the
semantics of the DSL and the program that uses it, rather than mixing com-
binators and ‘raw’ semantics willy-nilly. And since monads appear so often in
programming language semantics, it is hardly surprising that they appear often
in combinator libraries also!

5 In practice the resemblance would be a little less close: real parsers for arithmetic ex-
pressions are left-recursive, use a lexical analyser, and are written to avoid expensive
backtracking. On the other hand, real parsing libraries provide more combinators
to handle these features and make parsers even more succinct! See Hutton’s article
[HMO98] for a good description.

6 Notice how important Haskell’s lazy evaluation is here: without it, these recursive
definitions would not make sense!
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We will return to the implementation of the parsing library in the next sec-
tion, after a discussion of monad transformers.

6 Monad Transformers in Haskell

The Haskell programmer who makes heavy use of combinators will need to im-
plement a large number of monads. Although it is perfectly possible to define
a new type for each one, and implement return and >>= from scratch, it saves
labour to construct monads systematically where possible. The monad trans-
formers of section 3.2 offer an attractive way of doing so, as Liang, Hudak and
Jones point out [LHJ95].

Recall the definition:

A monad transformer is a function F' : |Mon(C)| — |[Mon(C)|, i.e. a
function mapping monads (over a category C) to monads. We are inter-
ested in monad transformers for adding computational effects, therefore
we require that for any monad T there should be a monad morphism
inp T — FT.

We represent monad transformers in Haskell by types parameterised on a monad
(itself a parameterised type), and the result type — that is, types of kind
(* => %) -> * —> *. For example, the partiality monad transformer is rep-
resented by the type

newtype MaybeT m a = MaybeT (m (Maybe a))

According to the definition, MaybeT m should be a monad whenever m is, which
we can demonstrate by implementing return and >>=:

instance Monad m => Monad (MaybeT m) where
return x = MaybeT (return (Just x))
MaybeT m >>= f =
MaybeT (do x <- m
case x of
Nothing -> return Nothing
Just a -> let MaybeT m’ = f a in m’)

Moreover, according to the definition of a monad transformer above, there should
also be a monad morphism from m to MaybeT m — that is, it should be possible
to transform computations of one type into the other. Since we need to de-
fine monad morphisms for many different monad transformers, we use Haskell’s
overloading again and introduce a class of monad transformers

class (Monad m, Monad (t m)) => MonadTransformer t m where
lift :: ma ->tma
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Here t is the monad transformer, m is the monad it is applied to, and 1ift is
the monad morphism”. Now we can make MaybeT into an instance of this class:

instance Monad m => MonadTransformer MaybeT m where
1lift m = MaybeT (do x <- m
return (Just x))

The purpose of the MaybeT transformer is to enable computations to fail: we
shall introduce operations to cause and handle failures. One might expect their
types to be

failure :: MaybeT m a
handle :: MaybeT m a -> MaybeT m a -> MaybeT m a

However, this is not good enough: since we expect to combine MaybeT with other
monad transformers, the monad we actually want to apply these operations
at may well be of some other form — but as long as it involves the MaybeT
transformer somewhere, we ought to be able to do so.

We will therefore overload these operations also, and define a class of ‘Maybe-
like’ monads®:

class Monad m => MaybeMonad m where
failure :: m a
handle :: ma ->ma ->m a

Of course, monads of the form MaybeT m will be instances of this class, but later
we will also see others. In this case, the instance declaration is

instance Monad m => MaybeMonad (MaybeT m) where
failure = MaybeT (return Nothing)
MaybeT m ‘handle‘ MaybeT m’ =
MaybeT (do x <- m
case x of
Nothing -> m’
Just a -> return (Just a))

Finally, we need a way to ‘run’ elements of this type. We define

runMaybe :: Monad m => MaybeT m a -> m a
runMaybe (MaybeT m) = do x <- m
case x of
Just a -> return a

" Here we step outside Haskell 98 by using a multiple parameter class — an extension
which is, however, supported by Hugs and many other implementations. We make
m a parameter of the class to permit the definition of monad transformers which
place additional requirements on their argument monad.

8 Usually the standard Haskell class MonadPlus with operations mzero and mplus is
used in this case, but in the present context the names MaybeMonad, failure and
handle are more natural.
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for this purpose. (We leave undefined how we ‘run’ an erroneous computation,
thus converting an explicitly represented error into a real Haskell one).

We have now seen all the elements of a monad transformer in Haskell. To
summarise:

— We define a type to represent the transformer, say TransT, with two param-
eters, the first of which should be a monad.

— We declare TransT m to be a Monad, under the assumption that m already
is.

— We declare TransT to be an instance of class MonadTransformer, thus defin-
ing how computations are lifted from m to TransT m.

— We define a class TransMonad of ‘Trans-like monads’, containing the opera-
tions that TransT provides.

— We declare TransT m to be an instance of TransMonad, thus implementing
these operations..

— We define a function to ‘run’ (TransT m)-computations, which produces
m-computations as a result. In general runTrans may need additional pa-
rameters — for example, for a state transformer we probably want to supply
an initial state.

We can carry out this program to define monad transformers for, among others,
— state transformers, represented by
newtype StateT s m a = StateT (s -> m (s, a))
supporting operations in the class®

class Monad m => StateMonad s m | m -> s where
readState :: m s
writeState :: s -=> m ()

— environment readers, represented by
newtype EnvT s m a = EnvT (s -> m a)
supporting operations in the class

class Monad m => EnvMonad env m | m -> env where
inEnv :: env -> m a -> m a
rdEnv :: m env

where rdEnv reads the current value of the environment, and inEnv runs its
argument in the given environment.

9 This class declaration uses Mark Jones’ functional dependencies, supported by Hugs,
to declare that the type of the monad’s state is determined by the type of the monad
itself. In other words, the same monad cannot have two different states of different
types. While not strictly necessary, making the dependency explicit enables the
type-checker to infer the type of the state much more often, and helps to avoid
hard-to-understand error messages about ambiguous typings.
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— continuations, represented by
newtype ContT ans m a = ContT ((a -> m ans) -> m ans)
supporting operations in the class

class Monad m => ContMonad m where
callcc :: ((a->mb) -=>ma) ->ma

where callcc f calls f, passing it a function k, which if it is ever called
terminates the call of callcc immediately, with its argument as the final
result.

Two steps remain before we can use monad transformers in practice. Firstly,
since monad transformers only transform one monad into another, we must define
a monad to start with. Although one could start with any monad, it is natural
to use a ‘vanilla’ monad with no computational features — the identity monad

newtype Id a = Id a

The implementations of return and >>= on this monad just add and remove the
Id tag.

Secondly, so far the only instances in class MaybeMonad are of the form
MaybeT m, the only instances in class StateMonad of the form StateT s m, and
so on. Yet when we combine two or more monads, of course we expect to use the
features of both in the resulting monad. For example, if we construct the monad
StateT s (MaybeT Id), then we expect to be able to use failure and handle
at this type, as well as readState and writeState.

The only way to do so is to give further instance declarations, which define
how to ‘lift’ the operations of one monad over another. For example, we can lift
failure handling to state monads as follows:

instance MaybeMonad m => MaybeMonad (StateT s m) where
failure = 1lift failure
StateT m ‘handle‘ StateT m’ = StateT (\s -> m s ‘handle‘ m’ s)

Certainly this requires O(n?) instance declarations, one for each pair of monad
transformers, but there is unfortunately no other solution.

The payoff for all this work is that, when we need to define a monad, we can
often construct it quickly by composing monad transformers, and automatically
inherit a collection of useful operations.

Ezample 48. We can implement the parsing library from section 5.3 by combin-
ing state transformation with failure. We shall let a parser’s state be the input
to be parsed; running a parser will consume a part of it, so running two parsers
in sequence will parse successive parts of the input. Attempting to run a parser
may succeed or fail, and we will often wish to handle failures by trying a different
parser instead. We can therefore define a suitable monad by

type Parser a = StateT String (MaybeT Id) a
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whose computations we can run using
runParser p s = runld (runMaybe (runState s p))

It turns out that the operator we called || | earlier is just handle, and satisfy
is simply defined by

satisfy :: (s -> Bool) -> Parser s s
satisfy p = do s<-readState
case s of

[1 -> failure
x:xs —> if p x then do writeState xs
return x
else failure

There is no more to do.

7 Monads and DSLs: A Discussion

It is clear why monads have been so successful for programming I/O and im-
perative algorithms in Haskell — they offer the only really satisfactory solution.
But they have also been widely adopted by the designers of combinator libraries.
Why? We have made the analogy between a combinator library and a domain
specific language, and since monads can be used to structure denotational se-
mantics, it is not so surprising that they can also be used in combinator libraries.
But that something can be used, does not mean that it will be used. The de-
signer of a combinator library has a choice: he need not slavishly follow the One
Monadic Path — why, then, have so many chosen to do so? What are the over-
whelming practical benefits that flow from using monads in combinator library
design in particular?

Monads offer significant advantages in three key areas. Firstly, they offer a
design principle to follow. A designer who wants to capture a particular func-
tionality in a library, but is unsure exactly what interface to provide to it, can be
reasonably confident that a monadic interface will be a good choice. The monad
interface has been tried and tested: we know it allows the library user great
flexibility. In contrast, early parsing libraries, for example, used non-monadic
interfaces which made some parsers awkward to write.

Secondly, monads can guide the implementation of a library. A library de-
signer must choose an appropriate type for his combinators to work over, and
his task is eased if the type is a monad. Many monad types can be constructed
systematically, as we have seen in the previous section, and so can some parts
of the library which operate on them. Given a collection of monad transformers,
substantial parts of the library come ‘for free’, just as when we found there was
little left to implement after composing the representation of Parsers from two
monad transformers.

Thirdly, there are benefits when many libraries share a part of their inter-
faces. Users can learn to use each new library more quickly, because the monadic
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part of its interface is already familiar. Because of the common interface, it is
reasonable to define generic monadic functions, such as 1iftM2, which work with
any monadic library. This both helps users, who need only learn to use 1iftM2
once, and greatly eases the task of implementors, who find much of the func-
tionality they want to provide comes for free. And of course, it is thanks to the
widespread use of monads that Haskell has been extended with syntactic sugar
to support them — if each library had its own completely separate interface,
then it would be impractical to support them all with special syntax.

Taken together, these are compelling reasons for a library designer to choose
monads whenever possible.

8 Exercises on Monads

This section contains practical exercises, intended to be solved using Hugs on
a computer. Since some readers will already be familiar with Haskell and will
have used monads already, while others will be seeing them for the first time,
the exercises are divided into different levels of difficulty. Choose those which
are right for you.

The Hugs interpreter is started with the command

hugs -98

The flag informs hugs that extensions to Haskell 98 should be allowed — and
they are needed for some of these exercises. When Hugs is started it prompts for
a command or an expression to evaluate; the command “:?” lists the commands
available. Hugs is used by placing definitions in a file, loading the file into the
interpreter (with the “1” or “r” command), and typing expressions to evaluate.
You can obtain information on any defined name with the command “:i”, and
discover which names are in scope using “:n” followed by a regular expression
matching the names you are interested in. Do not try to type definitions in

response to the interpreter’s prompt: they will not be understood.

8.1 Easy Exercises
Choose these exercises if you were previously unfamiliar with monads or Haskell.

Exercise /9. Write a function
dir :: I0 [String]

which returns a list of the file names in the current directory. You can obtain
them by running 1s and placing the output in a file, which you then read. You
will need to import module System, which defines a function system to execute
shell commands — place “import System” on the first line of your file. A string
can be split into its constituent words using the standard function words, and
you can print values (for testing) using the standard function print.
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FExercise 50. Write a function
nodups :: [String] -> [String]

which removes duplicate elements from a list of strings — the intention is to
return a list of strings in the argument, in order of first occurrence. It is easy
to write an inefficient version of nodups, which keeps a list of the strings seen
so far, but you should use a hash table internally so that each string in the
input is compared against only a few others. (The choice of hash function is not
particularly important for this exercise, though). Moreover, you should produce
the result list lazily. Test this by running

interact (unlines . nodups . lines)

which should echo each line you then type on its first occurrence.

You will need to use Haskell lists, which are written by enclosing their ele-
ments in square brackets separated by commas, and the cons operator, which
is “”. Import module LazyST, and use newSTArray to create your hash table,
readSTArray to read it, and writeSTArray to write it. Beware of Haskell’s lay-
out rule, which insists that every expression in a do begin in the same column
— and interprets everything appearing in that column as the start of a new
expression.

Exercise 51. The implementation of the MaybeT transformer is given above, but
the implementations of the StateT, EnvT and ContT transformers were only
sketched. Complete them. (ContT is quite difficult, and you might want to leave
it for later).

Ezercise 52. We define the MaybeT type by
newtype MaybeT m a = MaybeT (m (Maybe a))
What if we had defined it by

newtype MaybeT m a = MaybeT (Maybe (m a))

instead? Could we still have defined a monad transformer based on it?

Ezercise 53. We defined the type of Parsers above by

type Parser a = StateT String (MaybeT Id) a

What if we had combined state transformation and failure the other way round?
type Parser a = MaybeT (StateT String Id) a

Define an instance of StateMonad for MaybeT, and investigate the behaviour of
several examples combining failure handling and side-effects using each of these
two monads. Is there a difference in their behaviour?
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8.2 Moderate Exercises

Choose these exercises if you are comfortable with Haskell, and have seen monads
before.

Exercise 54. Implement a monad MaybeST based on the built-in ST monad,
which provides updateable typed references, but also supports failure and failure
handling. If m fails inm ‘handle‘ h, then all references should contain the same
values on entering the handler h that they had when m was entered.

Can you add an operator

commit :: MaybeST ()

with the property that updates before a commit survive a subsequent failure?
Ezercise 55. A different way to handle failures is using the type

newtype CPSMaybe ans a =
CPSMaybe ((a -> ans -> ans) -> ans -> ans)

This is similar to the monad of continuations, but both computations and con-
tinuations take an extra argument — the value to return in case of failure. When
a failure occurs, this argument is returned directly and the normal continuation
is not invoked.

Make CPSMaybe an instance of class Monad and MaybeMonad, and define
runCPSMaybe.

Failure handling programs often use a great deal of space, because failure
handlers retain data that is no longer needed in the successful execution. Yet
once one branch has progressed sufficiently far, we often know that its failure
handler is no longer relevant. For example, in parsers we usually combine parsers
for quite different constructions, and if the first parser succeeds in parsing more
than a few tokens, then we know that the second cannot possibly succeed. Can
you define an operator

cut :: CPSMaybe ans ()

which discards the failure handler, so that the memory it occupies can be re-
claimed? How would you use cut in a parsing library?

8.3 Difficult Exercises

These should give you something to get your teeth into!

Ezxercise 56. Implement a domain specific language for concurrent programming,
using a monad Process s a and typed channels Chan s a, with the operations

chan :: Process s (Chan s a)
send :: Chan s a -> a -> Process s ()
recv :: Chan s a -> Process s a

to create channels and send and receive messages (synchronously),
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fork :: Process s a -> Process s ()
to start a new concurrent task, and
runProcess :: (forall s. Process s a) -> a

to run a process. By analogy with the ST monad, s is a state-thread identi-
fier which is used to guarantee that channels are not created in one call of
runProcess and used in another. You will need to write the type of runProcess
ezxplicitly — Hugs cannot infer rank 2 types.

Ezercise 57. Prolog provides so-called logical variables, whose values can be re-
ferred to before they are set. Define a type LVar and a monad Logic in terms
of ST, supporting operations

newLVar :: Logic s (LVar s a)
readlLVar :: LVar s a -> a
writeLVar :: LVar s a -> a -> Logic s O

where s is again a state-thread identifier. The intention is that an LVar should be
written exactly once, but its value may be read beforehand, between its creation
and the write — lazy evaluation is at work here. Note that readLVar does not
have a monadic type, and so can be used anywhere. Of course, this can only
work if the value written to the LVar does not depend on itself. Hint: You will
need to use

fixST :: (a -> ST s a) -> ST s a

to solve this exercise — fixST (\x -> m) binds x to the result produced by m
during its own computation.

Ezercise 58. In some applications it is useful to dump the state of a program
to a file, or send it over a network, so that the program can be restarted in the
same state later or on another machine. Define a monad Interruptable, with
an operation

dump :: Interruptable ()

which stops execution and converts a representation of the state of the program
to a form that can be saved in a file. The result of running an Interruptable
computation should indicate whether or not dumping occurred, and if so, provide
the dumped state. If s is a state dumped by a computation m, then resume m s
should restart m in the state that s represents. Note that m might dump several
times during its execution, and you should be able restart it at each point.

You will need to choose a representation for states that can include every
type of value used in a computation. To avoid typing problems, convert values
to strings for storage using show.

You will not be able to make Interruptable an instance of class Monad,
because your implementations of return and >>= will not be sufficiently poly-
morphic — they will only work over values that can be converted to strings.
This is unfortunate, but you can just choose other names for the purposes of
this exercise. One solution to the problem is described by Hughes [Hug99].
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9 Intermediate Languages for Compilation

We have seen how monads may be used to structure the denotational semantics
of languages with computational effects and how they may be used to express
effectful computation in languages like Haskell. We now turn to the use of monads
in the practical compilation of languages with implicit side effects. Much of
this material refers to the MLj compiler for Standard ML [BKR9S8|, and its
intermediate language MIL (Monadic Intermediate Language) [BK99].

9.1 Compilation by Transformation

It should not be a surprise that ideas which are useful in structuring semantics
also turn out to be useful in structuring the internals of compilers since there
is a sense in which compilers actually do semantics. Compilers for functional
languages typically translate source programs into an intermediate form and
then perform a sequence of rewrites on that intermediate representation before
translating that into lower-level code in the backend. These rewrites should be
observational equivalences, since they are intended to preserve the observable be-
haviour of the user’s program whilst improving its efficiency according to some
metric. If the transformations are applied locally (i.e. to subterms of the whole
program) then they should be instances of an observational congruence relation.
Of course, deciding whether applying a particular semantic equation is likely to
be part of a sequence which eventually yields an improvement is still a very dif-
ficult problem. There has been some work on identifying transformations which
never lead to (asymptotically) worse behaviour, such as the work of Gustavsson
and Sands on space usage of lazy programs [GS99], but most compilers simply
implement a collection of rewrites which seem to be “usually” worthwhile.

9.2 Intermediate Languages

The reasons for having an intermediate language at all, rather than just doing
rewriting on the abstract syntax tree of the source program, include:

1. Complexity. Source languages tend to have many syntactic forms (e.g. nested
patterns or list comprehensions) which are convenient for the programmer
but which can be translated into a simpler core language, leaving fewer cases
for the optimizer and code generator to deal with.

2. Level. Many optimizing transformations involve choices which cannot be
expressed in the source language because they are at a lower level of ab-
straction. In other words, they involve distinctions between implementation
details which the source language cannot make. For example

— All functions in ML take a single argument — if you want to pass more
than one then you package them up as a single tuple. This is simple
and elegant for the programmer, but we don’t want the compiled code
to pass a pointer to a fresh heap-allocated tuple if it could just pass
a couple of arguments on the stack or in registers. Hence MIL (like
other intermediate languages for ML) includes both tuples and multiple
arguments and transforms some instances of the former into the latter.



Monads and Effects 89

— MIL also includes datastructures with ‘holes’ (i.e. uninitialized values).
These are used to express a transformation which turns some non-tail
calls into tail calls and have linear typing rules which prevent holes being
dereferenced or filled more than once [Min98].

There are often many levels of abstraction between the source and target lan-
guages, so it is common for compilers to use different intermediate languages
in different phases or to have one all-encompassing intermediate datatype,
but then to ensure that the input and output of each phase satisfy particular
additional constraints.

3. Equational theory. Many important transformations do not involve concepts
which are essentially at a lower-level level of abstraction than the source lan-
guage, but can nevertheless be anywhere between bothersome and impossible
to express or implement directly on the source language syntax.

This last point is perhaps slightly subtle: the equational theory of even a sim-
plified core of the source language may be messy and ill-suited to optimization
by rewriting. Rather than have a complex rewriting system with conditional
rewrites depending on various kinds of contextual information, one can often
achieve the same end result by translating into an intermediate language with a
better-behaved equational theory. It is typically the case that a ‘cleaner’ inter-
mediate language makes explicit some aspects of behaviour which are implicit
in the source language. For example:

— Some intermediate languages introduce explicit names for every intermediate
value. Not only are the names useful in building various auxiliary datastruc-
tures, but they make it easy to, for example, share subexpressions. A very
trivial case would be

let val x = ((3,4),5)
in (#1 x, #1 x)
end

which we don’t want to simplify to the equivalent
((3,4),(3,4))

because that allocates two identical pairs. One particularly straighforward
way to get a better result is to only allow introductions and eliminations to
be applied to variables or atomic constants, so the translation of the original
program into the intermediate form is

let val y = (3,4)
in let val x = (y,5)
in (#1 x, #1 x)

end
end

which rewrites to
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let val y = (3,4)
in let val x = (y,5)
in (y, y)
end
end

and then to

let val y = (3,4)
in (y, y)
end

which is probably what we wanted.

MIL contains an unusual exception-handling construct because SML’s
handle construct is unable to express some commuting conversion-style
rewrites which we wished to perform [BKO1].

Some compilers for higher-order languages use a continuation passing style
(CPS) lambda-calculus as their intermediate language (see, for example,
[App92,KKR*86]). There are translations of call by value (CBV) and call
by name (CBN) source languages into CPS. Once a program is in CPS, it
is sound to apply the full unrestricted 3, n rules, rather than, say, the more
restricted f,,7, rules which are valid for A, (the CBV lambda calculus).
Moreover, Plotkin has shown [Plo75] that 8 and n on CPS terms prove
strictly more equivalences between translated terms than do 3, and 7, on
the corresponding A, terms. Hence, a compiler for a CBV language which
translates into CPS and uses 81 can perform more transformations than one
which just uses 3, and 7, on the source syntax.

CPS transformed terms make evaluation order explict (which makes them
easier to compile to low-level imperative code in the backend), allow tail-call
elimination be be expressed naturally, and are particularly natural if the
language contains call/cc or other control operators.

However, Flanagan et al. [FSDF93] argue that compiling CBV lambda-
calculus via CPS is an unnecessarily complicated and indirect technique. The
translation introduces many new A-abstractions and, if performed naively,
new and essentially trivial ‘administrative redexes’ (though there are op-
timized translations which avoid creating these redexes [DF92,SF93]). To
generate good code, and to identify administrative redexes, real CPS compil-
ers treat abstractions introduced by the translation process differently from
those originating in the original program and effectively undo the CPS trans-
lation in the backend, after having performed transformations. Flanagan et
al. show that the same effect can be obtained by using a A-calculus with
let and peforming A-reductions to reach an A-normal form. A-reductions
were introduced in [SF93] and are defined in terms of evaluation contexts.
Amongst other things, A-normal forms name all intermediate values and only
apply eliminations to variables or values. An example of an A-reduction is
the following:

E[if V then N; else Ny] — if V' then E[N] else E[No)
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where £[-] is an evaluation context. Flanagan et al. observe that most non-
CPS (‘direct style’) compilers perform some A-reductions in a more-or-less
ad hoc manner, and suggest that doing all of them, and so working with
A-normal forms, is both more uniform and leads to faster code.

Typed Intermediate Languages. One big decision when designing an inter-
mediate language is whether or not it should be typed. Even when the source
language has strong static types, many compilers discard all types after they have
been checked, and work with an untyped intermediate language. More recently,
typed intermediate languages have become much more popular in compilers and
in areas such as mobile code security. Examples of typed compiler intermediate
languages include FLINT [Sha97], the GHC intermediate language [Pey96] and
MIL [BKR98,BK99]. The advantages of keeping type information around in an
intermediate language include:

— Types are increasingly the basis for static analyses, optimizing transforma-
tions and representation choices. Type-based optimization can range from
the use of sophisticated type systems for static analyses to exploitation of
the fact that static types in the source language provide valuable information
which it would be foolish to ignore or recompute. For example, the fact that
in many languages pointers to objects of different types can never alias can
be used to allow more transformations. The MLj compiler uses simple type
information to share representations, using a single Java class to implement
several different ML closures.

— Type information can be used in generating backend code, for example in
interfacing to a garbage collector or allocating registers.

— Type-checking the intermediate representation can help catch many compiler
bugs.

— It is particularly natural if the language allows types to be reflected as values.

— It is clearly the right thing to do if the target language is itself typed. This is
the case for MLj (since Java bytecode is typed) and for compilers targetting
typed assembly language [MWCG99].

But there are disadvantages too:

— Keeping type information around and maintaining it during transformations
can be very expensive in both space and time.

— Unless the type system is complex and/or rather non-standard, restricting
the compiler to work with typable terms can prohibit transformations. Even
something like closure-conversion (packaging functions with the values of
their free variables) is not trivial from the point of view of typing [MMH96].

AML7y as a Compiler Intermediate Language. Several researchers have
suggested that Moggi’s computational metalanguage AMLy [Mog89,Mog91]
might be useful as the basis of a typed intermediate language. AMLy certainly
has two of properties we have said are desirable in an intermediate language: a
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good equational theory and explicitness, both at the term level (making order of
evaluation explicit) and at the type level (distinguishing between computations
and values).

One example of situation in which the computational metalanguage seems
applicable is in expressing and reasoning about the optimizations which may be
performed as a result of strictness analysis in compilers for CBN languages such
as Haskell. Some early work on expressing the use of strictness analysis used a
somewhat informal notion of changes in ‘evaluation strategy’ for fixed syntax.
It is much more elegant to reason about changes in translation of the source
language into some other language which itself has a fixed operational semantics.
In the case of a pure CBN source language (such as PCF [Plo77]), however, one
cannot (directly) use a source-to-source translation to express strictness-based
transformations. Adding a strict let construct with typing rule

I'-M:A I''c:A-N:B
I'Fletz=MinN:B

where let = M in N first evaluates M to Weak Head Normal Form (WHNF)
before substituting for x in NV, allows one to express basic strictness optimiza-
tions, such as replacing the application M N with let z = N in (M z) when M
is known to be strict. But this is only half the story — we would also like to be
able to perform optimizations based on the fact that certain expressions (such
as « in our example) are known to be bound to values in WHNF and so need not
be represented by thunks or re-evaluated. To capture this kind of information,
Benton [Ben92] proposed a variant of the computational metalanguage in which
an expression of a value type A is always in WHNF and the computation type
T A is used for potentially unevaluated expressions which, if they terminate, will
yield values of type A. The default translation of a call-by-name expression of
type A — B is then to an intermediate language expression of type of type
T(A— B)")=T(T'A™ — TB"), i.e. a computation producing a function from
computations to computations. An expression denoting a strict function which is
only called in strict contexts, by contrast, can be translated into an intermediate
language term of type T'(A™ — T'B™) : a computation producing a function from
values to computations.

The problem of expressing strictness-based transformations has also been ad-
dressed by defining translations from strictness-annotated source terms into con-
tinuation passing style. This approach has been taken by Burn and Le Métayer
[BM92] and by Danvy and Hatcliff [DH93]. Danvy and Hatcliff, for example, de-
rive such a translation by simplifying the result of symbolically composing two
translations: first a translation of strictness-annotated CBN terms into a CBV
language with explicit suspension operations, and secondly a modified variant of
the CBV translation into continuation passing style.

We have already mentioned the work of Flanagan et al. [FSDF93] relating
CPS translations with A-normal forms. The reader may now suspect that the
computational metalanguage is also closely related, and indeed it is. The connec-
tions were expained by Hatcliff and Danvy [HD94], who showed how various CPS



Monads and Effects 93

transforms could be factored through translations into the computational met-
alanguage and how the administrative reductions of CPS, and Flanagan et al.’s
A-reductions, corresponded to applying the G-reduction and commuting conver-
sions (see Section 12) associated with the computation type constructor in the
computational metalanguage. Hatcliff and Danvy also suggested that the compu-
tational metalanguage could make an attractive compiler intermediate language.
The links between A-normal forms, CPS transforms and Moggi’s computational
lambda calculus have been investigated further by Sabry and Wadler [SW97].

Another promising application for intermediate languages based on AMLr is
in common infrastructure for compiling multiple source languages, and perhaps
even supporting their interoperability. Peyton Jones et al. [PLST98a] proposed
the use of an intermediate language based on the computational metalanguage
as a common framework for compiling both call-by-value and call-by-name lan-
guages'?.

Barthe et al. [BHT98] add computational types to the pure type systems
(PTS) to obtain monadic versions of a whole family of higher-order typed lambda
calculi (such as F,, and the Calculus of Constructions) and advocate the use of
such calculi as compiler intermediate languages for languages which combine
polymorphic type and/or module systems with side-effects.

Exercise 59. The ‘standard’ denotational semantics of PCF is in the CCC of
pointed w-cpos and continuous maps, with [int] = Z, and function space inter-
preted by [A — B] = [B] [l This semantics is adequate for a CBN operational
semantics in which the notion of observation is termination of closed terms of
ground type. It seems natural that one could give a semantics to PCF with a
strict let construct just by defining

i if [M]p= L

[[let =M in N]]p = { [[N]]p[x I —ﬂM]]p] otherwise

but in fact, the semantics is then no longer adequate. Why? How might one
modify the semantics to fix the problem? How good is the modified semantics
as a semantics of the original language (i.e. without let)?

10 Type and Effect Systems

10.1 Introduction

The work referred to in the previous section concerns using a well-behaved inter-
mediate language (A-normal forms, CPS or AMLy) to perform sound rewriting
on a programs written in languages with ‘impure’ features. All those interme-
diate languages make some kind of separation (in the type system and/or the
language syntax) between ‘pure’ values and ‘impure’ (potentially side-effecting)
computations. The separation is, however, fairly crude and there are often good

10 The published version of the paper contains an error. A corrigendum can, at the
time of writing, be found on the web [PLST98b].



94 Nick Benton, John Hughes, and Eugenio Moggi

reasons for wanting to infer at compile-time a safe approximation to just which
side-effects may happen as a result of evaluating a particular expression. This
kind of effect analysis is really only applicable to CBV languages, since CBN
languages do not usually allow any side-effects other than non-termination.

Historically, the first effect analyses for higher order languages were developed
to avoid a type soundness problem which occurs when polymorphism is combined
naively with updateable references. To see the problem, consider the following
(illegal) SML program:

let val r = ref (fn x=> x)
in (r := (fn n=>n+1);
'r true
)

end

Using the ‘obvious’ extension of the Hindley-Milner type inference rules to cover
reference creation, dereferencing and assignment, the program above would type-
check:

1. (fn x=>x) has type a — «, so

2. ref (fn x=>x) has type (o — a)ref

3. generalization then gives r the type scheme Va.(a — a)ref

4. so by specialization r has type (int — int)ref, meaning the assignment
typechecks

and by another specialization, r has type (bool — bool)ref, so

I'r has type bool — bool, so the application type checks.

oo

However, it is clear that the program really has a type error, as it will try to
increment a boolean.

To avoid this problem, Gifford, Lucassen, Jouvelot, Talpin and others [GL86],
[GJLS87], [TJ94] developed type and effect systems. The idea is to have a re-
fined type system which infers both the type and the possible effects which an
expression may have, and to restrict polymorphic generalization to type vari-
ables which do not appear in side-effecting expressions. In the example above,
one would then infer that the expression ref (fn x=>x) creates a new reference
cell of type a — «. This prevents the type of r being generalized in the let rule,
so the assignment causes a to be unified with int and the application of 'r to
true then fails to typecheck.

It should be noted in passing that there are a number of different ways
of avoiding the type loophole. For example, Tofte’s imperative type discipline
[Tof87] using ‘imperative type variables’ was used in the old (1990) version of
the Standard ML Definition, whilst Leroy and Weis proposed a different scheme
for tracking ‘dangerous’ type variables (those appearing free in the types of ex-
pressions stored in references) [LW91]. A key motivation for most of that work
was to allow as much polymorphic generalization as possible to happen in the
let rule, whilst still keeping the type system sound. However, expensive and
unpredictable inference systems which have a direct impact on which user pro-
grams actually typecheck are rarely a good idea. In 1995, Wright published a
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study [Wri95] indicating that nearly all existing SML code would still typecheck
and run identically (sometimes modulo a little n-expansion) if polymorphic gen-
eralization were simply restricted to source expressions which were syntactic
values (and thus trivially side-effect free). This simple restriction was adopted
in the revised (1997) SML Definition and research into fancy type systems for
polymorphism in impure languages seems to have now essentially ceased.

However, there are still very good reasons for wanting to do automatic ef-
fect inference. The most obvious is that more detailed effect information allows
compilers to perform more aggressive optimizations. Other applications include
various kinds of verification tool, either to assist the programmer or to check
security policies, for example. In SML, even a seemingly trivial rewrite, such as
the dead-code elimination

let val x = M; in My end — M, (x /eFV(Ms))

is generally only valid if the evaluation of M; doesn’t diverge, perform I/0,
update the state or throw an exception (though it is still valid if M; reads from
reference cells or allocates new ones). Code like this is frequently created by
other rewrites and it is important to be able to clean it up.

10.2 The Basic Idea

There are now many different type and effect systems in the literature, but they
all share a common core. (The book [NNH99] contains, amongst other things,
a fair amount on effect systems and many more references than these notes.) A
traditional type system infers judgements of the form

r1: Ay, .., A, M B

where the A; and B are types. A type and effect system infers judgements of
the form
r1: A, ...,z A, E M : B,e

which says that in the given typing context, the expression M has type B and
effect €. The effect ¢ is drawn from some set £ whose elements denote sets of
actual effects which may occur at runtime (in other words, they are abstractions
of runtime effects, just as types are abstractions of runtime values). Exactly what
is in £ depends not only on what runtime effects are possible in the language,
but also on how precise one wishes to make the analysis. The simplest non-trivial
effect system would simply take £ to have two elements, one (usually written (})
denoting no effect at all (‘pure’), and the other just meaning ‘possibly has some
effect’. Most effect systems are, as we shall see, a little more refined than this.
The first thing to remark about the form of a type and effect judgement is
that an effect appears on the right of the turnstile, but not on the left. This
is because we are only considering CBV languages, and that means that at
runtime free variables will always be bound to values, which have no effect. An
effect system for an impure CBN language, were there any such thing, would
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have pairs of types and effects in the context too'!. Because variables are always
bound to values, the associated type and effect rule will be:

Iex:AFxz: A0

The second point is that £ actually needs to be an algebra, rather than
just a set; i.e. it has some operations for combining effects defined on it. Con-
sider the effectful version of the rule for a simple (strict, non-polymorphic, non-
computational) let expression:

I'EM:Ae I'e:AF N: B, e
I'kFletz=Min N:B,?

What should the effect of the compound expression be? Dynamically, M will be
evaluated, possibly performing some side-effect from the set denoted by ¢; and,
assuming the evaluation of M terminated with a value V, then N[V/z] will be
evaluated and possibly perform some side-effect from the set denoted by 5. How
we combine €1 and €2 depends on how much accuracy we are willing to pay for
in our static analysis. If we care about the relative ordering of side-effects then
we might take elements of £ to denote sets of sequences (e.g. regular languages)
over some basic set of effects and then use language concatenation €; - €5 to
combine the effects in the 1et rule (see the Nielsons work on analysing concurrent
processes [NN94,NNA97], for example). Commonly, however, we abstract away
from the relative sequencing and multiplicity of effects and just consider sets of
basic effects. In this case the natural combining operation for the let rule is
some abstract union operation'?.
For the conditional expression, the following is a natural rule:

I' = M : bool, & I'FNi:A e I'FNy:A e
'k (if M then Ny else N3) : A, e’ - (e1 Uea)

If we were not tracking sequencing or multiplicity, then the effect in the conclu-
sion of the if rule would just be ¢’ Ue; U s, of course.

The other main interesting feature of almost all type and effect systems is the
form of the rules for abstraction and application, which make types dependent
on effects, in that the function space constructor is now annotated with a ‘latent
effect’” A = B. The rule for abstraction looks like:

I''x:AF M : B,e
I'(M\z:A.M): A5 B,

11 Although the mixture of call by need and side-effects is an unpredictable one, Haskell
does actually allow it, via the ‘experts-only’ unsafePerformIO operation. But I'm
still not aware of any type and effect system for a lazy language.

Effect systems in the literature often include a binary U operation in the formal
syntax of effect annotations, which are then considered modulo unit, associativity,
commutativity and idempotence. For very simple effect systems, this is unnecessarily
syntactic, but it is not so easy to avoid when one also has effect variables and
substitution.

12
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because the A-abstraction itself is a value, and so has no immediate effect () but
will have effect € when it is applied, as can be seen in the rule for application:

I'M:A5 B, ey I'FN:Aes
FI—MN:B,EQ-Eg-El

The overall effect of evaluating the application is made up of three separate
effects — that which occurs when the function is evaluated, that which occurs
when the argument is evaluated and finally that which occurs when the body
of the function is evaluated. (Again, most effect systems work with sets rather
than sequences, so the combining operation in the conclusion of the application
rule is just U.)

The final thing we need to add to our minimal skeleton effect system is some
way to weaken effects. The collection £ of effects for a given analysis always has
a natural partial order relation C defined on it such that ¢ C ¢’ means &’ denotes
a larger set of possible runtime side-effects than . Typically C is just the subset
relation on sets of primitive effects. The simplest rule we can add to make a
usable system is the subeffecting rule:

I'-M:Ae e C¢
'FM:AZ¢

Ezercise 60. Define a toy simply-typed CBV functional language (integers, bool-
eans, pairs, functions, recursion) with a fized collection of global, mutable integer
variables. Give it an operational and/or denotational semantics. Give a type and
effect system (with subeffecting) for your language which tracks which global
variables may be read and written during the evaluation of each expression (so
an effect will be a pair of sets of global variable names). Formulate and prove a
soundness result for your analysis. Are there any closed terms in your language
which require the use of the subeffect rule to be typable at all?

10.3 More Precise Effect Systems

There are a number of natural and popular ways to improve the precision of
the hopelessly weak ‘simple-types’ approach to effect analysis sketched in the
previous section.

Subtyping. The bidirectional flow of information in type systems or analyses
which simply constrain types to be equal frequently leads to an undesirable loss
of precision. For example, consider an effect analysis of the following very silly
ML program (and forget polymorphism for the moment):

let fun £ x = O
fun pure O = O
fun impure () = print "I’m a side-effect"
val m = (f pure, f impure)

in pure

end
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If they were typed in isolation, the best type for pure would be unit g unit

rint
and impure would get unit {p_) ’ unit (assuming that the constant print

int
has type string {leI>1 ' unit). However, the fact that both of them get passed

to the function f means that we end up having to make their types, including
the latent effects, identical. This we can do by applying the subeffecting rule to

t
the body of pure and hence deriving the same type unit {pll? ! unit for both

pure and impure. But then that ends up being the type inferred for the whole
expression, when it is clear that we should have been able to deduce the more

accurate type unit g unit.

The problem is that both pure and impure flow to x, which therefore has to be
given an effectful type. This then propagates back from the use to the definition
of pure. Peyton Jones has given this phenomenon the rather apt name of the
poisoning problem. One solution is to extend the notion of subeffecting to allow
more general subtyping. We replace the subeffecting rule with

I'FM:Ae e C¢ A< A
IEM: A e

where < is a partial order on types defined by rules like

A<A B<B eC¢ A<A  B<PB
- and
ASB < ASB AxB < A'x B’

Note the contravariance of the function space constructor in the argument type.

Using the subtyping rule we can now get the type and effect we wouldd expect
for our silly example. The definitions of pure and impure are given different
types, but we can apply the subtyping rule (writing 1 for unit)

1<1 1<1 0C{print}

int
F,pure:(1£>1)Fpure:(1ﬂ>l),® (1&1) §(1{p11?}1) )

N
=

int
F,pure:(lgl)l—pure:(l pripty 1),0

to coerce the use of pure when it is passed to £ to match the required argument
type whilst still using the more accurate type inferred at the point of definition
as the type of the whole expression.

Effect Polymorphism. Another approach to the poisoning problem is to in-
troduce ML-style polymorphism at the level of effects (this is largely orthogonal
to whether we also have polymorphism at the level of types). We allow effects
to contain effect variables and then allow the context to bind identifiers to type
schemes, which quantify over effect variables.
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Consider the following program

let fun run £ = £ O
fun pure () = O
fun impure () = print "Poison"
fun h () = run impure

in run pure

end

In this case, even with subtyping, we end up deriving a type and effect of
unit, {print} for the whole program, though it actually has no side effect. With
effect polymorphism, we can express the fact that there is a dependency between
the effect of a particular call to run and the latent effect of the function which
is passed at that point. The definition of run gets the type scheme

Va.(unit % unit) 5 unit

which is instantiated with a = () in the application to pure and a = {print}
in the application to impure (which is actually never executed). That lets us
deduce a type and effect of unit, §) for the whole program.

Regions. One of the most influential ideas to have come out of work on type
and effect systems is that of regions: static abstractions for sets of dynamically
allocated run-time locations. If (as in the earlier exercise) one is designing an
effect system to track the use of mutable storage in a language with a fixed set
of global locations, there are two obvious choices for how precisely one tracks
the effects — either one records simply whether or not an expression might read
or write some unspecified locations, or one records a set of just which locations
might be read or written. Clearly the second is more precise and can be used
to enable more transformations. For example, the evaluation of an expression
whose only effect is to read some locations might be moved from after to before
the evaluation of an expression whose effect is to write some locations if the set
of locations possibly read is disjoint from the set of locations possibly written.

But no real programming language (with the possible exception of ones de-
signed to be compiled to silicon) allows only a statically fixed set of mutable
locations. When an unbounded number of new references may be allocated dy-
namically at runtime, a static effect system clearly cannot name them all in
advance. The simple approach of just having one big abstraction for all loca-
tions (‘the store’) and tracking only whether some reading or some writing takes
place is still sound, but we would like to be more precise.

In many languages, the existing type system gives a natural way to partition
the runtime set of mutable locations into disjoint sets. In an ML-like language, an
int ref and a bool ref are never aliased, so one may obtain a useful increase
in precision by indexing read, write and allocation effects by types. Ignoring
polymorphism again, we might take

E =P{rd(A),wr(A4),al(A) | A a type}

(Note that types and effects are now mutually recursive.)
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But we can do even better. Imagine that our language had two quite distinct
types of references, say red ones and blue ones, and one always had to say
which sort one was creating or accessing. Then clearly a red reference and a blue
reference can never alias, we could refine our effect types system to track the
colours of references involved in store effects, and we could perform some more
transformations (for example commuting an expression which can only write
blue integer references with one which only reads red integer references).

In its simplest form, the idea of region inference is to take a typing derivation
for a monochrome program and to find a way of colouring each reference type
appearing in the derivation subject to preserving the validity of the derivation
(so, for example, a function expecting a red reference as an argument can never be
applied to a blue one). It should be clear that the aim is to use as many different
colours as possible. The colours are conventionally called regions, because one
can imagine that dynamically all the locations of a given colour are allocated in
a particular region of the heap'®.

So now we have three static concepts: type, effect and region. Each of these
can be treated monomorphically, with a subwidget relation or polymorphically.
The type and effect discipline described by Talpin and Jouvelot in [TJ94] is
polymorphic in all three components and indexes reference effects by both regions
and types.

Perhaps the most interesting thing about regions is that we can use them to
extend our inference system with a rule in which the effect of the conclusion is
smaller than the effect of the assumption. Consider the following example

fun f x = let val r = ref (x+1)
in Ir
end

lrd
A simple effect system would assign f a type and effect like int {aﬁr } int, 0,

which seems reasonable, since it is indeed a functional value which takes integers
to integers with a latent effect of allocating and reading. But the fact that £
has this latent effect is actually completely unobservable, since the only uses of
storage it makes are completely private. In this case it is easy to see that f is
observationally equivalent to the completely pure successor function

fun f’ x = x+1

which means that, provided the use to which we are going to make of effect
information respects observational equivalence'* we could soundly just forget all

13 Alternatively, one might think that any runtime location will have a unique allocation
site in the code and all locations with the same allocation site will share a colour,
so one could think of a region as a set of static program points. But this is a less
satisfactory view, since more sophisticated systems allow references allocated at the
same program point to be in different regions, depending on more dynamic contextual
information, such as which functions appear in the call chain.

' This should be the case for justifying optimising transformations or inferring more
generous polymorphic types, but might not be in the case of a static analysis tool
which helps the programmer reason about, say, memory usage.
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about the latent effect of £ and infer the type int P int for it instead. How do
regions help? A simple type, region and effect derivation looks like this

I' x:int - x+1:int, ()

I'x:int - (ref x+1):int ref,,{al,} I''x:int,r:int ref, - (!r):int, {rd,}

I''x:int - (let r=ref x+1 in !r):int,{al,,rd,}

al,,rd
' (fn x=>let r=ref x+1 in !'r): int{ = o} int, ()

where p is a region. Now this is a valid derivation for any choice of p; in particular,
we can pick p to be distinct from any region appearing in I'. That means that the
body of the function does not have any effect involving references imported from
its surrounding context. Furthermore, the type of the function body is simply
int, so whatever the rest of the program does with the result of a call to the
function, it cannot have any dependency on the references used to produce it.
Such considerations motivate the effect masking rule

I'M:A-«
I'tM:Ae\{rd,al,,wr,|p /d Np /A}

Using this rule before just before typing the abstraction in the derivation above
does indeed allow us to type f as having no observable latent effect.

One of the most remarkable uses of region analysis is Tofte and Talpin’s
work on static memory management [TT97]: they assign region-annotated types
to every value (rather than just mutable references) in an intermediate language
where new lexically-scoped regions are introduced explicitly by a letregion p
in ...end construct. For a well-typed and annotated program in this language,
no value allocated in region p will be referenced again after the end of the
letregion block introducing p. Hence that region of the heap may be safely
reclaimed on exiting the block. This technique has been successfully applied in
a version of the ML Kit compiler in which there is no runtime garbage collector
at all. For some programs, this scheme leads to dramatic reductions in runtime
space usage compared with traditional garbage collection, whereas for others the
results are much worse. Combining the two techniques is possible, but requires
some care, since the region-based memory management reclaims memory which
will not be referenced again, but to which there may still be pointers accessible
from the GC root. The GC therefore needs to avoid following these ‘dangling
pointers’.

The soundness of effect masking in the presence of higher-type references
and of region-based memory management is not at all trivial to prove. Both
[TJ94] and [TT97] formulate correctness in terms of a coinductively defined con-
sistency relation between stores and typing judgements. A number of researchers
have recently published more elementary proofs of the correctness of region cal-
culi, either by translation into other systems [BHR99,dZG00] or by more direct
methods [CHTOx].
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11 Monads and Effect Systems

11.1 Introduction

This section describes how type and effect analyses can be presented in terms of
monads and the computational metalanguage. Although this is actually rather
obvious, it was only recently that anybody got around to writing anything serious
about it. In ICFP 1998, Wadler published a paper [Wad98] (later extended and
corrected as [WT99]) showing the equivalence of a mild variant of the effect
system of Talpin and Jouvelot [TJ94] and a version of the computational meta-
language in which the computation type constructor is indexed by effects. In
the same conference, Benton, Kennedy and Russell described the MLj compiler
[BKR98] and its intermediate language MIL, which is a similar effect-refined
version of the computational metalanguage. Also in 1998, Tolmach proposed
an intermediate representation with a hierarchy of monadic types for use in
compiling ML by transformation [Tol98].

The basic observation is that the places where the computation type construc-
tor appears in the call-by-value translation of the lambda calculus into AMLp
correspond precisely to the places where effect annotations appear in type and
effect systems. Effect systems put an ¢ over each function arrow and on the
right-hand side of turnstiles, whilst the CBV translation adds a T to the end
of each function arrow and on the right hand side of turnstiles. Wadler started
with a CBV lambda calculus with a polymorphic types and monomorphic re-
gions and effects, tracking store effects (without masking). He then showed that
Moggi’s CBV translation of this language into a version of the metalanguage in
which the computation type constructor is annotated with a set of effects (and
the monadic let rule unions these sets) preserves typing, in that

I l_eﬁc‘M : A7E = I'"" bmon MY : TE(AU)
where
= int

(A5 B)Y = AY — T.(BY)

Wadler also defined an instrumented operational semantics for each of the two
languages and used these to prove subject reduction type soundness results in the
style of Wright and Felleisen [WF94]. The instrumented operational semantics
records not only the evaluation of an expression and a state to a value and a
new state, but also a trace of the side effects which occur during the evaluation;
part of the definition of type soundness is then that when an expression has a
static effect €, any effect occuring in the dynamic trace of its evaluation must be
contained in €.

Where Wadler’s system uses implicit subeffecting, Tolmach’s intermediate
language has four distinct monads in a linear order and uses explicit monad
morphisms used to coerce computations from one monad type to a larger one.
The monads are:
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1. The identity monad, used for pure, terminating computations;

2. The lifting monad, used to model computations which may fail to terminate

but are otherwise pure;

The monad of exceptions and non-termination;

4. The ST monad, which combines lifting, exceptions and the possibility of
performing output.

©w

Tolmach gives a denotational semantics for his intermediate language (using
cpos) and presents a number of useful transformation laws which can be validated
using this semantics.

11.2 MIL-Lite: Monads in MLj

MIL-lite is a simplified fragment of MIL, the intermediate language used in the
MLj compiler. It was introduced by Benton and Kennedy [BK99] as a basis
for proving the soundness of some of the effect-based optimizing transforma-
tions performed by MLj. Compared with many effect systems in the literature,
MIL only performs a fairly crude effect analysis — it doesn’t have regions, ef-
fect polymorphism or masking. MIL-lite further simplifies the full language by
omitting type polymorphism, higher-type references and recursive types as well
as various lower level features. Nevertheless, MIL-lite is far from trivial, com-
bining higher-order functions, recursion, exceptions and dynamically allocated
state with effect-indexed computation types and subtyping.

Types and Terms. MIL-lite is a compiler intermediate language for which
we first give an operational semantics and then derive an equational theory,
so there are a couple of design differences between it and Moggi’s equational
metalanguage. The first is that types are stratified into value types (ranged over
by 7) and computation types (ranged over by «y); computations of computations
do not arise. The second difference is that the distinction between computations
and values is alarmingly syntactic: the only expressions of value types are normal
forms. It is perhaps more elegant to assign value types to a wider collection of
pure expressions than just those in normal form. That is the way Wadler’s effect-
annotated monadic language is presented, and it leads naturally to a stratified
operational semantics in which there is one relation defining the pure reduction
of expressions of value type to normal form and another defining the possibly
side-effecting evaluation of computations. However, the presentation given here
more closely matches the language used in the real compiler.
Given a countable set E of exception names, MIL-lite types are defined by

7 o=unit | int | intref |7 X7 |74+ 7T | T = v
v = T.(7) eCé&={L,r,w,a} WE

We write bool for unit + unit. Function types are restricted to be from values
to computations as this is all we shall need to interpret a CBV source language.
The effects which we detect are possible failure to terminate (L), reading from
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tel
Nz:7tx:7 Ibn:int I'E():unit '+ £:intref

Fl—V:Ti FFV117'1 FFVQtTQ
- i=1,2
I'Ein;V i+ 1 ' (WVi,Va)im X 72

F,l’lT,fZT*}TEU{J_}(T/)FMZTE(T,) I'Ev:n
I'(recfaz=M):7— T(r) I'cV:m

71 < T2

Irs=Vviir—=~y I'EVa:r r-v.r

I'EViVa:y I'tvalV :Ty(r)

I'tM:T.(r) I'FH:Tu(r") Nz:7kFN:Tu(t)
I'Ftryx<=M catch Hin N : Ts\dom(H)Us/(Tl) I'Fraise B - Ty (7)

'Vt X1 FEVinm+n {Lzmb Moy,
- =12 ’
I'mV o Ty(m) I'- (case V of inix1.Mq ; ingxo.Ma) : v

'V :int 'V :intref I'+=Vy:intref ' Vs :int

I'Fref V' : Ty (intref) I'F 1V : Ty (int) ' Vi := Vo : Ty, (unit)

I'EVicint I'EVorint I'EVitint ' Vo :int I'-M:v

71 < 72
I'=Vi + Va: Ty(int) I'tVi =V, : Ty(bool) ' M:~y

Fig. 5. Typing rules for MIL-lite

a reference, writing to a reference, allocating a new reference cell and raising
a particular exception E € E. Inclusion on sets of effects induces a subtyping
relation:

/ /

o eCe TLT

< 7 € {unit, int, intref} -

TST T.(1) < To (1)
<7 Ty < T <7 Ty < T T <r v <A
T X To < T] X Th T+ T2 < 7]+ TS Toy< T =4

Reflexivity and transitivity are consequences of these rules.

There are two forms of typing judgment: I' -V : 7 for values and '+ M :
for computations, where in both cases I is a finite map from term variables to
value types (because the source language is CBV). We assume a countable set
LL of locations. The typing rules are shown in Figure 5 and satisfy the usual
weakening, strengthening and substitution lemmas. We will sometimes use G to
range over both value and computation terms and ¢ to range over both value
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Az. M Crecfa=M (f¢FV(M)

0 = (rec fa = f)()

false def ini()

true Lof in2()

if V then Ms else M, def case Voof iniz1.M1;inoze. My (z; ¢ FV(M;))
letz<=Min N déftryx¢Mcatch{}inN

let x1 = Mi;z0<= Mo in N def let x1 < M inlet zo <= M in N

M;N “letz=MinN (z¢ FV(N))

M handle H dof try x <=M catch H in val

set {€1 1 —m1, ..., Ll —ng} défé::m;...;@::@;val()

assert (£, n) 1 et v=1t; b= (v =mn) inif b then val () else 2
assert {€1 1 —ni1, ..., Ly —nk} def assert (b1,m1); ... ; assert (g, ng) ; val ()

Fig. 6. Syntactic sugar

and computation types. Most of the terms are unsurprising, but we do use a
novel construct

try x < M catch {Ey.My,...,E,. My} in N

which should be read “Evaluate the expression M. If successful, bind the result
to « and evaluate N. Otherwise, if exception F; is raised, evaluate the exception
handler M; instead, or if no handler is applicable, pass the exception on.” A full
discussion of the reasons for adopting the try-handle construct may be found in
[BKO1], but for now observe that it nicely generalises both handle and Moggi’s
monadic let, as illustrated by some of the syntactic sugar defined in Figure 6.

For ease of presentation the handlers are treated as a set in which no ex-
ception E' appears more than once. We let H range over such sets, and write
H \ E to denote H with the handler for E removed (if it exists). We sometimes
use map-like notation, for example writing H(FE) for the term M in a handler
E.M € H, and writing dom(H) for {E | EEM € H}. We write I' - H : 7y to
mean that forall EEM € H, ' M : ~.

The Analysis. The way in which the MIL-lite typing rules express a simple
effects analysis should be fairly clear, though some features may deserve fur-
ther comment. The — introduction rule incorporates an extremely feeble, but
nonetheless very useful, termination test: the more obvious rule would insist that
L € ¢, but that would prevent Ax.M from getting the natural derived typing rule
and would cause undesirable non-termination effects to appear in, particularly,
curried recursive functions.

Just as with traditional effect systems, the use of subtyping increases the
accuracy of the analysis compared with one which just uses simple types or
subeffecting.
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There are many possible variants of the rules. For example, there is a stronger
(try) rule in which the effects of the handlers are not all required to be the same,
and only the effects of handlers corresponding to exceptions occurrring in ¢ are
unioned into the effect of the whole expression.

Ezxercise 61. Give examples which validate the claim that the — introduction
rule gives better results than the obvious version with L € ¢.

MIL-lite does not include recursive types or higher-type references, because
they would make proving correctness significantly more difficult. But can you de-
vise candidate rules for an extended language which does include these features?
They’re not entirely obvious (especially if one tries to make the rules reasonably
precise too). It may help to consider

datatype U = L of U->U

and

let val r = ref (fn OO => ()
val _ =1 := (fn ) => !'r )

in !r

end

Operational Semantics. We present the operational semantics of MIL-lite
using a big-step evaluation relation X, M || X/, R where R ranges over value

terms and exception identifiers and X' € States def g, —fin Z-

Write X, M |} if ¥, M | X7, R for some X/, R and |G| for the set of location
names occuring in G. If ¥, A € States then (X < A) € States is defined by
(X< A)(€) = A(?) if that’s defined and X'(¢) otherwise.

In [BK99], we next prove a number of technical results about the operational
semantics, using essentially the techniques described by Pitts in his lectures
[Pit00a]. Since most of that material is not directly related to monads or effects,
we will omit it from this account, but the important points are the following:

— We are interested in reasoning about contextual equivalence, which is a type-
indezed relation between terms in context:

FI—GZCtXG/:U

— Rather than work with contextual equivalence directly, we show that con-
textual equivalence coincides with ciu equivalence [MT91], which shows that
only certain special contexts need be considered to establish equivalence.
For MIL-lite, ciu equivalence is the extension to open terms of the relation
defined by the following clauses:

o If My : T.(7) and My : T.(7) we write My ~ My : T.(7) and say M is
ciu equivalent to My at type To(7) when VN, H such that z : 7+ N : v
and F H : v, and VX' € States such that dom X' O | My, M, H, N| we
have

Ytryz<=MycatchHin N || < X tryx<Mscatch Hin N |
e If V1 : 7 and V5 : 7 then we write V; = Vs : 7 for val V] & val Va : Ty(7).
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YovalV || X,V XY raise E || X, FE Y,omi(Vi, Vo) I X2, V5
YXn+miXn+m YX.n=nl X, true Yn=m| X false (n / m)
Z,!ﬁ@ﬂ,& Y l:=nl X[ —n],() Yorefn | YW —n], L
2, Mi[V/z] 4 ¥R
Y, casein;V of injx1.M; ; ingxe. Mo || Z',R

i=1,2

X M[V/z,(rec fx=M)/flL 2R X MI}5V X N[V/z]| X" R
Y (recfz=M)V X R Y tryx<=Mcatch Hin N || X', R

SMUX,E M |5 R
!
H(E)=M

Y tryx<Mcatch Hin N || X', R

S MU E
E ¢ dom(H)

Y tryx<Mcatch HinN || ¥, F

Fig. 7. Evaluation relation for MIL-lite

Showing that ciu equivalence conincides with contextual equivalence is non-
trivial but uses standard techniques [How96].

11.3 Transforming MIL-Lite

Semantics of Effects. We want to use the effect information expressed in MIL-
lite types to justify some optimizing transformations. Our initial inclination was
to prove the correctness of these transformations by using a denotational seman-
tics. However, giving a good denotational semantics of MIL-lite is surprisingly
tricky, not really because of the multiple computational types, but because of
the presence of dynamically allocated references. Stark’s thesis [Sta94] examines
equivalence in a very minimal language with dynamically generated names in
considerable detail and does give a functor category semantics for a language
with higher order functions and integer references. But MIL-lite is rather more
complex than Stark’s language, requiring a functor category into cpos (rather
than sets) and then indexed monads over that. Worst of all, the resulting se-
mantics turns out to be very far from fully abstract — it actually fails to validate
some of the most elementary transformations which we wished to perform. So we
decided to prove correctness of our transformations using operational techniques
instead.

Most work on using operational semantics to prove soundness of effect anal-
yses involves instrumenting the semantics to trace computational effects in some
way and then proving that ‘well-typed programs don’t go wrong’ in this modi-
fied semantics. This approach is perfectly correct, but the notion of correctness
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and the meaning of effect annotations is quite intensional and closely tied to
the formal system used to infer them. Since we wanted to prove the soundness
of using the analysis to justify observational equivalences in an uninstrumented
semantics, we instead tried to characterise the meaning of effect-annotated types
as properties of terms which are closed under observational equivalence in the
uninstrumented semantics. To give a simple example of the difference between
the two approaches, a weak effect system (such as that in MIL-lite) will only
assign a term an effect which does not contain w if the evaluation of that term
really does never perform a write operation. A region-based analysis may infer
such an effect if it can detect that the term only writes to private locations. But
the property we really want to use to justify equations is much more extensional:
it’s that after evaluating the term, the contents of all the locations which were
allocated before the evaluation are indistinguishable from what they were to
start with.

The decision not to use an instrumented semantics is largely one of taste,
but there is another (post hoc) justification. There are a few places in the ML;j
libraries where we manually annotate bindings with smaller effect types than
could be inferred by our analysis, typically so that the rewrites can dead-code
them if they are not used (for example, the initialisation of lookup tables used
in the floating point libraries). Since those bindings do have the extensional
properties associated with the type we force them to have, the correctness result
for our optimizations extends easily to these manually annotated expressions.

We capture the intended meaning [o] of each type o in MIL-lite as the set
of closed terms of that type which pass all of a collection of cotermination tests
Tests, C States x Ctxt, x Ctxt, where Ctxt, is the set of closed contexts with
a finite number of holes of type o. Formally:

[o Hdﬁf{G o |V(X, M[-], M'[\]) € Tests,.
|IM[G], M'[G]| C dom X = (X, M[G] > X, M'[G] {) }

We define Tests, inductively as shown in Figure 8.
Although these definitions appear rather complex, at value types they actu-
ally amount to a familiar-looking logical predicate:

Lemma 111

[int] = {n|n e Z}, [intref] = {£| ¢ € L} and [Junit] = {()}.
[ x 7] = {(V1,V2) [ V1 € [n], V2 € [n]}
—lr =] ={F:7 >~ |VWelrl.(FV) e ]}
[r1+ 7] =Uizi o{inV | V €[]} 0

Lemma 112 If o < ¢’ then [o] C [¢']. O

We also have to prove an operational version of admissibility for the predicate
associated with each type. This follows from a standard ‘compactness of evalua-
tion’ or ‘unwinding’ result which is proved using termination induction, but we
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def def def
Testsint = {} TestSiptref = 1) Testsypnit = 1)
def
Testsryxr, = U1 (2, Mml ]}, M'[mi[]]) | (X, M[], M'[]) € Testsr, }
Testsr, 47, = Uiz o{(Z, case [ of injz. M([z] ; ing—iy.92,

case [] of in;z.M'[z] ; inz_;y.02) | (¥, M[], M'[]) € Tests., }
Testsry < {(2, M[[ V], M V]) | V €[], (5, M[], M'[]) € Tests, }

Testst.r = {(X,letz<][]inset X'; Mx],let x<=[]inset X’; M'[z])
| (&', M[-], M'[[]) € Tests,, ¥ € States} U |, . Testse,r

Tests ., = {(X,[],val()) | ¥ € States}

Testsw, - def {(%,
let y<!intry z <[] catch E.M in N,
try x <[] catch E.let y<=!£in M inlet y<!£in N)
|y:int,z:7F N:v,y:int - M : v, X € States, ¢ € dom X, FE € E}

Testsr, def {(%,
d(X, A, E); try <= [-] catch E.assert X' < A;raise E in N,
d(X, A, E); £ :=n;try x <[] catch E.assert X[+ —n] < A;raise E
in assert (¢, (X[¢ —n] < A)(€));£:= (X <1 A)(£); N)
| E€E, X, A€ States,dom A Cdom X 3¢ne€Zx:7HN:~}
U{(Z, ['] handle E.£2,set X’; [-] handle E.02) | X, X’ € States, E € E}

Testsg . = {(X,[],[]handle E.N) | X' € States,- N : v}

Testsaz,r = {(X,letz<[];y<(set X;[])in N,letz<[];y<valzin N)
| X € States,z : 1,y : TH N : v}

and

Ken & {¢1—n | €€ dom(X)}
def

d(X,AE) = set Kx0; (([-];val () handle E.val ()); assert Kx0 < A;
set Kx1; (([-]; val () handle E.val ()); assert Ky1 < A;set X

Fig. 8. Definition of Tests,

omit the details. Finally, we can prove the ‘Fundamental Theorem’ for our logical
predicate, which says that the analysis is correct in the sense that whenever a
term is given a particular type it actually satisfies the property associated with
that type:

Theorem 62. Ifx; : 7, F G : 0 and V; € [1;] then G[V;/x;] € [o]. O

The intention is that the extent of Testsg , is the set of computations of type
Te(7) which definitely do not have effect e. So, passing all the tests in Tests
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is easily seen to be equivalent to not diverging in any state and passing all the
tests in Testsz . means not throwing exception E in any state.

The tests céncerning store effects are a little more subtle. It is not too hard to
see that Testsy » expresses not observably writing the store. Similarly, Testsy ~
tests (contortedly!) for not observably reading the store, by running the compu-
tation in different initial states and seeing if the results can be distinguished by
a subsequent continuation.

The most surprising definition is probably that of Testsg ,, the extent of
which is intended to be those computations which do not observably allocate
any new storage locations. This should include, for example, a computation
which allocates a reference and then returns a function which uses that reference
to keep count of how many times it has been called, but which never reveals
the counter, nor returns different results according to its value. However, the
definition of Testsg » does not seem to say anything about store extension; what
it actually captures is those computations for which two evaluations in equivalent
initial states yield indistinguishable results. Our choice of this as the meaning of
‘doesn’t allocate’ was guided by the optimising transformations which we wished
to perform rather than a deep understanding of exactly what it means to not
allocate observably, but in retrospect it seems quite reasonable.

Effect-Independent Equivalences. Figure 9 presents some typed observa-
tional congruences that correspond to identities from the equational theory of
the computational metalanguage, and Figure 10 presents equivalences that in-
volve local side-effecting behaviour!®. Directed variants of many of these are use-
ful transformations that are in fact performed by MLj (although the duplication
of terms in ccq is avoided by introducing a special kind of abstraction). These
equations can be derived without recourse to our logical predicate, by making
use of a rather strong notion of equivalence called Kleene equivalence that can
easily be shown to be contained in ciu equivalence. Two terms are Kleene equiv-
alent if they coterminate in any initial state with syntactically identical results
and the same values in all accessible locations of the store (Mason and Talcott
call this ‘strong isomorphism’ [MT91]).

The beta-equivalences and commuting conversions of Figure 9 together with
the equivalences of Figure 10 are derived directly as Kleene equivalences. Deriva-
tion of the eta-equivalences involves first deriving a number of extensionality
properties using ciu equivalence; similar techniques are used by Pitts [Pit97].

Effect-Dependent Equivalences. We now come to a set of equivalences that
are dependent on effect information, which are shown in Figure 11. Notice how
the first three of these equations respectively subsume the first three local equiv-
alences of Figure 10. Each of these equivalences is proved by considering evalua-
tion of each side in an arbitrary ciu-context and then using the logical predicate

15 Some side conditions on variables are implicit in our use of contexts. For example,
the first equation in Figure 10 has the side condition that = / gv(M).
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r-vy:m I'+-Vy:7o r-v.r x:tHM:~y
B-x B-T
't mi(Vh, Vo) 2 valV; : Ty(m) I'tletz<valVin M =2 M[V/z] : v
F,IZT,fCT*}TEU{J_}(T,)"M:TE(T/) r-v:r
ﬂ_
'k (vecfox=M)V = M[V/z,rec fo=M/f]: T(r")
r=v.mn iz i1 B My Ixo 1o Moty
B-1
I' F casein; V of inyx1.My;ingxwe Mo 22 M;[V/z;]
'V Ty X1
n-X

I'tletz;<mViza<=mVinval (z1,22) 2 valV : Ty(r1 X 72)

r'EV:ir 4+

-1
I' - case V of injzq.val (in1z1); inszs.val (ingzs) 2 val V : Ty (11 + 72)
Ir'-v:.r—-»~ I'-M:~
U] n-T
I'Frecfa=Vax2V: T >~y I'Fletz<=Minvalxz =2 M : ~v

' My :Te (1) Iyy:mF M : Tey(12) Iyy:mi,0: 72 Mz : Tey(73)
cc1

'k let x <= (let y <= My in M2) in M3 = let y <= M1;x <= M2 in M3 : Te Ueques (73)

FEVir+7 {Da;:mibk M :Te(r)y a:17kFN:T,(1)
cc

I let z<=case V of {in;z;.M;} in N 2 case V of {in;z;.let <=M, in N} : T/ (")

' M:~ I'+-H:~v Nz:7TFHN:y
B-E

I' F try x <raise E catch (E.M); Hin N 2 M : v

't M:T(7) I'HH:Tu(r") Naz:7FN:Tu(1)
n-E.

I' F try & <= M catch (E.raise E); H in N 2 try x <= M catch Hin N : T___/(7")

Fig. 9. Effect-independent equivalences (1)

to show that if the evaluation terminates then so does the evaluation of the other
side in the same context.

11.4 Effect-Dependent Rewriting in MLj

In practice, much of the benefit MLj gets from effect-based rewriting is simply
from dead-code elimination (discard and dead-try). A lot of dead code (particu-
larly straight after linking) is just unused top-level function bindings, and these
could clearly be removed by a simple syntactic check instead of a type-based
effect analysis. Nevertheless, both unused non-values which detectably at most
read or allocate and unreachable exception handlers do occur fairly often too,
and it is convenient to be able to use a single framework to eliminate them
all. Here is an example (from [BKO01]) of how tracking exception effects works
together with MIL’s unusual handler construct to improve an ML program for
summing the elements of an array:
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'V :int I'-M:T.(r)

deadref
I'tletz<ref Vin M 2 M : T.ygay (1)

I' -V : intref Iz :int,y:int - M : T.(7)

deref
s letz=Viy<=!Vin M Zlet x<=!V;y<valzin M : Ty (7)

[swapref] I'F Vi :int I'EVsy:int I, z1 : intref, 2 : intref = M : T.(7)

I'Flet x1 <vref Vi; o <ref Vo in M 22 let xo <=ref Va; 21 <ref Viin M : Toyqay (1)

'+ Vp @ intref 'V :int Iz:intk- M : T.(7)

assign
'V = Vg;let r<=Viin M 2V, = VQ; M[Vz/x] : Tgu{r’w}(T)

Fig. 10. Effect-independent equivalences (2)

I'tM: T (m1) I'N:T.(72)
discard

I'Fletx<=Min N2 N : Teiue, T2
where 1 C {r, a}

I'M:T.(r) Nr:ry:7FN:Tu(7)

copy
T'Fletz<=M;y<=Min N 2letz< M;y<valzin N : T ()
where {r,a} Ne =0 or {w,a}Ne =0

' M :T: (1) I' Mz : T, (2) Izi:m,z2 70 N Tey(73)
swap

I'Flet T1 <:M1;132<:M2 in N 2 let I2<:M2;£L‘1<:M1 inN : T€1U52U53 (T3)
where 1,62 C {r,a, L} ore; C{a,L},e2 C{r,w,a, L}

I'tM:T.(r) 'H:T.(r) Lz:7FN:Tu(1)
dead-try

I'Ftryz<=M catch Hin N 2 try x< M catch H\ Ein N : T, ./ (7")
where E ¢ ¢

Fig. 11. Effect-dependent equivalences

fun sumarray a =
let fun s(n,sofar) = let val v = Array.sub(a,n)
in s(n+1, sofar+v)
end handle Subscript => sofar
in s(0,0)
end

Because the SML source language doesn’t have try, the programmer has made
the handler cover both the array access and the recursive call to the inner func-
tion s. But this would prevent a naive compiler from recognising that call as
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tail-recursive. In MLj, the intermediate code for s looks like (in MLish, rather
than MIL, syntax):

fun s(n,sofar) =
try val x = try val v = Array.sub(a,n)

catch {}
in s(n+1, sofar+v)
end

catch Subscript => sofar

in x

end

A commuting conversion turns this into

fun s(n,sofar) = try val v = Array.sub(a,n)
catch Subscript => sofar
in try val x = s(n+l, sofar+v)
catch Subscript => sofar
in x
end
end

The effect analysis detects that the recursive call to s cannot, in fact, ever throw
the Subscript exception, so the function is rewritten again to

fun s(n,sofar) = try val v = Array.sub(a,n)
catch Subscript => sofar
in s(n+1, sofar+v)
end

which s tail recursive, and so gets compiled as a loop in the final code for
sumarray.

Making practical use of the swap and copy equations is more difficult — al-
though it is easy to come up with real programs which could be usefully improved
by sequences of rewrites including those equations, it is hard for the compiler to
spot when commuting two computations makes useful progress towards a more
significant rewrite. The most significant effect-based code motion transformation
which we do perform is pulling constant, pure computations out of functions (in
particular, loops), a special case of which is

't M :Ty(rs) If:mn—Twi(m),z:m,y: 13 N:T(12)

I'tval (rec fz=lety<=Min N) Zlet y<=M inval (rec f x = N) : Ty(11 — Te(m2))

where there’s an implied side condition that neither f nor z is free in M. This is
not always an improvement (if the function is never applied), but in the absence
of more information it’s worth doing anyway. Slightly embarassingly, this is not
an equivalence which we have proved correct using the techniques described here,
however.
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One other place where information about which expressions commute could
usefully be applied is in a compiler backend, for example in register allocation.
We haven’t tried this in MLj since a JIT compiler will do its own job of al-
locating real machine registers and scheduling real machine instructions later,
which makes doing a very ‘good’ job of compiling virtual machine code unlikely
to produce great improvements in the performance of the final machine code.

An early version of the compiler also implemented a type-directed uncurrying
transformation, exploiting the isomorphism

T — T@(TQ — TE(Tg)) = T X To — TE(Tg)

but this can lead to extra work being done if the function is actually partially
applied, so this transformation also seems to call for auxiliary information to be
gathered.

11.5 Effect Masking and Monadic Encapsulation

We have seen that it is not too hard to recast simple effect systems in a monadic
framework. But what is the monadic equivalent of effect masking? The answer
is something like the encapsulation of side-effects provided by runST in Haskell,
but the full connection has not yet been established.

Haskell allows monadic computations which make purely local use of state
to be encapsulated as values with ‘pure’ types by making use of a cunning trick
with type variables which is very similar to the use of regions in effect systems.
Briefly (see Section 5 for more information), the state monad is parameterized
not only by the type of the state s, but also by another ‘dummy’ type variable
16,

The idea is that the r parameters of types inferred for computations whose
states might interfere will be unified, so if a computation can be assigned a
type which is parametrically polymorphic in 7, then its use of state can be
encapsulated. This is expressed using the runST combinator which is given the
rank-2 polymorphic type

runST : Vs, a.(Vr.(r, s,a)ST) — a

Just as the soundness of effect masking and of the region calculus is hard to
establish, proving the correctness of monadic encapsulation is difficult. Early
attempts to prove soundness of encapsulation for lazy languages via subject
reduction [LS97] are now known to be incorrect.

Semmelroth and Sabry have defined a CBV language with monadic encapsu-
lation, relating this to a language with effect masking and proving type soundness
[SS99]. Moggi and Palumbo have also addressed this problem [MP99], by defin-
ing a slightly different form of monadic encapsulation (explicitly parameterizing
over the monad and its operations) and proving a type soundness result for a

16 Actually, Haskell’s built-in state monad is not parameterized on the type of the state
itself.
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language in which the stateful operations are strict. More recently, a type sound-
ness result for a language with lazy state operations has been proved by Moggi
and Sabry [MS01].

12 Curry-Howard Correspondence and Monads

This section provides a little optional background on a logical reading of the
computational metalanguage and explains the term ‘commuting conversion’.

Most readers will have some familiarity with the so-called Curry-Howard
Correspondence (or Isomorphism, aka the Propositions-as-Types Analogy). This
relates types in certain typed lambda calculi to propositions in intuitionistic
logics, typed terms in context to (natural deduction) proofs of propositions from
assumptions, and reduction to proof normalization. The basic example of the
correspondence relates the simply typed lambda calculus with function, pair
and disjoint union types to intuitionisitic propositional logic with implication,
conjunction and disjunction [GLT89].

It turns out that logic and proof theory can provide helpful insights into
the design of programming languages and intermediate languages. Partly this
seems to be because proof theorists have developed a number of taxonomies and
criteria for ‘well-behavedness’ of proof rules which turn out to be transferable to
the design of ‘good’ language syntax.

The computational metalanguage provides a nice example of the applicability
of proof theoretic ideas [BBdP98,PD01]. If one reads the type rules for the
introduction and elimination of the computation type constructor logically, then
one ends up with an intuitionistic modal logic (which we dubbed ‘CL-logic’)
with a slightly unusual kind of possibility modality, ¢. In sequent-style natural
deduction form:

I'+A I't9oA I'A+oB

o1 (<>g

I'kFoA I'FoB
Interestingly, not only was (the Hilbert-style presentation of) this logic discov-
ered by Fairtlough and Mendler (who call it ‘lax logic’) in the context of hard-
ware verification [FM95], but it had even been considered by Curry in 1957
[Cur57]! Moreover, from a logical perspective, the three basic equations of the
computational metalanguage arise as inevitable consequences of the form of the
introduction and elimination rules, rather than being imposed separately.

The way in which the [-rule for the computation type constructor arises
from the natural deduction presentation of the logic is fairly straightforward — the
basic step in normalization is the removal of ‘detours’ caused by the introduction
and immediate elimination of a logical connective:

. 4] A S
(o : [A] - [4]
oa P oB 7 ;

oB

(ce) oB



116 Nick Benton, John Hughes, and Eugenio Moggi

I'EM:A
I'valM : TA I''x:A-N:TB — I'-N[M/x]): TB

I'Fletz<=valM in N:TB

Natural deduction systems can also give rise to a secondary form of normal-
isation step which are necessary to ensure that normal deductions satisfy the
subformula property, for example. These occur when the system contains elimi-
nation rules which have a minor premiss — the minor premiss of (¢g) is ©B, for
example. (Girard calls this a ‘parasitic formula’ and refers to the necessity for
the extra reductions as ‘the shame of natural deduction’ [GLT89].) In general,
when we have such a rule, we want to be able to commute the last rule in the
derivation of the minor premiss down past the rule, or to move the application
of a rule to the conclusion of the elimination up past the elimination rule into to
the derivation of the minor premiss. The only important cases are moving elim-
inations up or introductions down. Such transformations are called commuting
conversions. The elimination rule for disjunction (coproducts) in intuitionisitic
logic gives rise to commuting conversions and so does the elimination for the ¢
modality of CL-logic. The restriction on the form of the conclusion of our (¢og)
rule (it must be modal) means that the rule gives rise to only one commuting
conversion:

— A deduction of the form

4]
; : [B]
oA oB :
oB (ce) <>C’
e (0g)
commutes to
4] [B]
: oB <>C
<>A oC' (e)
C (og)

On terms of the computational metalanguage, this commuting conversion in-
duces the ‘let of a let’ associativity rule (with the free variable condition implicit
in the use of I'):

I'-M:TA I'y:A-P:TB
I'Flety<=Min P:TB Iz:BFN:TC —
I'tletz < (lety<=Min P)in N:TC

I''y:A+-P:TB Iy:Ax:BFN:TC
I'EM:TA Iy:AFletz <= Pin N :TC
I'Flety< Min (lesx < Pin N):TC
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Commuting conversions are not generally optimizing tranformations in their
own right, but they reorganise code so as to expose more computationally sig-
nificant § reductions. They are therefore important in compilation, and most
compilers for functional languages perform at least some of them. MLj is some-
what dogmatic in performing all of them, to reach what we call cc-normal form,
from which it also turns out to be particularly straighforward to generate code.
As Danvy and Hatcliff observe [HD94], this is closely related to working with
A-normal forms, though the logical /proof theoretic notion is an older and more
precisely defined pattern.
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Abstract. We describe simple call-by-value and call-by-name abstract
machines, expressed with the help of Felleisen’s evaluation contexts, for
a toy functional language. Then we add a simple control operator and
extend the abstract machines accordingly. We give some examples of
their use. Then, restricting our attention to the sole core (typed) A-
calculus fragment augmented with the control operator, we give a logical
status to the machinery. Evaluation contexts are typed “on the left”, as
they are directed towards their hole, or their input, in contrast to terms,
whose type is that of their output. A machine state consists of a term
and a context, and corresponds logically to a cut between a formula
on the left (context) and a formula on the right (term). Evaluation,
viewed logically, is cut-elimination: this is the essence of the so-called
Curry-Howard isomorphism. Control operators correspond to classical
reasoning principles, as was first observed by Griffin.
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A Simple Call-by-Value Evaluator

Consider the following simple functional programming language, whose data
types are (nonnegative) integers and lists.

M =z |n|T[F]|ni|?l| () |+()| M op M
M [M, M]| MM | x.M|Yf.M.

Here op denotes collectively operations such as addition, multiplication, consing
(notation a-l), or equality test of two integers (notation (m = n)); nilis the empty
list, 7 tests whether [ is empty (i.e., ?nil evaluates to T and ?(a - l) evaluates to
F), h(l) and t() allow us to retrieve the first element of a list and the rest of the
list, respectively; M +— [ N, P] passes control to N (P) if M evaluates to T (F);
M N is function application; Az.M is function abstraction; finally, Y f.M denotes
a recursive function definition. The more familiar construct (let rec fzr =
in rec N) is defined from it as (Af.N)(Y f.(Az.M)).

G. Barthe et al. (Eds.): Applied Semantics, LNCS 2395, pp. 123-136, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Next, we specify an interpreter for the mini-language. The interpreter pro-
gressively transforms the whole program to be evaluated, and at each step main-
tains a pointer to a subprogram, in which the current work is done. Felleisen and
Friedman [4] have formalized this using evaluation contexts, which are programs
with a (single) hole that in our case are built recursively as follows:

E =[] E[[]M] | E[M]]]
| El[]op M]| E[M op [J] | ER(D] 1 E[((D] | B B[] = [M, M]]

The notation should be read as follows: E is a term with a hole, and E[[|M]
is the context whose single occurrence of [] has been replaced by []M: thus, in
E[[]M], the external square brackets refer to the hole of E, while the internal
ones refer to the hole of E[[]M]. For example, [][[]M] = [|M, and if this context
is called E, then E[[|N] = ([]N)M. (The above syntax is in fact too liberal, see
exercise 2

The abstract machine rewrites expressions E[N], that we write (N | E') to
stress the interaction (and the symmetry) of terms and contexts. We call such
pairs ( N | E') states, or commands. The initial command is of the form (M | []).
The rules (in call-by-value) are as follows:

(MN | E) — (M| E[[IN])
(Az.P | E[[IN]) = (N[ E[(A\z.P)[]])
(VIEA.P)]]) = (Pl < V]IE)

(YM|E) — (M[f < YfM]|E)
(MopN|E) — (M| E[[]opN])

(m | E[[]op NJ) — (N|Elmopl[]])

(n]| Emopl[]]) — (mopn|E) (operation performed)
(x(M)| E) — (M| E([]D]) (x=7,h,t)
(nil | E[?([])]) = (T|E)

(a-U1E[2([D]) — (F|E)

(a-L[EM([]]) = (a|E)

(a-L[E[E([])]) = (I|E)

(M— [N, P]|E) — (M|E[[]— [N, P])
(T|E[[]=[N,P]) = (N|E)

(FIE[[] =[N, P]) = (P|E)

The first rule amounts to moving the pointer to the left son: thus the evaluator is
also left-to-right. The second rule expresses call-by-value: the argument N of the
function Az.P must be evaluated before being passed to Axz.P. In the third rule,
V' denotes a value — that is, a function A\z.P, an integer n, or a list [ which is either
nil or a -1’ where a is a value and I’ is a value (later, we shall add more values)
—, that can be passed, i.e., that can be substituted for the formal parameter x.
The fourth rule allows us to unfold the definition of a recursive function. The
last rules specify the (left-to-right) evaluation of the binary operations, and the
precise meaning of the unary operations ?,h and t, as well as of M — [N, P].
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Notice that the above system of rules is deterministic, as at each step at most
one rule may apply.

Ezxercise 1. Characterize the final states, i.e. the states which cannot be rewrit-
ten.

Ezercise 2. Design a more restricted syntax for call-by-value evalaution contexts
(hint: replace E[M]]] by E[V]]], etc...).

Remark 1. The call-by-name abstract machine is slightly simpler. The context
formation rule E[M]]] disappears, as well as the third rule above. The only rule
which changes is the rule for Az.P, which is now

(MAx.P| E[[]N]) = (Plzx< N]|E)

i.e., N is passed unevaluated to the function Az.P. All the other rules stay the
same.

Remark 2. In call-by-name, the left-to-right order of evaluation given by the
rule (MN | E) — (M| E[[]N]) is forced upon us: we should not attempt to
evaluate IV first. But in call-by-value, both M and N have to be evaluated, and
the right-to-left order of evaluation becomes an equally valid strategy. In this
variant, the first three rules are modified as follows:

(MN|E) = (N | E[M[]])
(VIEM[]) — (M[E[V])
(AP [E[V]) = (Plz < V]| E)

Below, we give a few examples of execution. We first consider a program that
takes a natural number = as input and returns the product of all prime numbers
not greater than x. One supposes given an operation 77 that tests its argument
for primality, i.e., 77(n) evaluates to T if n is prime, and to F if n is not prime.
The program is a mere transcription of the specification of the problem:

x = YfAn.(n=1)—[1, (7?(n)—[nx f(n—-1), f(n—1)])]

Here is the execution of this program with input 4:

(mx (@) []) = (d=1) = [1, (77(4) = [4x7x (4 = 1), me (4 = )D][])
= (m7(4) = [Adx (4 =1), me (A =] [])
= (mx(4 -1 [[])
= (mx(3) 1]
=" (3xm (=1 [[])
=" (7 (2) [ 3 x[])
= (mx (1) [3x (2 x[]))
= (1]3x(2x[]))
= (23 x(])
= (6][])
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Our next example is the function that takes an integer n and a list [ as
arguments and returns [ if n does not occur in [, or else the list of the elements
of [ found after the last occurrence of n in [. For example, when applied to 3
and 1-(3-(2-(3-(4-nil)))), the function returns the list 4 - nil. The following
program for this function makes use of an auxiliary list, that can be called an
accumulator:

F = ALY F AN 2y = [l h(ly) =nes [Fe(l)t(), Ft(l) 1))

We present the execution of F' with inputs 3 and 1-(3-(2-(3-(4- nil)))). We
set:

€= Yf)\h)\lg?ll — [lz s h(ll) =3 [ft(ll) t(ll) s ft(ll)lg]]

We have:
((F3) (-G (2-(3-(4-nil))))[[])

—=*(e(1-(3-(2-(3-(4-nil))))(L-(3-(2-(3-(4-nal))))) | [])
= (e(3-(2-(3-(4- ml)))) (L-(3-(2-3-(4-nal))))) | 1)
=" (e(2-(3-(4-nal))) (2-(3-(4-nil))) | [])
—=* (e(3-(4-nil))(2-(3-(4-nal))) | [])
—=*(e(4d-nil)(4-nil) | [])
—=* {enil (4-nil) | [])
—=* (4-nil | [])

Note that the execution is tail-recursive: the evaluation context remains empty.
This is good for efficiency, but, conceptually, handling the auxiliary list is some-
what “low level”.

Remark 3. Similarly, our first example can be programmed in a tail recursive
way, as

YiA(n,c).n=1—[c(l), f(n—1,77(n) — [Ap.c(n X p), c])]

Here, cis an additional parameter, called the continuation, which is a function
from natural numbers to natural numbers. This is the continuation passing style
(CPS). We encourage the reader to run this new program on input (4, \z.x),
and to check that the execution is indeed tail-recursive.

2 Control Operators

We now add two primitive operations, in addition to those of the previous section:
M = | kk.M | *g

The second construction allows us to consider, or reflect evaluation contexts
as values (in addition to those considered above). It is then possible to bind a
variable k to a (reflected) context, and thus to memorize and reuse contexts. This
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is what the first construction k.M does. It exists in programming languages like
SCHEME, where it is written as (call/cc (lambda (k) M))). We add two rules
to the abstract machine:

(kkM|E)Y = (Mlk+ *g] | E)
(*p, | E2[[IN]) = (N | E1)

The second rule throws away the current evaluation context Fo and replaces it
with a context E captured earlier using the first rule. Note that IV is unevaluated
(compare with the rule for A which swaps function and argument).

We illustrate the new primitives through some examples. First, consider the
function that takes as input a list of integers and returns the product of the
elements of the list. A nalve program for this function is:

I = YN 20— [1,0(0) x f(£(1)]

The execution of this program applied to the list [2,4,3,0,7,8,1,13] involves the
full multiplication 2 x (4% (3x (0x (7x (8% (1x13)))))), which is not particularly
perspicuous, given that 0 is absorbing for x. A better try is:

Iy = VAL [1, (a(l) = 0) [0, h(l) x f(t(1)]]

Here, the final multiplications by 7, 8, 1, and 13 have been avoided. But the
execution still involves the successive multiplications of 0 by 3, 4, and 2. The
following program, which makes use of the control operator x, takes care of this:

Iy = YfN.kk 20 [1, (0(1) = 0) = [k 0, h(l) x F(£(1)]]

It is easily checked that the execution on the same input [2,4,3,0,7,8,1,13] now
returns 0 without performing any multiplication.

Remark 4. We can reach the same goal (of avoiding any multiplication by 0)
using CPS (cf. Remark 3). The CPS tail-recursive version of IT is:

I = YFNNE". 20 (K71, (n(l) = 0) — [K” 0, f(+(1))\z.k” (a(l) x 2))]]

It should be clear how tail-recursiveness is achieved: the additional parameter
k" is an abstraction of the stack/context. If k" currently stands for E, then
Az.k" (h(l) x x) stands for E[h(l) x []]. The program I14 does no better than IT,
as it does not avoid to multiply by zero back along the recursive calls. But the
following program II5 avoids this:

s = YN 20 [K' 1, (a(l) = 0) > [0, f(£()Aak'(B(l) x 2))]]

We owe to Olivier Danvy the following rationale for a smooth transformation
from Iy to IIs. The program I1, takes a list and a function from nat (the type
of natural numbers) to nat as arguments and returns a natural number. Now,
natural numbers split into 0 and (strictly) positive numbers, let us write this as
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nat = 0 + nat*. There is a well-known isomorphism between (A + B) — C and
(A — C) x (B — C). By all this, we can rewrite Il4 as

I, = Y NN 20 [k 1, (a(l) = 0) = [k 0, f(6(]))Oa-k (a(l) x z))]]

(with k : 0 — nat and &’ : nat* — nat, where (k, k') represents k" : nat — nat).
We then remark that k is not modified along the recursive calls, hence there is
no need to carry it around. Assuming that k was initially mapping 0 to 0, we
obtain IT5. So, the CPS program II5 gets rid of k and retains only k’. Quite
dually, we could say that the program IT5 gets rid of &’ (which has the normal
control behaviour) and retains only &k (whose exceptional control behaviour is
handled via the s abstraction).

A similar use of k abstraction leads to a more “natural” way of programming
the function underlying program F' of section 1:

F' = AnALEE.(Y £\l 20y [nil, (a(ly) = n)
= [R(f(E(0)), hl) - f(e(l)]])1

Weset ¢ = Y fA1.7l = [nil, (h(l1) = 3) = [*q(f(t(l1))), b(l1)-f(£(1))]]) 1,
and we abbreviate 4 - nil as 4. Here is the execution of F’ on the same input as
above:

(F/3)(1-B-(2-6-49)) I

Ezercise 3. [6] Consider a slight variation of the toy language, in which lists are
replaced by binary trees whose leaves are labeled by integers. This is achieved
by reusing the operations -, h, t, 7, and by removing nil: a tree t is either a
number or is of the form ¢ - to; the meaning of h and t are “left immediate
subtree” and “right immediate subtree”, respectively; 7t is now a function from
trees to a sum type whose values are F or integers, it returns F if ¢ = ¢ - to
and n if ¢ = n. The weight of a tree is computed as follows: w(n) = n, and
w(ty - ta) = w(t1) + w(ta) + 1. A tree is called well-balanced if ¢ = n, or if
t =t1 -ty and w(t1) = w(tz) and tq,ty are well-balanced. Write three programs
for testing if a tree is well-balanced. All programs should traverse the input tree
only once. The second program should save on weight computations, the third
one should also save on successive returns of the negative information that the
tree is not well-balanced. (Hint: for the first two programs, make use of the above
sum type.)

So far, we have only demonstrated how the x construct allows us to escape
from an evaluation context. The following exercises propose examples where
continuations are passed around in more sophisticated ways. Exercises 5 and 6
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are variations on the theme of coroutines. Coroutines are two programs that
are designed to be executed in an interleaving mode, each with its own stack of
execution. Each program works in turn for a while until it calls the other. Call
them P and @, respectively. When P calls @), the execution of P is suspended
until P is called back by @, and then P resumes its execution in the context it
had reached at the time of its last suspension.

Ezercise 4. [11,12] The following programs illustrate the reuse of evaluation
contexts or continuations. What do they compute?

(kkAz.k(A\y.z +y)) 6
kl.(Ma, h).h(a + 7))(7(3,1)) (1 = AMn,p).ck.(Am.k(m, p))(kq.k(n,q)))

Ezercise 5. [12] Consider the following programs:
= Xa.¢(Ax. writea;x) and ¢ = Af.\h.kk.h(fk)

where the new command write applies to a character string, say, 'toto, and is
executed as follows:

( write’toto; M | EY — (M | E) ltoto

by which we mean that the execution prints or displays toto and then
proceeds. Describe the execution of ((7'ping)(mw’pong))((n’'ping)(mw’pong)).
Does it terminate? Which successive strings are printed? (Hint: setting P =
(m'ping) (7 pong), Vo, = Ah.kk.h((Ax.. writea; x)k) , and E = []P, here are
some intermediate commands: ( PP | []) =% (Vipong | E[Vipingll]) =* (*E |
| E[[J(Az.. write 'pong; x)xg)]) — ((Ax.. write 'pong; x)xg | E).)

Ezercise 6. [8] The toy language is extended with references and commands:
M:= -|letx = refVinM|lx|z:=V|M;M

(a variable defined wih the ref construct is called a reference). The machine
states have now a store component (a list S of term/reference associations),
notation ( M | E')s. The evaluation rules are as follows:

(M|E)s = (M'|E')s (for all the above rules (M | E) — (M'| E")
(letz = ref Vin N |E)s — (N | E)spev (z not defined in S)
(12| B)s = (5()| E)s

(z:=V|E)s = (| E)szev

(M;N|E)s — (M| E[[;N])s

(IE[;N])s — (N1 E[)s

Write two programs get_first and get_next that work on a binary tree (cf.
exercise 2) and whose effects are the following: (get_first t) returns the value
of the first leave (in left-to-right traversal) of ¢, and then evaluations of get next
return the values of the leaves of ¢ in turn, suspending the traversal between two
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get_next calls. (Hints: define two references and two auxiliary functions start
and suspend that use k abstraction to store the stack in the respective refer-
ences: start is invoked by get first and get next at the beginning (storing
the context of the caller who communicates with the tree via these get func-
tions), while suspend is invoked when the value of a leaf is returned (storing the
context that will guide the search for the next leave).)

3 Curry-Howard

In this section, we assign typing judgements to terms M, contexts E, and com-
mands ¢ = (M | E). We restrict our attention to A-calculus, extended with
the above control operations. We also switch to call-by-name, for simplicity (cf.
remark 1). In this section, we adopt the alternative notation M - E for E[[|M]
(“push M on top of E considered as a stack”). The resulting syntax is as follows:

M=z |MN | .M | kk.-M|*xg
E:=]]|M- - E

The abstract machine for this restricted language, called Ak-calculus [2], boils
down to the following four rules:

(MN|E) - (M|N-E)
(Me.M|N-E) - (Mlz+ N]|E)
(kk.M|E) — (Mk + *g] | E)
(xpy | M- Ez) — (M| Ev)

Note that the first rule suggests that the application and the push operation are
redundant. As a matter of fact, we shall remove the application from the syntax
in a short while.

As is well-known, terms are usually typed through judgements I" - M :
A, where I' is a sequence z1 : Ay,...,z, : A, of variable declarations, and
where M can also be interpreted as a notation for a proof tree of the sequent
Ay, ..., A, F A. Let us recall the notion of sequent, due do the logician Gentzen
(for an introduction to sequent calculus, we refer to, say, [5]). A sequent is given
by two lists of formulas, separated by the sign b (which one reads as “proves”):

Ay A F By,... By,

The intended meaning is: “if A; and ... and A,,, then By or ... or B,”. The A;’s
are the assumptions, and the B;’s are the conclusions. Notice that there may be
several formulas on the right of . In sequent calculus, limiting the right hand
side list to consist of exactly one formula corresponds to intuitionistic logic. As
a hint as to why multiple conclusions have to do with classical reasoning, let
us examine how we can derive the excluded middle =A V A (the typical non-
constructive tautology of classical logic) from the very innocuous axiom A A.
First, we denote false as L, and we encode = A as A — L (a simple truth-table
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check will convince the reader that the encoding is sensible). Then, we use the
multi-conclusion facility to do a right weakening. Weakening means adding more
assumptions, or more conclusions (or both), its validity corresponds to something
like “one who can do the most can do less”. And finally, one gets the excluded
middle by right implication introduction (see below):

AR A
AF LA
- A, A

As we shall see, control operators lead us outside of intuitionistic logic, so we
shall adopt unconstrained sequents rightaway.

Sequents may be combined to form proofs, through a few deduction rules.
Here are two of them:

T|AFA THAIA IA+B|A

'k A I'tA—B|A

The first rule is the cut rule, that can be interpreted backwards as “proving a
theorem with the help of a lemma”: in order to prove A from assumptions I,
we first prove an auxiliary property A, and then prove A, taking the auxiliary
property as an additional assumption. The second rule is the one corresponding
to A-abstraction. Read A — B as a function type. Then a program of type
B depending on a parameter z of type A can be viewed as a function of type
A — B. (The role of the vertical bars in the sequents is explained in the next
paragraph.)

More generally, the Curry-Howard isomorphism says that there is a one-
to-one correspondence between proofs and programs. We shall extend here the
correspondence to let also contexts and commands fit into it. We shall con-
sider three sorts of sequents, corresponding to terms, contexts, and commands,
respectively. They are given in the following table:

,A“FB‘ 7Bj7 ,.’L'ZAZ,l_MB| ,O(JBJ,
,A“|A|_,B], — ...,JiilAi,...IEZA"...,O&jZBj...

..,Ai”...'_...,Bj,... CZ(...,inAi,...l_...,O[jZBj,...)

In the sequents corresponding to terms, one conclusion is singled out as the
current one, and is placed between the - and the vertical bar. Symmetrically,
in the sequents corresponding to contexts, one assumption is singled out as the
current one, and is placed between the vertical bar and the . Note that a context
is typed on the left: what we type is the hole of the context, that standds for the
input it is wainting for. A command is obtained by cutting a conclusion that is
singled out against an assumption that is singled out, and the resulting sequent
has no conclusion nor assumption singled out.
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We now turn to the typing rules. But we first note that the evaluation rule
for k is rather complicated: it involves copying the context, and transforming one
of the copies into a term. It turns out that both kk.M and xg can be encoded
simply using a more primitive operation: Parigot’s p-abstraction [9], which has
the following behaviour:

(pa.c|E) — cla <+ E]

Moreover, the application can also be encoded with the help of the u abstraction.
The encodings are as follows (cf. also [3]):

*gp = drv.pa(z | E) (a not free in E)
kk.M = pB.(Ak.M | x5 -3) (8 not free in M)
MN = pa.{M|N-«a) (o not free in M, N)

Ezercise 7. Check that the encodings simulate the evaluation rules for xg, kk.M,
and MN.

Exercise 8. Prove the following equality:

(kk.M)N = sk’ M[k < Am.k'(mN)]N .

More precisely, prove that the encodings of the two sides of this equality have a
common reduct.

Note that the p operation involves an explicit continuation variable (that may
be bound to a context), while £ does not (it involves an ordinary variable that
may be bound to a term representing a context). We shall give typing rules for
the following more primitive syntax, called Ap-calculus [1]:

M =gz | z.M | po.c
E:=a|M-E
cu:=(M|FE)

with the following reduction rules:

(Me.M|N-E) - (M[z+ N||FE)
(pac| E) — cla+ F]

Note that in addition to the ordinary variables (z,y,k,k’,...), there are now
first-class continuation variables «, in place of the (constant) empty context
(the top-level continuation). We can now revisit the three sorts of typing judge-
ments. All judgements allow us to type an expression containing free ordinary
variables ...,x; : A;,... and continuation variables ..., «a; : Bj,.... The judge-
ments ...,x; : A;,...FM:B|...,a;:Bj,...,..,x 0 Ay, | ECAR Loy
Bj,..;and ¢: (... ,x;: A;,...F ... a;: Bj,...) say that M delivers a value of
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type B, that E accepts a term of type A, and that c is a well-formed command,
respectively. The typing rules are as follows:

I'a:AFa:A A INz:AkFx:AlA
I'-M:AlA I''E:BF A Iz:AFM:B|A
I[(M-E):A-BFA I'FXx.M:A— B|A
c:(I'+p5:B, A) I'EM:AlA I'E:AF A
I'pB.c:BlA (M|E):(I'+ A)

Let us read the rules logically. The first two rules are variations of the axiom: a
sequent holds if one formula A is both among the assumptions and the conclu-
sions. The following two rules correspond to the introduction of the implication
on the right and on the left: this is typical of sequent calculus style. Let us spell
out the left introduction rule, returning to the old notation E[[|M]. This ex-
pression has two bracketings [ |: call them the inner hole and the outer hole. If
M has type A, then the inner hole (which is the hole of E[[]M]) must have a
type A — B, hence [|M has type B, and the outer hole (which is the hole of
E) must have type B. Thus, sequent calculus’ left introduction is interpreted as
“push M on stacke E”. The rule for u can be viewed as a sort of coercion: the
sequent to be proved does not vary, but the status of the sequent changes from
having no assumption or conclusion singled out to having one conclusion singled
out, which is a key step in writing a cut. The final rule is the cut rule: (M | E')
is well-formed when M has the type that E expects.

Remark &5 (for the logically oriented reader). In this typing system, we have left
contraction (e.g., from I A, A + A deduce I A + A) and weakening implicit:
weakening is built-in in the two axioms for variables and continuation variables
(when I" or A or both are non-empty), and contraction is implicit in the “push”
rule (M - E) and in the cut rule ((M | E)).

Beyond the particularity of having a conclusion or an assumption singled
out, the above rules are nothing but the rules of sequent calculus, and the above
encoding of application is the essence of the translation from natural deduction
style to sequent calculus style [5].

Ezercise 9. Give a technical contents to the second part of remark 5, by defining
a translation from A-calculus to Au-calculus that preserves reductions. (Note that
in the Au-calculus, the evaluation rules are not deterministic anymore: since
commands are recursively part of the syntax, it makes sense to reduce not only
at the root.)

Now we can derive the typing rules for kk.M and xg:
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INe:AkFz:AlA I'E:AFA

(x| E): (Iz: AF A)

INe:AFpa({z|E): R|A

FF*EA—)R|A

Here, R is an arbitrary (fixed) formula/type of results. Note that we have slightly
departed from the typing rules as written above, in order to make the essential
use of weakening explicit: « : R is a fresh variable.

'g:A+ApB: A

I'bxg:A—> R|AB:A T|B:AFAB: A INk:A— RFM:A|A

I'lxg-f:(A—-R)—>AFAB: A I'XeM:(A—R)—A|A

(MM | %5 - 8): (I' A, B: A)

I'kk.M:A|lA

The last derivation reveals one of these unexpected mysteries that makes
research so fascinating. The control feature encoded by k abstraction corresponds
under the Curry-Howard correspondence to reasoning by contradiction, as first
discovered in [7]. Indeed, think of R as 1. Then A — R is - A, and

INk:A— RFM:A|A

I'brkM:A|A

reads as: “if we can prove A assuming —A, then we reach a contradiction, and
hence A is proved”. The implication ((A — R) — A) — A is known as Peirce’s
law. The reader will find related classical reasoning principles in the following
exercise.

Exercise 10. We call the sequents -—A F A and 1 F A double negation elimi-
nation and L elimination, respectively.

(1) Show that Peirce’s law plus L elimination imply double negation elimination
(hint: apply the contravariance of implication, i.e., if A’ implies A, then A — B
implies A" — B).

(2) Show that double negation elimination implies L elimination (hint: prove
that L implies =—B).

(3) Show that double negation elimination implies Peirce’s law (hint: use (2)).

Remark 6. Double negation elimination (cf. exercise 10) corresponds to another
control operator, Felleisen’s C, whose behaviour is the following;:

(CM)|E) = (M|xg-[])
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Thus, C(Ak.M) is quite similar to kk.M, except that the stack is not copied, but
only captured. The Ay counterpart of C(M) is given by pB.( M | *g - o) where
the variables § and « are not free in M; a can be understood as a name for
the toplevel continuation. The typing, as literally induced by the encoding, is as

follows
I'-M:(A—-R)—>R|A

I'C(M):Ala:R,A

It looks a little odd, because « is a variable not mentioned in the C construction.
One way out is to assimilate R with L, which amounts to viewing R as the
(unique) type of final results. Then we can remove altogether o : L from the
judgement (as “A or 1”7 is the same as A), and obtain:

I'-M:(A—-1)—1]A

r'e(M): AlA

i.e., “C is double negation elimination” [7].

4 Conclusion

We have shown some basic relations between continuations and control opera-
tors, abstract machines, and sequent caclulus. The connection with logic is lost
when we admit recursion into the language (section 2). But the detour through
logic is extremely useful, as it brings to light a deep symmetry between terms
and contexts.

The A\t calculus can be extracted from the logical considerations and can then
be considered as an untyped calculus per se. An extension of the \u-calculus that
allows for a completely symmetric account of call-by-name and call-by-value is
presented in [1].
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1 Introduction

Normalization. By “normalization” we mean the process known from proof the-
ory and lambda calculus of simplifying proofs or terms in logical systems. Nor-
malization is typically specified as a stepwise simplification process. Formally,
one introduces a relation red; of step-wise reduction: F red; E’ means that E
reduces to E’ in one step, where E and E’ are terms or proof trees.

A “normalization proof” is a proof that a term E can be step-wise reduced
to a normal form E’ where no further reductions are possible. One distinguishes
between “weak” normalization, where one only requires that there exists a reduc-
tion to normal form, and “strong” normalization where all reduction sequences
must terminate with a normal form.

Partial FEvaluation. By “partial evaluation” we refer to the process known from
computer science of simplifying a program where some of the inputs are known
(or “static”). The simplified (or “residual”) program is typically obtained by
executing operations which only depend on known inputs. More precisely, given
a program F P : 74 X T4 — 7 of two arguments, and a fixed static argument
s : Ts, we wish to produce a specialized program + Py : 74 — 7 such that for
all remaining “dynamic” arguments d : 74, eval(Psd) = eval(P(s,d)). Hence,
running the specialized program P on an arbitrary dynamic argument is equiv-
alent to running the original program on both the static and the dynamic ones.
In general we may have several static and several dynamic arguments. Writing
a partial evaluator is therefore like proving an S)'-theorem for the programming
language: given a program with m + n inputs, m of which are static (given in
advance) and n are dynamic, the partial evaluator constructs another program
with n inputs which computes the same function of these dynamic inputs as the
original one does (with the static inputs fixed). Of course, the goal is not to
construct any such program but an efficient one!

In a functional language, it is easy to come up with a specialized program Pj:
just take Ps = A\d. P (s,d). That is, we simply invoke the original program with
a constant first argument. But this P; is likely to be suboptimal: the knowledge
of s may already allow us to perform some simplifications that are independent
of d. For example, consider the power function:

power (n,z) = if n =0 then 1 else x x power(n — 1, )
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Suppose we want to compute the third power of several numbers. We can achieve
this by using the trivially specialized program:

power; = A\x. power (3, x)

But using a few simple rules derived from the semantics of the language, we can
safely transform power; to the much more efficient

powerly, = Az.z x (z X (z x 1))

Using further arithmetic identities, we can easily eliminate the multiplication by
1. On the other hand, if only the argument x were known, we could not simplify
much: the specialized program would in general still need to contain a recursive
definition and a conditional test in addition to the multiplication. (Note that,
even when z is 0 or 1, the function should diverge for negative values of n.)

Partial Fvaluation as Normalization. Clearly partial evaluation and normaliza-
tion are related processes. In partial evaluation, one tries to simplify the original
program by executing those operations that only depend on the static inputs.
Such a simplification is similar to what happens in normalization. In a functional
language, in particular, we can view specialization as a general-purpose simpli-
fication of the trivially specialized program Ad. P (s, d): contracting [-redexes
and eliminating static operations as their inputs become known. For example,
powers is transformed into power} by normalizing powers according to the re-
duction rules mentioned above.

In these lecture notes, we address the question of whether one can apply
methods developed for theoretical purposes in proof theory and lambda cal-
culus to achieve partial evaluation of programs. Specifically, we show how the
relatively recent idea of normalization by evaluation, originally developed by
proof-theorists, provides a new approach to the partial evaluation of functional
programs, yielding type-directed partial evaluation.

Evaluation. By “evaluation” we mean the process of computing the output of
a program when given all its inputs. In lambda calculus “evaluation” means
normalization of a closed term, usually of base type.

It is important here to contrast (a) normalization and partial evaluation
and (b) the evaluation of a complete program. In (a) there are still unknown
(dynamic) inputs, whereas in (b) all the inputs are known.

Normalization by Evaluation (NBE). Normalization by evaluation is based on
the idea that one can obtain a normal form by first interpreting the term in a
suitable model, possibly a non-standard one, and then write a function “reify”
which maps an object in this model to a normal form representing it. The nor-
malization function is obtained by composing reify with the non-standard inter-
pretation function [—|:

norm E = reify [E]
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We want a term to be convertible (provably equal, in some formal system) to its
normal form
F E =norm F

and therefore we require that reify is a left inverse of [—]. The other key property
is that the interpretation function should map convertible terms to equal objects
in the model

if = F =FE then [E] = [E]

because then the normalization function maps convertible terms to syntactically
equal terms
if = E = E’ then norm E = norm E’

It follows that the normalization function picks a representative from each equiv-
alence class of convertible terms

F E = FE iff norm E = norm E’

If the norm-function is computable, we can thus decide whether two terms are
convertible by computing their normal forms and comparing them.

This approach bypasses the traditional notion of reduction formalized as a
binary relation, and is therefore sometimes referred to as “reduction-free nor-
malization”.

Normalization by evaluation was invented by Martin-Lof [ML75b]. In the
original presentation it just appears as a special way of presenting an ordinary
normalization proof. Instead of proving that every term has a normal form,
one writes a function which returns the normal form, together with a proof
that it actually is a normal form. This way of writing a normalization proof is
particularly natural from a constructive point of view: to prove that there exists
a normal form of an arbitrary term, means to actually be able to compute this
normal form from the term.

Martin-Lof viewed this kind of normalization proof as a kind of normaliza-
tion by intuitionistic model construction: he pointed out that equality (con-
vertibility) in the object-language is modelled by “definitional equality” in the
meta-language [ML75a]. Thus the method of normalization works because the
simplification according to this definitional equality is carried out by the evalua-
tor of the intuitionistic (!) meta-language: hence “normalization by evaluation”.
If instead we work in a classical meta-language, then some extra work would be
needed to implement the meta-language function in a programming language.

Martin-Lof’s early work on NBE dealt with normalization for intuitionistic
type theory [ML75b]. This version of type theory had a weak notion of reduction,
where no reduction under the A-sign was allowed. This kind of reduction is closely
related to reduction of terms in combinatory logic, and we shall present this case
in Section 2.

Normalization by evaluation for typed lambda calculus with 8 and 7 conver-
sion was invented by Berger and Schwichtenberg [BS91]. Initially, they needed a
normalization algorithm for their proof system MINLOG, and normalization by
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evaluation provided a simple solution. Berger then noticed that the NBE pro-
gram could be extracted from a normalization proof using Tait’s method [Ber93].
The method has been refined using categorical methods [AHS95,CDS98], and
also extended to System F [AHS96] and to include strong sums [ADHS01].

Type-Directed Partial Fvaluation (TDPE). Type-directed partial evaluation
stems from the study of “two-level n-expansions”, a technique for making pro-
grams specialize better [DMP95]. This technique had already been put to use to
write a “one-pass” CPS transformation [DF90] and it turned out to be one of
the paths leading to the discovery of NBE [DD9S].

Because of its utilization of a standard evaluator for a functional language to
achieve normalization, TDPE at first also appeared as a radical departure from
traditional, “syntax-directed” partial-evaluation techniques. It only gradually
became apparent that the core of TDPE could in fact be seen as a general-
ization of earlier work on A-MIX [Gom91], a prototypical partial evaluator for
lambda-terms. In particular, the semantic justifications for the two algorithms
are structurally very similar. In these notes we present such a semantic recon-
struction of the TDPE algorithm as an instance of NBE, based on work by
Filinski [Fil99b,Fil01].

Meta-Languages for Normalization by FEwvaluation and Type-Directed Partial
FEvaluation. NBE is based on the idea that normalization is achieved by inter-
preting an object-language term as a meta language term and then evaluating
the latter. For this purpose one can use different meta languages, and we make
use of several such in these notes.

In Section 2 we follow Martin-Lof [ML75b] and Coquand and Dybjer [CD93b)
who used an intuitionistic meta-language, which is both a mathematical language
and a programming language. Martin-Lof worked in an informal intuitionistic
meta-language, where one uses that a function is a function in the intuitionistic
sense, that is, an algorithm. Coquand and Dybjer [CD93b] implemented a for-
mal construction similar to Martin-L6f’s in the meta-language of Martin-Lof’s
intuitionistic type theory using the proof assistant ALF [MN93]. This NBE-
algorithm makes essential use of the dependent type structure of that language.
It is important to point out that the development in Section 2 can be directly
understood as a mathematical description of a normalization function also from
a classical, set-theoretic point of view. The reason is that Martin-Lof type theory
has a direct set-theoretic semantics, where a function space is interpreted classi-
cally as the set of all functions in the set-theoretic sense. However, if read with
classical eyes, nothing guarantees a priori that the constructed normalization
function is computable, so some further reasoning to prove this property would
be needed.

We also show how to program NBE-algorithms using a more standard func-
tional language such as Standard ML. Without dependent types we collect all
object-language terms into one type and all semantic objects needed for the in-
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terpretation into another. With dependent types we can index both the syntactic
sets of terms T(7) and the semantic sets [r] by object-language types 7.

Another possibility, not pursued here, is to use an untyped functional lan-
guage as a meta-language. For example, Berger and Schwichtenberg’s first im-
plementation of NBE in the MINLOG system was written in Scheme.

In type-directed partial evaluation one wishes to write NBE-functions which
do not necessarily terminate. Therefore one cannot use Martin-Lof type theory,
since it only permits terminating functions. Nevertheless, the dependent type
structure would be useful here too, and one might want to use a version of
dependent type theory, such as the programming language Cayenne [Aug98],
which allows non-terminating functions. We do not pursue this idea further here
either.

Notation. NBE-algorithms use the interpretation of an object language in a
meta-language. Since our object- and meta-languages are similar (combinatory
and lambda calculi), we choose notations which clearly distinguish object- and
meta-level but at the same time enhance their correspondence. To this end we
use the following conventions.

— Alphabetic object-language constants are written in sans serif and meta-
language constants in roman. For example, SUCC denotes the syntactic suc-
cessor combinator in the language of Section 2 and succ denotes the semantic
successor function in the meta-language.

— For symbolic constants, we put a dot above a meta-language symbol to
get the corresponding object-language symbol. For example, — is object-
language function space whereas — is meta-language function space; X is
lambda abstraction in the object-language whereas A is lambda abstraction
in the meta-language.

— We also use some special notations. For example, syntactic application is
denoted by a dot (F-E) whereas semantic application is denoted by juxta-
position (f e) as usual. Syntactic pairing uses round brackets (E, E') whereas
semantic pairing uses angular ones (e, e’).

Plan. The remainder of the chapter is organized as follows.

In Section 2 we introduce a combinatory version of Godel System T, that is,
typed combinatory logic with natural numbers and primitive recursive function-
als. We show how to write an NBE-algorithm for this language by interpreting it
in a non-standard “glueing” model. The algorithm is written in the dependently
typed functional language of Martin-Lof type theory, and a correctness proof
is given directly inside this language. Furthermore, we show how to modify the
proof of the correctness of the NBE-algorithm to a proof of weak normalization
and Church-Rosser for the usual notion of reduction for typed combinatory logic.
Finally, we show how to implement this NBE-algorithm in Standard ML.

We begin Section 3 by discussing the suitability of the combinatory NBE-
algorithm for the purpose of partial evaluation. We identify some of its short-
comings, such as the need for extensionality. Then we present the pure NBE
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algorithm for the typed lambda calculus with 8 and 7 conversion. This algo-
rithm employs a non-standard interpretation of base types as term families.

In Section 4 we turn to type-directed partial evaluation, by which we mean
the application of NBE to partial evaluation in more realistic programming lan-
guages. To this end we extend the pure typed lambda calculus with constants
for arithmetic operations, conditionals, and fixed point computations yielding a
version of the functional language PCF. In order to perform partial evaluation
for this language we need to combine the pure NBE algorithm with the idea of
off-line partial evaluation. We therefore introduce a notion of binding times, that
allows us to separate occurrences of constant symbols in source programs into
“static” and “dynamic” ones: the former are eliminated by the partial-evaluation
process, while the latter remain in the residual code.

Finally, in Section 5, we show how the normalization technique is adapted
from a semantic notion of equivalence based on (rn-equality to one based on
equality in the computational A-calculus, which is the appropriate setting for
call-by-value languages with computational effects.

Background Reading. The reader of these notes is assumed to have some prior
knowledge about lambda calculus and combinators, partial evaluation, functional
programming, and semantics of programming languages, and we therefore list
some links and reference works which are suitable for background reading.

For sections 2 and 3 we assume a reader familiar with combinatory logic and
lambda calculus, including their relationship, type systems, models, and the no-
tions of reduction and conversion. We recommend the following reference books
as background reading. Note of course, that only a few of the basic concepts
described in these books will be needed.

— Lecture notes on functional programming by Paulson [Pau00].
— Several reference articles by Barendregt on lambda calculi and functional
programming [Bar77,Bar90,Bar92].

We use both dependent type theory and Standard ML (SML) as implementation
languages, and assume that the reader is familiar with these languages. Knowl-
edge of other typed functional languages such as OCAML or Haskell is of course
also useful.

— Tutorials on Standard ML can be found at http://cm.bell-1labs.com/cm/
cs/what/smlnj/doc/literature.html#tutorials.

— For background reading about OCAML, see the chapter on Objective CAML
by Didier Remy in this volume.

— For background reading about Haskell, see references in the chapter on Mon-
ads and Effects by Nick Benton, John Hughes, and Eugenio Moggi in this
volume.

— For background reading about dependent types, see the chapter on Depen-
dent Types in Programming by Gilles Barthe and Thierry Coquand in this
volume.
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For Sections 4 and 5, we also assume some knowledge of domains and continuous
functions, monads, and continuations.

— A good introduction to domains and their use in denotational semantics is
Winskel’s textbook [Win93].

— For background reading about monads, see the chapter on Monads and Ef-
fects by Nick Benton, John Hughes, and Eugenio Moggi in this volume.

— Three classic articles on continuations are by Reynolds [Rey72], Strachey
and Wadsworth [SW74], and Plotkin [Plo75], although we will not make use
of any specific results presented in those references.

Previous knowledge of some of the basic ideas from partial evaluation, including
the notion of binding time is also useful. Some references:

— The standard textbook by Jones, Gomard, and Sestoft [JGS93].
— Tutorial notes on partial evaluation by Consel and Danvy [CD93a].
— Lecture notes on type-directed partial evaluation by Danvy [Dan98].

Acknowledgments. We gratefully acknowledge the contributions of our APPSEM
2000 co-lecturer Olivier Danvy to these notes, as well as the feedback and sug-
gestions from the other lecturers and students at the meeting.

2 Normalization by Evaluation for Combinators

2.1 Combinatory System T

In this section we use a combinatory version of Godel System T of primitive
recursive functionals. In addition to the combinators K and S, this language has
combinators ZERO for the number 0, SUCC for the successor function, and REC
for primitive recursion.

The set of types is defined by

F 7 type F 1o type

Fnatt
ype F 11— 1 type

The typing rules for terms are

Feo, E:m = 1o Fer, B i
l_CL E-E': T2

FoL Krrm @ 1= T2 =7
FoL Srmrs @ (11 272> 73) = (11 = T2) = T1 T3
Forn ZERO @ nat

Fcr, SUCC @ nat = nat

Fco REC, @ 7= (nat—>7-=7) 3 nat > 71
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We will often drop the subscripts of K, S, and REC, when they are clear from the
context. Furthermore, we let T(7) = {E | FcL E : 7}.

We now introduce the relation conv of convertibility of combinatory terms.
We usually write ko, E = E’ for E conv E’. It is the least equivalence relation
closed under the following rules

For, F =F/ For E = E/
Fon F-E = FE'

Fow Kpyry B-E' = E
FoL SriryryG-F-E = G-E-(F-E)
et REC,-E-F-ZERO = E
oL REC,+E-F-(SUCC-N) = F-N-(REC,-E-F-N)

2.2 Standard Semantics

In the standard semantics we interpret a type 7 as a set [7]:

[[7'1 ;)7'2}] = [[Tﬂ]—)[[Tg]]
[nat] = N

where N is the set of natural numbers in the meta-language.
The interpretation [E] € [7] of an object E € T(7) is defined by induction
on E:

[Krm] = Azlmlglel g

[Srirar] = AL AfL At g 0 (f )
[F-E] = [F] [E]

[ZERO] = 0

[SUCC] = suce

[REC.] = recp

where succ € N — N is the meta-language successor function
succn=n+1

and recc € C— (N—C — C)—N— C is the meta-language primitive recursion
operator defined by

recce fO = e
recg e f (succn) = fn (recoc e f n)
Theorem 1. Iftcy, E = E' then [E] = [E'].
Proof. By induction on the proof that Fcp, E = E'.
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2.3 Normalization Algorithm

The interpretation function into the standard model is not injective and hence
cannot be inverted. For example, both S-K-K and S-K-(S-K-K) denote identity
functions. They are however not convertible, since they are distinct normal forms.
(This follows from the normalization theorem below.)

We can construct a non-standard interpretation where the functions are in-
terpreted as pairs of syntactic and semantic functions:

[nat]®! = N

[[7'1 - TQ]]GI = T(Tl - TQ) X (HTl]]Gl — HTQHGI)

We say that the model is constructed by “glueing” a syntactic and a semantic
component, hence the notation [~]“!. (The glueing technique is also used in
some approaches to partial evaluation [Asa02,Ruf93,SK01].)
Now we can write a function reify, € [r]¢! — T(7) defined by
reify,,, 0 = ZERO
reify, .. (succ n) = SUCC-(reify, ., n)
reifYﬁ;VrQ <F7 f> = F

and which inverts the interpretation function [-]¢! € T(7) — [r]
[[K]]Gl = (K, Ap. (K-(reify p), Ag. p))

[S]€! = (S, Ap. (S-(reify p), Aq. (S-(reify p)-(reify q),
Ar. appsem (appsem p r)(appsem g 7))))

GI.

[F-E]¥" = appsem [F]%' [E]®!
[ZERO]®' = 0
[SUCC]S! = (SUCC, succ)
[REC]®! = (REC, Ap. (REC-(reify p), Aq. (REC-(reify p)-(reify q),
rec p (Anr.appsem (appsem g n) 7))))

We have here omitted type labels in lambda abstractions, and used the following
application operator in the model:

appsem (F, f) ¢ = [fq
It follows that the conversion rules are satisfied in this model, for example
[K-E-E'] = [E]¢!
Theorem 2. Iftcr E = E' then [E]%! = [E']¢.
The normal form function can now be defined by

norm F = reify [E]“!
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Corollary 1. Iftcy, E = E’ then norm E = norm FE’.
Theorem 3. k¢, E = norm E, that is, reify is a left inverse of [—]%!.

Proof. We use initial algebra semantics to structure our proof. A model of Godel
System T is a typed combinatory algebra extended with operations for interpret-
ing ZERO, SUCC, and REC, such that the two equations for primitive recursion
are satisfied. The syntactic algebra T(7)/conv of terms under convertibility is
an initial model. The glueing model here is another model. The interpretation
function [-]¢! € T(7)/conv — [7]¢! is the unique homomorphism from the
initial model: if we could prove that reify, € [r]%! — T(7)/conv also is a ho-
momorphism, then it would follow that norm, € T(7)/conv — T(7)/conv, the
composition of [ ¢! and reify,, is also a homomorphism. Hence it must be equal
to the identity homomorphism, and hence ¢, £ = norm FE.

But reify does not preserve application. However, we can construct a sub-
model of the non-standard model, such that the restriction of reify, to this
submodel is a homomorphism. We call this the glued submodel; this construc-
tion is closely related to the glueing construction in category theory, see Lafont
[Laf88, Appendix A].

In the submodel we require that a value p € [7]%! satisfies the property Gl, p
defined by induction on the type 7:

— Glyat n holds for all n € N.
— Gl;, -5, ¢ holds iff for all p € [r1]%! if Gl,, p then Gl,,(appsem ¢ p) and
e (reify q)-(reify p) = reify (appsem g p)
Notice that this construction can be made from any model, and not only the

term model. In this way we can define the normalization function abstractly over
any initial algebra for our combinatory system T.

Lemma 1. The glued values {p € [11]%" | Gl,,p} form a model of Gédel System
T.

Proof. We show the case of K, and leave the other cases to the reader.

Case K. We wish to prove

GlTl;M'Q;)T] <K7 )\p (K(relfy p)7 /\qp>>

But this property follows immediately by unfolding the definition of Gl -, -+,
and using

For K- (reify p)-(reify ¢) = reify p

Lemma 2. reify is a homomorphism from the algebra of glued values to the
term algebra.

The definition of glued value is such that reify commutes with syntactic
application. The other cases are immediate from the definition.
It now follows that norm is an identity homomorphism as explained above.
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Corollary 2. ¢, E = E’ iff norm E = norm E’.

Proof. If norm F = norm E’ then k¢, E = E’, by theorem 4. The reverse
implication is theorem 3.

2.4 Weak Normalization and Church-Rosser

We end this section by relating the “reduction-free” approach and the standard,
reduction-based approach to normalization. We thus need to introduce the bi-
nary relation red of reduction (in zero or more steps) for our combinatory version
of Gédel System T. This relation is inductively generated by exactly the same
rules as convertibility, except that the rule of symmetry is omitted.

We now prove weak normalization by modifying the glueing model and re-
placing o, — = — in the definition of Gl by red:

— Glyat n holds for all n € N.
— Gl;, 45, ¢ holds iff for all p € [r1]€! if Gl,, p then Gl,,(appsem ¢ p) and
(reify q)-(reify p) red (reify (appsem ¢ p))

Theorem 4. Weak normalization: E red norm E and norm E is irreducible.

Proof. The proof of k¢, E = norm FE is easily modified to a proof that
FE red norm E.

It remains to prove that norm E is a normal form (an irreducible term).
A normal natural number is built up by SUCC and ZERO. Normal function
terms are combinators standing alone or applied to insufficiently many normal
arguments. If we let F2f F : 7 mean that E is a normal form of type 7 we can
inductively define it by the following rules:

Fal ZERO : nat
Faf B :nat
Faf SUCC-E : nat

}—réfL E: T1
l—%fL K-E: To —> T1

Faf, SUCC : nat = nat

F%fLKlTl%TQ%Tl

F%fLS:(Tl%TQ = 713) = (11 2 T2) DT T3
I—IéfLG:Tl%TQ%Tg
FIE S G (= m) 515

l—gfLG:ﬁ;M'g%Tg "%fLFZTl;)TQ
il S-GF i1 =73

U REC: 7 = (nat =7 = 7) = nat = 7
L E:T
Faf REC-E: (nat->7 - 7) > nat-=7
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Pl BT ol Finat=7 -7
Fof REC-E-F :nat—=7

Let T*(7) = {E | F2} E : 7} be the set of normal forms of type 7. If we redefine
[[Tl %TQ]]Gl = Tnf(Tl 4)7'2) X (HTlﬂGl — HTQ]]GI)
then we can verify that reify and norm have the following types

reify, € [r]% — T (1)
norm, € T(r)— T (7)

and hence norm, E € T%(7) for E € T(7).

Corollary 3. Church-Rosser: if E red E' and E red E" then there exists an
E"" such that E' red E"" and E" red E".

Proof. It follows that k¢, E/ = E” and hence by theorem 3 that norm E’' =
norm E”. Let B = norm E’ = norm E” and hence E' red E’"" and E" red E"".

2.5 The Normalization Algorithm in Standard ML

We now show a sample implementation of the above algorithm in a conventional
functional language!. We begin by defining the datatype syn of untyped terms:

datatype syn = S
| K
| APP of syn * syn
| ZERO
| succ
| REC

We don’t have dependent types in Standard ML so we have to collect all terms
into this one type syn.

We implement the semantic natural numbers using SML’s built-in type int
of integers. The primitive recursion combinator can thus be defined as follows:

(* primrec : ’a * (int -> ’a -> ’a) -> int -> ’a *)

fun primrec (z, s)
= let fun walk O
=z
| walk n
= let val p = n-1
in s p (walk p)
end
in walk
end

L All the code in these notes is available electronically at http://www.diku.dk/
~andrzej/papers/NaPE-code.tar.gz
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In order to build the non-standard interpretation needed for the normal-
ization function, we introduce the following reflexive datatype sem of semantic
values:

datatype sem = FUN of syn * (sem -> sem)
| NAT of int

The function reify is implemented by
(* reify : sem -> syn *)

fun reify (FUN (syn, _))
= syn
| reify (NAT n)
= let fun reify_nat 0
= ZERO
| reify_nat n
= APP (SUCC, reify_nat (n-1))
in reify _nat n
end

Before writing the non-standard interpretation function we need some auxiliary
semantic functions:

(* appsem : sem * sem —-> sem
succsem : sem -> sem
recsem : ’a * (int -> ’a -> ’a) -> sem -> ’a %)

exception NOT_A_FUN

fun appsem (FUN (_, f), arg)
= f arg
| appsem (NAT _, arg)
= raise NOT_A_FUN

exception NOT_A_NAT

fun succsem (FUN _)
= raise NOT_A_NAT
| succsem (NAT n)
= NAT (n+1)

fun recsem (z, s) (FUN _)
= raise NOT_A_NAT
| recsem (z, s) (NAT n)
= primrec (z, s) n

And thus we can write the non-standard interpretation function:
(* eval : syn -> sem *)
fun eval S
= FUN (S,

fn f => let val Sf = APP (S, reify f)
in FUN (Sf,
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fn g => let val Sfg = APP (S8f, reify g)
in FUN (Sfg,
fn x
=> appsem (appsem (f, x),
appsem (g, x)))

end)
end)
| eval K
= FUN (K,
fn x => let val Kx = APP (K, reify x)
in FUN (Kx,
fn _ => x)
end)

| eval (APP (e0, el))
= appsem (eval e0, eval el)

| eval ZEROD
= NAT O
| eval SUCC
= FUN (SUCC,
succsem)
| eval REC
= FUN (REC,
fn z

=> let val RECz = APP (REC, reify z)
in FUN (RECz,
fn s
=> let val RECzs = APP (RECz, reify s)
in FUN (RECzs,
recsem (z,
fn n
=> fn c
=> appsem (appsenm (s,
NAT n),
)
end)
end)

Finally, the normalization function is
(* norm : syn -> syn *)

fun norm e
= reify (eval e)

How do we know that the SML program is a correct implementation of the
dependently typed (or “mathematical”) normalization function? This is a non-
trivial problem, since we are working in a language where we can write non-
terminating well-typed programs. So, unlike before we cannot use the direct
mathematical normalization proof, but have to resort to the operational or de-
notational semantics of SML. Note in particular the potential semantic compli-
cations of using the reflexive type sem.

Nevertheless, we claim that for any two terms E, E’ : syn which represent
elements of T(7), norm E and norm E’ both terminate with identical values of
syn iff E and E’ represent convertible terms.
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2.6 Exercises

Ezercise 1. Extend NBE and its implementation to some or all of the following
combinators:

I x=x Cfxy==fyx
Bfgx=1=f (g x) Wfx=1fzxzx

Ezercise 2. Extend the datatype sem to have a double (that is, syntactic and
semantic) representation of natural numbers, and modify NBE to cater for this
double representation. Is either the simple representation or the double repre-
sentation more efficient, and why?

Ezxercise 3. Because ML follows call by value, a syntactic witness is constructed
for each intermediate value, even though only the witness of the final result is
needed. How would you remedy that?

Exercise 4. Where else does ML’s call by value penalize the implementation of
NBE? How would you remedy that?

FEzercise 5. Program a rewriting-based lambda calculus reducer and compare it
to NBE in efficiency.

Ezercise 6. Implement NBE in a language with dependent types such as
Cayenne.

3 Normalization by Evaluation for the Ag,-Calculus

In the next section, we shall see how normalization by evaluation can be exploited
for the practical task of type-directed partial evaluation (TDPE) [Dan98]. TDPE
is not based on the NBE-algorithm for combinators given in the previous section,
but on the NBE-algorithm returning long Sn-normal forms first presented by
Berger and Schwichtenberg [BS91]. There are several reasons for this change:

Syntazx. Most obviously, SK-combinators are far from a practical programming
language. Although the algorithm extends directly to a more comprehensive
set (e.g., SKBCI-combinators), we still want to express source programs in a
more conventional lambda-syntax with variables. To use any combinator-based
normalization algorithm, we would thus need to convert original programs to
combinator form using bracket abstraction, and then either somehow evaluate
combinator code directly, or convert it back to lambda-syntax (without undoing
normality in the process — simply replacing the combinators with their definitions
would not work!).

Thus, we prefer an algorithm that works on lambda-terms directly. As a
consequence, however, we need to keep track of bound-variable names, and in
particular avoid inadvertent clashes. While this is simple enough to do informally,
we must be careful to express the process precisely enough to be analyzed, while
keeping the implementation efficient.
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Eztensionality. As shown by Martin-Lof [ML75b] and by Coquand and Dybjer
[CD93b], the glueing technique from the previous section can also be used for
normalizing terms in a version of lambda-syntax. A problem with both vari-
ants, however, is the lack of extensionality. As we already mentioned, S-K-K and
S-K-(S-K-K) are both normal forms representing the identity function, which is
somewhat unsatisfactory.

Even more problematically, these algorithms only compute weak normal
forms. That is, the notion of conversion does not include (the combinatory analog
of) the &-rule, which allows normalization under lambdas. Being able to reduce
terms with free variables is a key requirement for partial evaluation. Consider,
for example, the addition function in pseudo-lambda-syntax (with A* denoting
bracket abstraction),

add = N'm.X'n.REC-m-(Xa.\'2.SUCC-x)n
= X*m.REC-m-(K-SUCC)
= S-REC-(K-(K-SUCQ))

add-m-n applies the successor function n times to m. Given the reduction equa-
tions REC-b-f-ZERO = b and REC-b-f-(SUCC-n) = f-n-(REC-b-f-n), we would
hope that a partially applied function such as

X*m. add-m-(SUCC-(SUCC-ZERO)) = S-add-(K-(SUCC-(SUCC-ZERO)))

could be normalized into X*m.SUCC-(SUCC-m), i.e., eliminating the primitive
recursion. But unfortunately, the combinatory term above is already in normal
form with respect to the rewriting rules for S, K and REC, because all the combi-
nators are unsaturated (i.e., applied to fewer arguments than their rewrite rules
expect). Thus, we cannot unfold computations based on statically known data
when the computation is also parameterized over unknown data.

It is fairly simple to extend the glueing-based normalization algorithms with
top-level free variables; effectively, we just treat unknown inputs as additional,
uninterpreted constants. With this extension the addition example goes through.
However, the problem is not completely solved since we still do not simplify under
internal lambdas in the program. For example, with

mul = X*m. X*n.REC-ZERO-(X*a. X'z. add-z-n)-m,

we would want the open term mul-m-(SUCC-(SUCC-ZERO)) to normalize to
something like

REC-ZERO-(X*a. X*z.SUCC-(SUCC-z))-m,

i.e., to eliminate at least the primitive recursion inside add; but again the nec-
essary reductions will be blocked.

Native implementation. A final problem with the glueing-based algorithm is that
the non-standard interpretation of terms differs significantly from the standard
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one for function spaces. This means that we have to construct a special-purpose
evaluator; even if we already had an efficient standard evaluator for combinatory
System T, we would not be able to use it directly for the task of normalization.
The same problem appears for lambda-terms: we do have very efficient standard
evaluators for functional programs, but we may not be able to use them if the
interpretation of lambda-abstraction and application is seriously non-standard.

In this section, we present a variant of the Berger and Schwichtenberg NBE
algorithm. (The main difference to the original is that we use a somewhat simpler
scheme for avoiding variable clashes.) Again, we stress that the dimensions of
syntax and convertibility are largely independent: one can also devise NBE-like
algorithms for lambda-syntax terms based on B-conversion only [Mog92]. Like-
wise, it is also perfectly possible to consider On-convertibility in a combinatory
setting, especially for a different basis, such as categorical combinators [AHS95].
The following (obviously incomplete) table summarizes the situation:

notion of conversion
syntax weak (3 strong 3 fOn
combinators [CDIT] [AHS95]
lambda-terms|[ML75b,CD93b] [Mog92] [BS91]

We should also mention that a main advantage with the glueing technique
is that it extends smoothly to datatypes. We showed only how to treat natural
numbers in the previous section, but the approach extends smoothly to arbitrary
strictly positive datatypes such as the datatype of Brouwer ordinals [CD97].
For TDPE it is of course essential to deal with functions on datatypes, and
in Section 4 we show how to deal with this problem by combining the idea of
binding-time separation with normalization by evaluation.

3.1 The Setting: Simply Typed Lambda Calculus

For the purpose of presenting the algorithm, let us ignore for the moment con-
stant symbols and concentrate on pure lambda-terms only. Accordingly, consider
a fixed collection of base types b; the simple types T are then generated from
those by the rules

F 7 type F 1o type

F b type F 7 = 1o type
For a typing context A, assigning simple types to variables, the well-typed

lambda-terms over A, A+ E : 7, are inductively generated by the usual rules:

Alx) =71 Ax:mHE:7m AFE;:1 =7 AFEy:m
AFz:T AFXT™E 1 51 AFE-Ey: 1

We write E =, E’ if E' can be obtained from E by a consistent, capture-avoiding
renaming of bound variables. We introduce the notion of gn-convertibility as a
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judgment - E =g, E’, generated by the following rules, together with reflexivity,
transitivity, symmetry, and a-conversion:

- By =py B,  + Ey=p, E FE=p, E'
- E1-Ey =g, E,-Ej - Xe. E =g, Az E'
(a APV (E))

H ()\QCEl)EQ =pn El[EQ/fE] FXx. E-x =pn FE

Here FE4[E;/z] denotes the capture-avoiding substitution of E, for free occur-
rences of z in E; (which in general may require an initial a-conversion of Ej;
the details are standard).

Let us also recall the usual notion of gn-long normal form for lambda-terms.
In the typed setting, it is usually expressed using two mutually recursive judg-
ments enumerating terms in normal and atomic (also known as neutral) forms:

AR E D Az FYE:n
AR E:b AR Xa™E:im 57

Alx)=71 AR By i1 =7y AR Ey 7
AR g7 AR EL By
One can show that any well-typed lambda-term A+ E : 7 is Bn-convertible
to exactly one (up to a-conversion) term E such that A" E : 7.

3.2 An Informal Normalization Function

The usual way of computing long #n-normal forms is to repeatedly perform -
reduction steps until no (-redexes remain, and then n-expand the result until
all variables are applied to as many arguments as their type suggests. We now
present an alternative way of computing such normal forms.

Let 'V be a set of variable names and E be some set of elements suitable for
representing lambda-terms. More precisely, we assume that there exist injective
functions with disjoint ranges,

VARe V- E LAM eV XE—E APPe EXE—E

Perhaps the simplest choice is to take E as the set of (open, untyped) syn-
tactic lambda-terms. But we could also take V = E = N with some form of
Godel-coding. More practically, we could take V = E as the set of ASCII strings
or the set of Lisp/Scheme S-expressions. In particular, we do not require that E
does not contain elements other than the representation of lambda-terms.

Remark 1. It would be possible to let E be an object-type-indexed set family,
as in the previous section, rather than a single set. We will not pursue such an
approach for two reasons, though. First, for practical applications, it is impor-
tant that correctness of the algorithm can be established in a straightforward
way even when it is expressed in a non-dependently typed functional language.
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And second, there are additional complications in expressing the normalization
algorithm for the call-by-value setting in the next section in a dependent-typed
setting. The problems have to do with the interaction between computational
effects such as continuations with a dependent type structure; at the time of
writing, we do not have a viable dependently-typed algorithm for that case.

In any case, we can define a representation function " — ' from well-formed
lambda-terms with variables from V to elements of E by

‘t'=VARz  Xa".E'=LAM(z,'E') 'E;-Ey' = APP(E,,'E,")

(Note that we do not include the type tags for variables in representations of
lambda-abstraction; the extension to do this is completely straightforward. See
Exercise 7.) Because of the injectivity and disjointness requirements, for any
e € E, there is then at most one E such that 'E' = e.

We now want to construct a residualizing interpretation, such that from the
residualizing meaning of a term, we can extract its normal form, like before.
Moreover, we want to interpret function types as ordinary function spaces. A
natural first try at such an interpretation would thus be to assign to every type
T a set [r]" as follows:

[b]" = E
[[Tl - Tgﬂr = [[Tl]]r — [[TQ]]r
The interpretation of terms is then completely standard: let p be a A-
environment, that is, a function assigning an element of [7]" to every z with

A(z) = 7. Then we define the residualizing meaning of a well-typed term
AF E:7 asan element [E]}, € [7]" by structural induction:

[2], = p(=)
2™ B, = XV [E] L,
[Ev-Eo], = [EADL[E2],

This turns out to be a good attempt: for any type 7, it allows us to construct
the following pair of functions, conventionally called reification and reflection:

br € [7]F = E
Ly = MEt
briosry = MR LAM (0, L, (F (17, (VARW)))) - (v €V, “fresh”)
T € E=[rf
1 = XeP.e
Triom = AeB a1, (APP (e, |, a))

Reification extracts a syntactic representation of a term from its residualizing
semantics (as in the combinatory logic algorithm). Conversely, reflection wraps
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up a piece of syntax to make it act as an element of the corresponding type
interpretation.

Together, these functions allow us to extract syntactic representations of
closed lambda-terms from their denotations in the residualizing interpretation.
For example,

Jr(b%b)%b%b[[/\.s'xz"s (s:2)]p = bﬁb)abab(Aqﬁ Aa.p(¢a))
ZLAM (21, sy (A A6 (6)) (T (VAR21))))
= LAM (21, lp-55 (M. Aa. ¢ (¢a)) (Aa. APP (VAR 21, a))))
= LAM (21, 1. (A\a. APP (VAR 21, APP (VAR 21, a))))
= LAM (x1, LAM (23, (Aa. APP (VAR 21, APP (VAR 21, 0a))) (VAR z2)))
— LAM (21, LAM (25, APP (VAR 21, APP (VAR 21, VAR 75))))

where we have arbitrarily chosen the fresh variable names z1,z5 € V in the
definition of reification at function types. Note that all the equalities in this
derivation express definitional properties of functional abstraction and applica-
tion in our set-theoretic metalanguage, as distinct from formal convertibility in
the object language.

Given this extraction property for normal forms, it is now easy to see that
Jr [~]" must be a normalization function, because Bn-convertible terms have the
same semantic denotation. Thus, for example, we would have obtained the same
syntactic result if we had started instead with | [Xs. (Xr. Xz.7-(s-2))-(Xz. s-2) [

3.3 Formalizing Unique Name Generation

On closer inspection, our definition of reification above is mathematically unsat-
isfactory. The problem is the “v fresh” condition: what exactly does it mean?
Unlike such conditions as “x does not occur free in E”, it is not even locally
checkable whether a variable is fresh; freshness is a global property, defined with
respect to a term that may not even be fully constructed yet.

Needless to say, having such a vague notion at the core of an algorithm is
a serious impediment to any formal analysis; we need a more precise way of
talking about freshness. The concept can in fact be characterized rigorously
in a framework such as Fraenkel-Mostowski sets, and even made accessible to
the programmer as a language construct [GP99]. However, such an approach
removes us a level from a direct implementation in a traditional, widely available
functional language.

Instead, we explicitly generate non-clashing variable names. It turns out that
we can do so fairly simply, if instead of working with individual term represen-
tations, we work with families of a-equivalent representations. The families will
have the property that it is easy to control which variable names may occur
bound in any particular member of the family. (This numbering scheme was
also used by Berger [Ber93] and is significantly simpler than that in the original
presentation of the algorithm [BS91].)
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Definition 1. Let {gy,g1,8,---} C V be a countably infinite set of variable
names. We then define the set of term families,

E=N-E
together with the wrapper functions

VAR € Vo E = Av.\i.VARv
LAMe (Vo B) > B = Af.A.LAM (g, fg (i + 1))
APPeExBoE = Mei, ea). \i. APP (eq i, e21)

We can construct term families using only these wrappers, then apply the
result to a starting index iy and obtain a concrete representative not using any
g;’s with ¢ < ip as bound variables. For example,

(LAM (\v;.LAM (\vs. APP (VARws, APP (VARvs, VAR v1))))7 = - -
= LAM (g7, LAM (gs, APP (VAR g7, APP (VAR g7, VAR g5))))

In general, each bound variable will be named g; where 7 is the sum of the
starting index and the number of lambdas enclosing the binding location. (This
naming scheme is sometimes known as de Bruijn levels — not to be confused with
de Bruijn indices, which assign numbers to individual uses of variables, not to
their introductions.)

We now take for the residualizing interpretation,

[b]" = E
[[Tl;)Tg]]r = [[Tl]]r—>[[7'2]]r

and define corresponding reification and reflection functions:

I e [FF=E
by = MEt
sy = MR LAM Y. Lo, (f (17, (VAR©))))
S ]§J—>[[7']]’r
T = AeE e

s = AP Aalml 4, (APP (e, |+, a))
Finally we can state,

Definition 2. We define the normalization function norm as follows: For any
well-typed closed term = E : 7, norm E is the unique E (if it exists) such that
E'=, [ET50.

Theorem 5 (Correctness). We formulate correctness of norm as three crite-
Tia:
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1. norm is total and type preserving: for any & E : 7, norm E denotes a well-
defined E, and - E : 7. Moreover, E is in normal form, F™ E : 7.

2. FnormFE =g, E

3. If - E =g, E' then normE = norm FE’.

Several approaches are possible for the proof. Perhaps the simplest proceeds as
follows: If E is already in normal form, then it is fairly simple to show that
norm £ =, E. (This follows by structural induction on the syntax of normal
forms; the only complication is keeping track of variable renamings.) Moreover,
as we observed in the informal example with “magic” fresh variables, it I =g, E
then [E]j = [F ]](2)7 and hence norm E = norm E =, E directly by the definition
of norm. All the claims of the theorem then follow easily from the (non-trivial)
fact that every term is n-equivalent to one in normal form.

3.4 Implementation

An SML implementation of the Ag,-normalizer is shown in Figure 1. Note that,
unlike in the combinatory case, the central function eval is essentially the same
as in a standard interpreter for a simple functional language. In the next section,
we will see how we can take advantage of this similarity, by replacing the custom-
coded interpretation function with the native evaluator of a functional language.

4 Type-Directed Partial Evaluation for Call-by-Name

In this section, we will see how the general idea of normalization by evaluation
can be exploited for the practical task of type-directed partial evaluation (TDPE)
of functional programs [Dan98]. The main issues addressed here are:

Interpreted constants. A problem with the NBE algorithm for the pure Ag,-
calculus given in the previous section is that it is not clear how to extend it to,
for example, System T, where we need to deal with primitive constants such
as primitive recursion. Clearly, we cannot expect to interpret nat standardly,
as we did for the combinatory version of System T: we cannot expect that
all extensionally indistinguishable functions from natural numbers to natural
numbers have the same normal form.

To recover a simple notion of equivalence, we need to introduce an explicit
notion of binding times in the programs. That is, we must distinguish clearly
between the static subcomputations, which should be carried out during nor-
malization, and the dynamic ones, that will only happen when the normalized
program itself is executed.

An offline binding-time annotation allows us to determine which parts of
the program are static, even without knowing the actual static values. We can
then distinguish between static and dynamic occurrences 